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Let G be an open subset of CN .
• H(G) is the space of all holomorphic functions on G.
• A weight v on G is a strictly positive continuous function
on G.
• For such a weight, the weighted Banach spaces of
holomorphic functions on G are defined by
Hv(G) := {f ∈ H(G); ||f ||v = sup v(z)|f (z)| < +∞},
z∈G

Hv0(G) := {f ∈ H(G); vf vanishes at ∞ on G},

endowed with the norm ||.||v .
• For a weight v on G, the associated weight ṽ is defined
by
ṽ(z) :=

1
||δz ||

=

1
sup{|f (z)|; f ∈Bv } ,

z ∈ G,

where δz ∈ Hv(G)0 denotes the point evaluation in z ∈ G.

Let G be an open subset of CN .
1. Lemma.
(a) Let (fk )k be a sequence in Hv(G) which converges
to 0 in co. If
(∗)

∀ε > 0 ∃k(ε) ∈ N, Kε ⊂ G compact ∀k ≥ k(ε)
∀z ∈ G \ Kε : w(z)|fk (z)| < ε,
⇓
fk → 0 in Hw0(G).

(b) If (∗) holds for each bounded sequence (fk )k in Hv(G)
which tends to 0 in co, then the unit ball Bv of Hv(G)
is relatively compact in Hw0(G); that is, the inclusion
map
Hv(G) −→ Hw0(G)
is compact.

Proof. (a) Fix ε > 0 and set K := Kε. If z ∈ G\K, one
has w(z)|fk (z)| < ε for each k ≥ k(ε). On the other hand,
fk → 0 holds uniformly on K; thus we find k0 ∈ N, without
loss of generality k0 ≥ k(ε), such that for any k ≥ k0 and
any z ∈ K,
ε
|fk (z)| <
.
supz∈K w(z)
It follows that fk → 0 in Hw0(G) since for k ≥ k0 and
z ∈ K one easily concludes that w(z)|fk (z)| < ε, while if
z ∈ G \ K, then again w(z)|fk (z)| < ε since k0 ≥ k(ε).
(b) To show that Bv is relatively compact in Hw0(G), we
fix a sequence (fk )k ⊂ Bv and will find a subsequence which
converges in Hw0(G). Since Bv is compact in (H(G), co)
by Montel’s theorem, there is a subsequence (fkj )j which
converges to f0 ∈ Bv in co. Now (fkj − f0)j ⊂ 2Bv and
fkj −f0 → 0 in co as j → ∞. By (a) we then get fkj −f0 →
0 in Hw0(G); i.e., fkj → f0 in Hw0(G). 2

2. Definition.
A sequence (zj )j ⊂ G is interpolating for Hv(G) if for
every sequence (αj )j ⊂ C with
sup v(zj )|αj | < +∞
j∈N

there is g ∈ Hv(G) such that g(zj ) = αj for each j ∈ N.
Let
`∞(v) = `∞((v(zj ))j ) := {(αj )j ∈ CN; sup v(zj )|αj | < +∞}.
j

Then (zj )j is interpolating for Hv(G) precisely if the map
R : Hv(G) −→ `∞(v)
g Ã R(g) := (g(zj ))j
is surjective.
3. Proposition. Assume that the set-theoretic inclusion Hv(G) ⊂ Hw0(G) holds. If every discrete sequence (zj )j in G contains an interpolating subsequence for
Hv(G), then the inclusion map
Hv(G) −→ Hw0(G)
is compact.

Proof. By Lemma 1.(b) it suffices to show that (∗) holds
for each bounded sequence (fk )k in Hv(G) which converges
to 0 with respect to co, and we fix such a sequence (fk )k .
Suppose that (∗) does not hold. Then, for a fundamental
sequence (Kk )k of compact subsets of G,
∃ε0 > 0 ∀k ∈ N ∃zk ∈ G \ Kk , zk 6= zj for j < k :
w(zk )|fk (zk )| ≥ ε0.
Since (fk )k is bounded in Hv(G),
sup v(zk )|fk (zk )| ≤ sup sup v(z)|fk (z)| < +∞
k

k

z∈G

holds. By construction (zk )k is discrete; hence by our hypothesis we can find a subsequence (zkj )j of (zk )k which
is interpolating for Hv(G). Since (zkj )j is interpolating,
there exists g ∈ Hv(G) with g(zkj ) = fkj (zkj ) for each j ∈ N. By assumption g belongs to Hw0(G); thus,
lı́mj→∞ w(zkj )|g(zkj )| = 0 which implies
lı́m w(zkj )|fkj (zkj )| = 0,

j→∞

a contradiction. 2

4. Proposition.
Let v be a weight on the unit disc D with Hv(D) 6= {0}.
(a) Every discrete sequence in D contains an interpolating sequence for H ṽ(D), where ṽ is the associated
weight.

(b) Note that Hv(D) = H ṽ(D) holds isometrically.
Hence,
If Hv(D) ⊂ Hw0(D) for some other weight w on D,
⇓

(by Proposition 3)

the inclusion map Hv(D) −→ Hw0(D) is compact

Proof. The condition Hv(D) 6= {0} implies that ṽ is
a weight; i.e., that ṽ(z) < +∞ for each z ∈ D. Let (zk )k
be a discrete sequence in D. We can choose a subsequence
(zj )j = (zkj )j of (zk )k which is interpolating for H ∞(D) and
∞
a sequence (ϕj )j ⊂ H
P (D) such that ϕj (zi) = δij for all i
and j and such that j |ϕj | ≤ M on D for some constant
M > 0.
Fix (αj )j ⊂ C with supj ṽ(zj )|αj | =: m < +∞. For
each j ∈ N one can find fj ∈ Bv = the unit ball of
Hv(D)
with fj (zj ) = 1/ṽ(zj ); cf. [10], 1.2.(iv). Now put
P∞
f := j=1 ṽ(zj )αj ϕj fj . We will check that f ∈ Hv(D) =
H ṽ(D); clearly f (zj ) = αj for each j ∈ N. But for any
z ∈ D we see that
v(z)|f (z)| ≤
≤ v(z)

∞
X

ṽ(zj )|αj ||ϕj (z)||fj (z)|

j=1

µ
¶
≤ M (sup ṽ(zj )|αj |) sup sup v(z)|fj (z)|
j

j

z∈D

≤ M m.
Since the convergence of the series is uniform on compact
subsets of D, f is holomorphic on D. 2

5. Proposition.
Let G be an open connected subset of C such that,
for the Riemann sphere C∗, C∗ \ G
does not have a connected component + Hv(G) 6= {0}
consisting of only one point
⇓
every discrete sequence in G contains a subsequence
which is interpolating for H ṽ(G)
where ṽ again denotes the associated weight.

• In particular, this result applies to
G = U := {z ∈ C; Imz > 0},
the upper half plane.

Let Φ be a (nonharmonic) subharmonic function on C
whose Laplacian µ = ∆Φ (a nonnegative Borel measure,
finite on compact sets) is a doubling measure; i.e., there
is C > 0 so that
µ(D(z, 2r)) ≤ Cµ(D(z, r)) ∀z ∈ C,

∀r > 0,

Examples:
(i) The functions
Φ(z) = |z|β ,

Φ(z) = |z|β (log(1 + |z|2))α,
(α ≥ 0, β > 0)
satisfy this assumption,
(ii) Φ(z) = exp |z| does not.

• For each z ∈ C let ρ(z) denote the positive radius with
µ(D(z, ρ(z))) = 1.

• A sequence Λ ⊂ C is ρ-separated if ∃ δ > 0 such that
|λ − λ0| ≥ δ máx(ρ(λ), ρ(λ0)) ∀ λ, λ0 ∈ Λ, λ 6= λ0.

• The upper uniform density of Λ with respect to µ =
∆Φ is

+
D∆Φ

#(Λ ∩ D(z, rρ(z)))
:= lı́m sup sup
µ(D(z, rρ(z)))
r→∞ z∈C

For Φ as above we now define the weight vΦ by
vΦ(z) := exp(−Φ(z)), z ∈ C.

Marco, Massaneda and Ortega-Cerdà:
The sequence Λ is interpolating for HvΦ(C)
m
Λ is ρ-separated

and

+
D∆Φ
(Λ) < 1/2π

6. Proposition.
Let Φ be a subharmonic function on C whose Laplacian
µ = ∆Φ is a doubling measure.
Every discrete sequence in C has a subsequence which
is interpolating for HvΦ(C).

7. Corollary.
Let v, w be weights on C with Hv(C) ⊂ Hw0(C).
If the weight v equals exp(−Φ) for a subharmonic
function Φ such that ∆Φ is a doubling measure
⇓
the inclusion map Hv(C) → Hw0(C) is compact

8. Lemma.
Let G be an absolutely convex open subset of CN , N ≥
1, and z0 ∈ ∂G. Then there is a linear form w on CN
such that w(G) = D and w(z0) = 1.

9. Proposition.
Let G be an absolutely convex open and bounded subset
of CN and let v be a weight on G such that the associated weight ṽ satisfies ṽ(z) < +∞ for each z ∈ G
(which holds, in particular, if v is bounded). Then every
discrete sequence in G contains a subsequence which is
interpolating for H ṽ(G).

WEIGHTED INDUCTIVE LIMITS

Let V = (vn)n be a decreasing sequence of weights on G.
The weighted inductive limits of spaces of holomorphic functions on G are defined by

VH(G) := ind Hvn(G)
n

V0H(G) := ind H(vn)0(G)
n

• V0H(G) is continuously embedded in VH(G)

• It is not clear a priori if it is even a topological subspace

• Associated system

V = V (V) := {v weight on G; ∀n : sup
G

v
< +∞}
vn

• Projective hulls of the weighted inductive limits
HV (G) := {f ∈ H(G); ∀v ∈ V : pv (f ) < +∞},
where
pv (f ) := sup v|f |
G

HV 0(G) := {f ∈ H(G); vf vanishes at ∞ on G ∀v ∈ V }
endowed with the topology given by the system
{pv ; v ∈ V }
of seminorms.

• HV 0(G) is a closed topological subspace of HV (G).

We have

V0H(G)

,→

VH(G)

∩

q

HV 0(G)

,→

HV (G)

• Bierstedt, Meise and Summers:
VH(G) = HV (G)

and

VH(G) is complete

• If the sequence V = (vn)n is regularly decreasing,
⇓
V0H(G) = HV 0(G)

and

V0H(G) is complete.

Let V = (vn)n be a decreasing sequence of weights on G.
We denote
Bn Ã the closed unit ball of Hvn(G)
Cn Ã the closed unit ball of H(vn)0(G)
10. Theorem.
We assume that for each n ∈ N every discrete sequence
in G contains a subsequence which is interpolating for
Hvn(G).

(a)

(b)

VH(G) = V0H(G)

⇒

VH(G) and V0H(G)
are (DFS)-spaces

HV (G) = HV 0(G)

⇒

HV (G) is semi-Montel

(c) If, in addition, Bn is contained in the co-closure of
Cn for each n, then the converse of (a) and (b) is also
true.

Proof. (a) The hypothesis and Grothendieck’s factorization theorem imply that for each n there is m > n with
Hvn(G) ⊂ H(vm)0(G). Proposition 3. then yields that the
inclusion map is compact. Restricting to H(vn)0(G) we get
that the inclusion map H(vn)0(G) → H(vm)0(G) is compact. Thus, V0H(G) is a (DFS)-space. On the other hand,
composing with the inclusion H(vm)0(G) ⊂ Hvm(G), we
obtain that the mapping Hvn(G) → Hvm(G) is compact;
thus, also VH(G) is a (DFS)-space.

(b) Let B be a bounded subset of HV (G). Since HV (G)
and VH(G) have the same bounded sets and since the inductive limit VH(G) = indn Hvn(G) is regular, there exists
n such that B is contained and bounded in Hvn(G). Without loss of generality, we may assume that B ⊂ Bn. Since
HV (G) is the projective limit of the spaces Hv(G), v ∈ V
strictly positive and continuous, it is enough to show that
Bn is relatively compact in Hv(G) for each v ∈ V strictly
positive and continuous. By the hypothesis we have that
Hvn(G) ⊂ HV (G) = HV 0(G) ⊂ Hv 0(G). Applying
Proposition 3. once more, we conclude that the inclusion
Hvn(G) → Hv 0(G) is compact. Therefore Bn is relatively
compact in Hv 0(G) ⊂ Hv(G), as desired.

(c) Let VH(G) be a (DFS)-space and fix f ∈ VH(G).
Without loss of generality we may assume that f ∈ Bn for
some n. By our hypothesis there is a sequence (fj )j ⊂ Cn
with fj → f in co. Since VH(G) is a (DFS)-space, co
and the norm topology induced by some Hvm(G), m > n,
coincide on Bn. Thus we obtain fj → f in Hvm(G). But
fj ∈ H(vm)0(G) for each j ∈ N, and it follows that f ∈
H(vm)0(G) ⊂ V0H(G), from which we get the conclusion.

Finally let HV (G) be a semi-Montel space and fix f ∈
HV (G). By the algebraic equality HV (G) = VH(G) we
get f ∈ Hvn(G) for some n and may again assume that
f ∈ Bn. By hypothesis there is a sequence (fj )j ⊂ Cn ⊂
V0H(G) ⊂ HV 0(G) with fj → f in co. Since HV (G)
is semi-Montel, co and the weighted topology of HV (G)
coincide on the bounded subset Bn of HV (G). Hence fj →
f in HV (G) and f ∈ HV 0(G). 2

Let G be an open subset of CN and V = (vn)n a decreasing
sequence of weights on G such that Bn is contained in the
co-closure of Cn for each n.
11. Proposition.

(a) HV (G) = HV 0(G) ⇔ HV 0(G) is semireflexive
for each n ∈ N, ∃m > n :
(b) VH(G) = V0H(G) ⇔ in,m : H(vn)0(G) → H(vm)0(G)
is weakly compact

12. Theorem.
In addition to the assumptions of this section we suppose that ṽ1(z) < +∞ for each z ∈ G. Then
HV (G) is semi-Montel
m
v/ṽn vanishes at ∞ on G
for each v ∈ V and each n ∈ N

When the inductive limit V0H(G) is complete?

Remark.
If the closed unit ball Bn of Hvn(G) is contained in
the co-closure of the unit ball Cn of H(vn)0(G) for each
n ∈ N, then
V0H(G) = HV 0(G)

⇒

V0H(G) is complete

• V = (vn)n is regularly decreasing ⇒ V0H(G) = HV 0(G)
The sequence V = (vn)n is regularly decreasing if
vm
∀n ∃m > n ∀Y ⊂ G : sup
>0
v
Y
n
⇓
vk
sup > 0
∀k ≥ m
Y vn

• In this case VH(G) = indn Hvn(G) is boundedly retractive; i.e., for each bounded set B ⊂ VH(G) there is n
such that B is a bounded subset of Hvn(G) and such that
the topologies of VH(G) and Hvn(G) coincide on B.

13. Theorem.
Let V = (vn)n be a decreasing sequence of weights on
D such that V0H(D) is a dense topological subspace of
HV 0(D).
V0H(D) is complete

V0H(D) = ind H(vn)0(D)

⇒

n

is boundedly retractive

boundedly retractive ⇔ sequentially retractive

• V0H(D) is sequentially retractive if
for each (fk )k ⊂ V0H(D) with fk → 0 in V0H(D)
⇓
fk → 0 in H(vn)0(D) for some n

14. Corollary.
Let V = (vn)n be a decreasing sequence of radial weights
on the unit disc D with
lı́m vn(r) = 0

r→1−

for each n and such that V0H(D) is a topological subspace of HV 0(D). Then

V0H(D) is complete
m
V0H(D) = HV 0(D)
m
V0H(D) = indn H(vn)0(D) is boundedly retractive
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