MEAN ERGODICITY AND SPECTRUM OF THE CESARO
OPERATOR ON WEIGHTED ¢y SPACES
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ABsSTRACT. A detailed investigation is made of the continuity, the compact-
ness and the spectrum of the Cesaro operator C acting on the weighted Banach
sequence space co(w) for a bounded, strictly positive weight w. New features
arise in the weighted setting (eg. existence of eigenvalues, compactness, mean
ergodicity) which are not present in the classical setting of co.

1. INTRODUCTION

The discrete Cesaro operator C is defined on the linear sequence space CY by

) T = (zn)nen € CY. (1.1)

< x1 + T2 T+ Xy
Cr = | zq, e
2 n

The operator C is said to act in a vector subspace X C CN if it maps X into
itself. Of particular interest is the situation when X is a Banach space. Two
of the fundamental questions in this case are: is C: X — X continuous and, if
80, what is the spectrum of C: X — X7 Amongst the classical Banach spaces
X C CY where precise answers are known we mention £, (1 < p < o), [7], [19],
and co, [19], [25], and both ¢, £, [1], [19], as well as cesp,, p € {0} U (1, 00), [9],
the Bachelis spaces NP, 2 < p < oo, [10], and the spaces of bounded variation buvy,
[23], and bounded p-variation bv,, 1 < p < 0o, [2]. In each case the operator norm
of C: X — X equals its spectral radius 7(C) and C has at most one eigenvalue,
namely 1. Moreover, in all of these spaces C fails to be compact. This is not
always so. It may happen, eg. for the weighted Banach spaces X = /,(w),
1 < p < oo, that 7(C) < ||C|| or that C has infinitely many eigenvalues. For
certain weights w it can also happen that C is compact in £,(w), [4]. There is no
claim that this list of spaces (and references) is complete.

One of the aims of this paper is to investigate the two questions mentioned
above for C acting on the weighted Banach space co(w). To be precise, let w =
(w(n))>2; be a bounded, strictly positive sequence. Define

co(w) := {:c = (#n)nen € CV: lim w(n)|zy| = o},

equipped with the norm ||z||o,w := sup, ey w(n)|zy| for € ¢o(w). Then cp(w) is
isometrically isomorphic to ¢y via the linear multiplication operator ®,,: co(w) —
co given by

T = (Tp)neN = Pw(x) := (W(n)xp)nen- (1.2)
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Therefore, co(w) is a Banach space. The dual space (co(w))’ of co(w) is the Ba-
nach space ¢1(v), where v(n) = w(n)~! for n € N. In particular, the canon-
ical unit vectors ex := (0gn)nen, for k& € N, form an unconditional basis in
co(w). If inf,eyw(n) > 0, then co(w) = ¢p with equivalent norms and we are in
the standard situation. Accordingly, we are mainly interested in the case when
inf,eyw(n) = 0.

The restriction to ¢y of the Cesaro operator C: CN — CN as given in (1.1) de-
fines a linear operator on ¢y with operator norm equal to 1. Denote this operator
by C© so that [|[C| = 1. In Section 2 we discuss various aspects of C when
it is restricted to the larger space co(w) 2 ¢g. Denote this restriction by C(O®)
whenever it is continuous; see Corollary 2.3(i) for a characterization of the con-
tinuity of C©®) . A useful sufficient condition in this respect is that w decreases
(cf. Corollary 2.3(i)). However, if we just have lim,_,. w(n) = 0 (rather than
w | 0), then the continuity of C in ¢p(w) need not follow in general; see Remark
2.4(i). Section 2 is also devoted to characterizing the compactness of C(O%) (see
Corollary 2.3(ii)). It turns out (cf. Proposition 2.7) that a sufficient condition for
this is that

lim sup 7w(n +1)
n—00 ’LU(TL)
although this criterion is not necessary; see Remark 2.10. Nevertheless, condition
(1.3) allows us to exhibit a large class of weights w for which C(%%) is compact.
Moreover, whenever C(9%) is compact, then its spectrum consists precisely of the
point 0 together with the eigenvalues {% m € N}; see Proposition 3.9.

For a Fréchet space X let £(X) denote the space of all continuous linear oper-
ators of X into itself. Given T' € £(X), the resolvent set p(T') of T consists of all
A € C such that R(A,T) := (M —T)~! exists in £(X). The set o(T) := C\ p(T)
is called the spectrum of T'. The point spectrum oy, (T') of T consists of all A € C
such that (A —T') is not injective. If we need to stress the space X, then we also
write o(T; X)), ope(T5 X) and p(T; X).

The two main results in Section 3 present a precise description of both o(C(0®))
and 0, (CO")); see Theorem 3.4 and Proposition 3.7. The estimates needed for
this are possible because of the availability of an explicit formula for the inverse
operator (C— AI)~! whenever \ # %, m € N; see Step 4 in the proof of Theorem

€[0,1), (1.3)

3.4. For the case when C(O%) is compact we refer to Proposition 3.9, where it is
also shown that the sequence w is then rapidly decreasing. The converse is not
valid (cf. Example 2.11 and Example 3.10(iii)). Several non-trivial examples of
weights w are presented for which o(C(%®)) is explicitly identified. It is known
that o(C) = {\ € C: |\ — 3| < 1}, [19], [25]. There exist non-constant weights
w such that C0®) is not compact and ¢(C(%®)) is no longer a disc; see Examples
3.10(ii) and 3.12. In the event that w is decreasing it turns out (cf. Corollary
3.6) that always

o (COw)Y {)\G(C: ‘/\—;' g;} (1.4)

For the case when lim,,_, w Py % = 1 the inclusion (1.4), actually an

equality, is due to B.E. Rhoades and M. Yildirim, [26, Corollary 2|. In Example
2.11 a decreasing weight w | 0is exhibited (i.e., (1.4) holds) for which the sequence



MEAN ERGODICITY AND SPECTRUM OF THE CESARO OPERATOR 3

{@ > ohq ﬁ}?zl fails to converge at all. Given any k € N, we point out that

O:w) has precisely

there exists a bounded, strictly positive sequence w such that C
k eigenvalues; see Example 3.10(ii)

The study of mean ergodic operators 7' in Banach spaces was initiated in the
1930’s-40’s by N. Dunford, J. von Neumann, F. Riesz and others and has con-
tinued ever since. Depending on whether the averages {1 " | T™},cy of the
iterates of T' converge in the strong (resp. uniform) operator topology the oper-
ator T is called mean ergodic (resp. uniformly mean ergodic). The final section
presents characterizations of when C(%%) is mean ergodic (cf. Proposition 4.3)
and when it is uniformly mean ergodic (cf. Proposition 4.7). If C(0®) is compact
and power bounded, then it is necessarily uniformly mean ergodic; see Proposi-
tion 4.8. According to Proposition 4.10 this is the case whenever (1.3) is satisfied.
Examples of weights w are presented such that C(O%) is mean ergodic but not
uniformly mean ergodic (cf. Example 4.12(i)) and also weights w such that C(0-®)
is uniformly mean ergodic but not compact (cf. Example 4.12(ii)). Crucial for
the proofs of the above mentioned characterizations is a detailed knowledge of
the range (I — C(%®))(¢co(w)) of I —CO%) and of its closure in co(w); see Lemmas
4.1 and 4.5.

2. CONTINUITY AND COMPACTNESS OF C IN ¢o(w)

Concerning notation, the closed unit ball of a Banach space X is denoted by
B[X] and the ideal of all compact operators on X by K(X).

Let v = (v(n))p2; and w = (w(n))se; be two strictly positive sequences. Let
Tyuw: CN — CY denote the linear operator given by

Ty = (w(n) E”: xk) . = (Zn)ney € C. (2.1)
neN

n = v(k)

Then ®,,C = T, ®,. Therefore, the Cesaro operator C maps ¢o(v) continuously
(resp., compactly) into co(w) if and only if the operator T, € L(cp) (resp.,
Tv,w S IC(C(]))

The following criterion is known (see, eg., [27, Theorem 4.51-C|).

Lemma 2.1. Let A = (anm)n,meN be a matriz with entries from C and T': cN -
CN be the linear operator defined by

Tx .= <Z anmxm> ;T = (Zn)nen, (2.2)
neN

m=1

interpreted to mean that Tx exists in CN for every x € CN.
Then T € L(co) if and only if the following two conditions are satisfied:

(1) limy—s00 Gpm = 0 for each fized m € N;
(i) SUPpen 2t |@nm| < o0
In this case, |T|| = suppen Y omeq [Gnml.

An immediate application is the following result.

Proposition 2.2. Let v and w be two bounded, strictly positive sequences.
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(i) The Cesaro operator C maps co(v) continuously into co(w) if and only if

w(n) = 1
{nzv(kz)} N € oo

k=1

that is, if and only if there exists K > 0 such that

n

1 n
;v(k) gKW, n € N. (2.3)

In this case,

"1
1€l = My = sup 2 5~ L

neN T =1 U(k)

with M, ., denoting the smallest constant K satisfying (2.3).
(ii) The Cesaro operator C: co(v) — co(w) is compact if and only if

{wiln) 5 U(1k)} _eo (2.4)

k=1

Proof. (i) By the remarks immediately prior to Lemma 2.1 it suffices to show that
the operator T, € L(cp) if and only if M, ,, < co. This is a direct consequence
of Lemma 2.1; see (2.1) and (2.2) with T := T, ,,.

(ii) By the remarks immediately prior to Lemma 2.1 it suffices to show that
the operator T, ., € K(cp) if and only if (2.4) is satisfied.

Assume first that (2.4) holds. In particular, T, ,, € L(c) as MMU < 00; see
part (i). According to (2.4) the element z := (z;,), given by z, = =~ Zk 13 k)?
for n € N, belongs to ¢g. Moreover, for every = € Blc|, we have that

|(To,w)n| < wln) Z |QEZ|) <|lzllozn < 2z, neEN.

Accordingly, the bounded set T, ,,(B[co]) is relatively compact in ¢y (see, [11,
p.15], [13, p.339]) and hence, T}, ., € K(co).
Now assume that T}, ., € K(cp). Then T}, ,(B[co]) is a relatively compact subset
of cg. Hence, for every € > 0 there exists ng € N such that
n
Tk
2 v(k)

k=1

()] = 2

" <e, xé€ Blegl, n>ng.

For each n € N, let u(™ = (u,gn))k € Blco] be given by u,(gn) =1ifke{l,...,n}
and 0 otherwise. It follows that
w(n) o= 1

7Z—:|(vau Nal <&, n>mno.

n = v(k)

Accordingly, lim,, o, = 0 which is precisely (2.4). O
k 1o

Corollary 2.3. Letw be a bounded, strictly positive sequence. Then the following
assertions hold.
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(i) The Cesaro operator CO%) € L(co(w)) if and only if

{wf,”)Zw(lk)} ENeeoo. (2.5)

Moreover, ||CO®)|| > 1.
If w is decreasing, then (2.5) is satisfied and ||COW)|| = 1.
(ii) The following conditions are equivalent.
(a) COW) s weakly compact.
(b) CO®) 45 compact.

(¢) The sequence
S ] e 26
{ n k:lw() neN ’

Proof. (i) Applying Prop051t10n 2.2(i) with v = w, it follows that CO®) ¢
L(co(w)) with |[COW|| = M, := My, < oo if and only if (2.5) holds. On the
other hand, CO%e, = (1), and hence, |COWes g, = supneNM > w(l) =

n
(0.0)
lex]]o,w- ACCOFlegL‘Y; ICO)]| > 4||c”e ||Zl||0w 2L

If w is decreasing, then
n

—~ w(n)

11
—— =-N"2Y <1, peN,
=w(k)  n=wk)

and so, M,, < 1. Accordingly, |C“%)|| = 1 in this case.

(ii) (b)=-(a) is clear.

(a)=(b). Observe, in the notation of (1.2) and (2.1), that T, ., € L(co) satisfies
Tww = @wC(O’w)q);l and hence, T, ., is weakly compact. It is well known that
Twaw is then automatically compact, [16, Corollary 6, p.373|, [21, Ex. 3.54(b),
p.347], and hence, also CO%) = &1T,, ,®,, is compact on co(w).

(b)<(c) is a direct consequence of Proposition 2.2(ii) with v := w. O

w(n)

n

S

For the Cesaro operator C acting in the weighted spaces £,(w), 1 < p < oo,
various sufficient criteria for compactness are known but, unlike for CO®) ¢
L(cp(w)), no characterizations of compactness in terms of w, [4].

Remark 2.4. (i) Corollary 2.3 shows that if w decreases to 0, then C(O®) ¢
L(co(w)). However, the condition lim,_,~ w(n) = 0 by itself does not necessarily
ensure the continuity of C acting in co(w).

Let w(2n+1) = n%rl for n > 0 and w(2n) = 27" for n > 1. Then

2n
1 1
——=(1+2+. +n)+(2+22+...—|—2”):M+2”+1—2
w(k) 2
k=1
whereas
2n—+1

2n
1 1 1 n%+43n+2
= = ontl _ 9
kz_l wk) ~ w@ntl) | kz_l w(k) 5 T
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w(2n+1) 22n+1 1 ontl_o

1 k=1 w(k) _m%ooforn%ooandsothe

In particular,

sequence {% > orq m}neN Q U, 1.€., C does not act continuously in co(w);
see Corollary 2.3(i). A further example of this kind is given in Case (iii) of Remark
4.11(3ii)(c).

(i) Let @ > 0 and w(n) := % for all n € N. Since w is decreasing, Corollary
2.3(i) yields that C(%%) € £(co(w)). But, for each n € N, we have that

w(n) o= 1 N, 1 &[0
n > w(k) — pott > k> ot Z/k_lx dz
k=1 k=1

k=1
1 n 1
= — z%dx = .
na+1 0 a+ 1

So, C(%%) cannot be compact; see Corollary 2.3(ii).

We recall the following fact; see [3, Proposition 4.1|, |5, Propositions 4.3 and
4.4]. For convenience of notation we let ¥ := {X2:m € N} and % := £ U {0}.
Recall that C is a Fréchet space for the topology of coordinatewise convergence.

Lemma 2.5. (i) o(C;CN) = 0,0 (C;CN) =
(ii) Fizm € N. Let (™) := (m%m))n e CN where 2\ = 0forne{l,...,m—
(m) ._ __ (n=1)!

1}, x%n) =1 and x;, "’ := = Dn—m)! for n > m. Then the eigenspace

1
Ker ([ — C) = span{z(™} c CN
m
is 1-dimensional.

Recall that a sequence u = (u,)nen € CN is rapidly decreasing if (n™up)nen €
co for every m € N. The space of all rapidly decreasing, C-valued sequences is
denoted by s.

Proposition 2.6. Let w be a bounded, strictly positive sequence. The following
conditions are equivalent.

(i) (n™w(n))n € co for all m € N.
(ii) w € s.
If, in addition, C%) € L(co(w)), then (i)-(ii) are equivalent to
(iii) X C g, (COW).
Proof. (1)< (ii) follows from the definition of the space s.
Assume now that CO%) € L(co(w)).
(iii)=(i). Fix m € N. Then 15 € 05(C*")) C 0,(C; CY) with each element

az™tD for o € C, an eigenvector in co(w) € CN corresponding to
m+1)

m+1; see

Lemma 2.5, also for the definition of z( . So, we must have 2™+ e ¢y(w),

ie., (x%m+1)w(n))n € ¢g. Since % ~ n™! for n — oo, this happens only if
(n™w(n))n € co.

(i)=(iii). Fix m € N. Since (n™ 'w(n)), € co, the element (:E%m)w(n))n € o,
ie., 2™ € ¢o(w). As ™ is an eigenvector corresponding to the eigenvalue %,
it follows that L also belongs to op (COW), O
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Proposition 2.7. Let w be bounded, strictly positive and satisfy (1.3), i.e
w(n+1)

li €[0,1).
msup — "o [0,1)
Then CO%) € K(co(w)) and
op(COVY =35 o(COW)) = 5. (2.7)

Proof. Via Corollary 2.3(ii) it suffices to prove that {@ > =1 ﬁ}neN € cp.
By the assumption there exists 0 < r < 1 such that

w(n+1) <rw(n), n>nep. (2.8)

In particular, {w(n)}n>n, is decreasing to 0. Fix n > ng. It follows from (2.8)
that

w(n) < " Fw(k), ng<k<n, (2.9)
and hence, that ﬁ < % for ng < k <n. Accordingly,

n

1 1 _p  1—grti-no 1
e Y < .
kg;‘o w(k) — w(n) k:Zn (I —=r)wn) = (1 —r)w(n)
Setting M := >} 11 w0 it follows that
w(n) < — ( ) v~ 1 Mwlls 1
<
n Z w(k Z Z w(k) — n + (I—7r)n
k=1 k=ng

for every n > ng. This shows that (2.6) is valid, i.e., CO%) € K(co(w)).
According to (2.9) we have w(n) < r"~"™w(ng) for n > ng, which implies that
w € s (recall 0 < r < 1). Hence, Proposition 2.6 yields that

2 C o (CO) C o (COW)

and so g C o(CO®). But, CO e K(co(w)). Keeping in mind Lemma
2.5(i) which implies that o,,(C%%)) C 0,/(C;CY) = %, and that o(CO®) =
{0} U 0 (CO®)) [21, Theorem 3.4.23], it follows that g = o(C(O®)) and ¥ =
opt(CO®)). This is precisely (2.7). O

Remark 2.8. A special case of Proposition 2.7 occurs if w | 0 (in which case
wintl) ¢ (0, 1] for all n € N) and the limit

w(n)
i 22+ 1)
n—o0o w(n)

=1 existsin [0,1).

An alternate proof of Proposition 2.7 is then possible via the Stolz-Cesaro cri—
terion, [22, Theorem 1. 22] simply adapt the proof of Corollary 4.3 in [4].
deed, with a, == > _, w(k) and by, ( y for n € N, one shows as in [4] that
Sup,en 3 < oo and hence,



8 A.A. Albanese, J. Bonet and W. J. Ricker

Examples 2.9. (i) According to Remark 2.8 we see that CO%) ¢ K(co(w))
whenever the weight w is one of the following sequences:

(1) w(n) :=a*, neN, with a > 1, ay, T 00 and lim,, o0 (, — 1) = 0.
(2) w(n) := Z—z for n € N, where a > 1 and a € R.
(3) w(n) := %; for n € N, where a > 1.
(4) w(n) :==n"" for n € N.
Each of the above weights w satisfies the condition: lim, % =1+#1;

see, for instance, Remark 4.4(iii), (iv) of [4].

(ii) Define the sequence {a,}nen via agp—1 = % and as, = n%rl for n €
N. Then define the bounded, strictly positive weight w via w(l) = 1 and
w(n+1)

w(n+1) = apw(n) for n € N. Observe that w | 0 but, the sequence { ) tnen
is not convergent (i.e., Remark 2.8 is not applicable). On the other hand,

lim sup,, wgzz)l) = limsup,,_,,, an = % and so Proposition 2.7 can be applied

to conclude that CO%) € K(co(w)).

Remark 2.10. (i) Let w(n) := e V™ for n € N. Then lim, wgz:)l) =1
and so neither Proposition 2.7 nor Remark 2.8 can be applied. However, direct

calculations yield, for every n € N, that

" n 1 VAT
Z:Zeﬂg/ eﬁdx:/ otel dt = 2(vn+1—1)eVnHl
1 w(k) 1 1 1
and hence, that
w(n) o« 1 < 2(v/n+1—1)evnt!
n = w(k) — nevn '
2(\/n7+171)e\/m

Since lim,,_soo s = 0, it follows that also lim,,_,o % Y oret ﬁ =
0. According to Proposition 2.2(ii), we can conclude that C(0%) € K(co(w)).

(ii) Let 8 > 1 and w(n) := e—(osn)” for p € N. Since, for each n > 1, we have
% = e 1"&) for some &, € (n,n+ 1) with f(z) := (logz)?, z € (1,00), sat-

wn
Bllogx)~! wntl) _ 4
X

=0, it follows that lim,, s ()

isfying lim, 00 f/(2) = limg—y00
and so again Proposition 2.7 cannot be applied.

For each n € N, observe that «, := (logn)? satisfies w(n) = e~ for all n € N.
Then

w(n) 1 o I
= eN.
n ; w(k) neon N

Set apn := Y p_; e and by, := ne® for n € N. Then b, 1 co. In particular, for
every n € N, we have that

by — b1 = (1+ B(logt,)’1)elostn)’
for some t, € (n,n + 1); apply the mean value theorem to h(z) := rellogz)?
x € (1,00), and observe that b, — b,_1 = h(n) — h(n — 1). Hence,

7

by — bat > (1+ Blog(n — 1) ~1)e050=D" = (1 4 (log(n — 1)) )1,
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Since a, — an—1 = €* it follows for every n € N that

Qp Qn—Qn—1

0 < Ay — Ap—1 < e e
= by —by1 ~ (14 B(log(n —1))8-1)ean—1 T 1t B(log(n —1))8-1"
But, e@n—an-1 = f(M=f(n=1) — of'(&n) with f as above and so e %1 —
1 for n — oo. Hence, limnﬁw% = 0 which implies that also
lim,,—s o0 ZZ:ZZ:J = 0. According to the Stolz-Cesaro criterion, [22, Theorem
1.22], we deduce that

o own) = 1
1 N 7 I —
i 2
k=1
and so, by Corollary 2.3(ii) we can conclude that C(0%) € K(co(w)).

Example 2.11. There exist weights w € s such that cOw) ¢ K(co(w)). Indeed,
define w via w(1) := 1 and w(n) := ]% ifne{27t+1,...,27} for j € N. Then
w is a positive weight with w | 0 and w € s. To see this, fix m € N. Observe, for

each j € Nand n € {2771 +1,...,27}, that

2mJ
77
arbitrary, Proposition 2.6 implies that w € s.

To see that CO») ¢ K(co(w)) it suffices, via Corollary 2.3(ii), to show that

(2.6) is not satisfied. Observe, for every n = 2/ with j € N, that
w(n) 1 1 1 S
= -1 - |1 28k
S e (10 X )= (13

k=1 k=1 ;=9k— 1+1
which does not converge to 0 for j — oo. To see this, set a; := Zi:l 2F=1Ek and
bj := (24)7 for j € N. Then b; 1 co. Moreover, we have that

Since lim;_, = 0, it follows that also lim, o n™w(n) = 0. So, as m is

—_

aj — aj—1 2j_1jj 1 -
bj = bj—1 (2j)j - (20 - 1))j_1 9_1 (1 _ l)j_l 2’
J J

for j — oo, According to the Stolz-Cesaro criterion it follows that also lim;_,, Z—; =
% and hence, that lim;_, % zjzl ﬁ = % So, (2.6) is not satisfied.
Actually, the sequence {%n) Dy ﬁ}neN does not converge at all. Indeed,

for every n = 297! + 1 with j € N, we observe that

w(n) 1 1 CA e k—171.k -5
2w~ @y (LT

k=1 1 k=1
1
- — |1 PAR
wlﬂW(*% )
1 2072(5 — 1)1 1

12

@0 @ty i
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Y2(j—1)) !

where o % for large j, and so it converges to 0 for j — oo.

For a further example exhibiting these features we refer to Case (ii) of Remark
4.11(3ii) (c).

3. SpecTRUM OF C(Ow)

The aim of this section is to provide a detailed knowledge of the spectrum
of C(Ow)  Unlike for the Cesaro operator C(0 ¢ L(cp), it can now happen that
many eigenvalues appear; see Theorem 3.4. Of course, if lim,,_,o w(n) = 0, then
the constant vector 1 := (1), lies in cp(w) and satisfies CO®)1 = 1, that is,
1e apt(C(o’w)). Given a bounded, strictly positive sequence w, let S,, := {s €
R: >, #(n) < oo}. In case Sy, # () we define sy := inf S,,. Moreover, let
Ry = {t € R: lim,, o nfw(n) = 0}. In case R, # R we define to := sup Ry,. If
R, = R we set tg = oo.

Let w(n) = 27" for n € N. Then S,, = 0, i.e., it can happen that S, is empty.
However, in the event that S, # (), then sy > 1. Indeed, for any fixed s € R we

have
o

S ey L (3.1)
nsw(n) — > ns
n=1 n=1

So, whenever s € S, it follows that >.°° L < oo, that is, s > 1. Hence,

n=1 ns

Sw C (1,00) which implies that sy > 1. Moreover, for any r > s € S, we have

=1 =1

- < -
2231 n"w(n) ; nsw(n)
and so also r € S,,. Accordingly, whenever S, # (), then it is an infinite interval,
i.e., Sy = [s0,00) or Sy = (sp,00) with sgp > 1. It is a consequence of (3.1) that
1 & Sy, for all positive, bounded sequences w.

In the event that a, := infeyw(n) > 0 it follows that necessarily so = 1.
Indeed, in this case w(n)~! < ay!, n € N, which implies that nsulj(n) < ﬁ, for
all n € N and s € R. Hence, (1,00) C S, and so sp < 1. Since we are assuming
that Sy, # 0, we already know that so > 1. Accordingly, sg = 1 whenever a,, > 0.

Fix @ > 0. For w(n) = 1/n® and any s € R it follows that > °° L

n=1 nsw(n) =

) n%a < oo precisely when s > (1 + «) and so sop = 1 + . Hence, given any
B > 1, there exists a positive, decreasing weight w | 0 such that S, = (8, 00),
that is, sg = 5.

Concerning the set Ry, a similar discussion applies. For w(n) = 27" it turns
out that R, = R with tg = co. However, if R,, # R, then tg is finite with t5 > 0
and R, = (—o0,ty) or R, = (—00,tp]. Moreover, R,, = () is not possible as
n'w(n) < ||w|lent with n® — 0 whenever ¢ < 0. If a,, > 0, then necessarily
to = 0 but, 0 € Ry as ntw(n) > a,n! for all t € R. In the event that w is also

decreasing, we point out that w | 0 if and only if 0 € R,,.

Proposition 3.1. Let w be a bounded, strictly positive sequence.
(i) If Sw # 0, then to < so. In particular, Ry, # R.
(ii) If Ry # R, then S, C [1 + tp, 00).
(iii) If w € s, then Sy, = 0.
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Proof. (i) Suppose that Sy, 7é (. Fix any s > so. Since y 1W(n) < 00, there

exists N € N such that ( ) <1 for n > N and hence, n*w(n) > 1 for n > N.
So, the sequence (n®w(n))pen cannot converge to 0 which yields that ¢y < s.
Accordingly, tg < sg. In particular, R,, # R.

(ii) Fix any t < to, in which case lim,,_,o, n'w(n) = 0. Hence, there exists
K € N such that n! < e )forn>K So, for any s € R we have (as—>()for
each n € N) that

nt 1

= — < —— > K.
ns=t  ns = nsw(n)’ "=

1
n=1 nsw(n)

diverges. Hence, Y 7, m diverges whenever s < 1+ t, for some t < tg, that
is, whenever s € (—o0,1 +tg). So, Sy, C [1 + g, 00).
(iii) Suppose first that » < 0. Then X > 1 for all n € N. Since w € ¢y there

Choose now any s < 1+ t. The previous inequality implies that > >

exists K € N such that also ﬁn) > 1 for all n > K. Hence, r € S, because
oo (o)
1 1
g > E = Q.
— n"w(n) = n"w(n)

Suppose that r > 0. Let m := 1+ [r]. Since >_,°, n™w(n) < oo, there exists
M € N such that ( = n™ for all n > M. Again r &€ S, because

m

> 1 = n
Zn’"w(n)Z ZW:

n=1 n=M

O

Remark 3.2. The converse of Proposition 3.1(iii) is not valid. Define an increas-
ing sequence inductively in N by n(1) := 1 and n(k + 1) := 2(k + 1)(n(k))* for
k € N, in which case n(k + 1) > 1 + k(n(k))* for k € N. Now define a strictly
positive weight w | 0 as follows. For k > 1 let
. 1
Fix any t € R. Then for each positive integer k > t we have
S
(n(k)) w(n(k))
diverges. Hence, S, = 0.

n(k) < j <n(k+1).

=k(nk)t >k

and so ) 7 ~ w(n)
To verify that w ¢ s it suffices to show that (nw(n)), & co; see Proposition
2.6. But, this follows from the inequalities

nk+1)—1 - k(n(k))*
k(n(k))k k(n(k))*

(nk+1)—Dwn(k+1)—1) =

Since w ¢ s, the operator C(0®) & K(co(w)); see Proposition 3.9 below.

The following result, [4, Lemma 3.2], [25, Lemma 7], will be needed later.



12 A. A. Albanese, J. Bonet and W.J. Ricker

Lemma 3.3. (i) Let A € C\ X¢ and set o := Re (3). Then there exist constants
d>0and D >0 (dependmg on a) such that

D
1—7 ~ . neN. (3.2)
(ii) For each m € N we have that
—1)!
=D ~n™ 1 for all large n € N. (3.3)

(n—m)!

If Sy, # 0, then so > 1 and so ﬁ < %, an observation which is relevant for the
following few results. We now come to the main feature of this section. Observe

that parts (1) and (2) provide a characterization of o(C(O®)).

Theorem 3.4. Let w be a bounded, strictly positive sequence such that COw) ¢

L(co(w)).
(1) The following inclusion holds:

Yo C o (COw), (3.4)
(2) Let X & Xo. Then X € p(CO®)Y if and only if both of the conditions

1) limy, 00 % =0, and
(i) = ;

. 1 -1 w(n)n®
(11) SupTLEN n E%Zl w((rn;mf" < o0,

are satisfied, where o := Re (%)
(3) Suppose that Ry, # R, i.e., tg < co. Then we have the inclusions

1 1
{:meN, 1§m<t0+1}§0pt(c(0’w))§{:mEN, 1§m§t0+1}.
m m

(3.5)
In particular, opt(C(O’“’)) s a proper subset of X.
If Ry, =R, then
op(COW) = 3. (3.6)

Proof. The proof has certain similarities with that of Theorem 3.3 in [4], together
with new features due to the different setting.

(1) The dual operator A := (CO®)Y € £(£;(w™")) satisfies | A|| = ||C(%)|| and
is given by

Ay = <Z gﬁ) s Y= (Un)nen € gl(w_l)- (3.7)
k=n neN
Step 1. 0 € opi(A).
Observe that Ay = 0, for some y € ¢1(w™1), implies that z, := > po, g =
for all n € N. Hence, y, = n(z, — zn4+1) = 0, for n € N, and so A is injective.
Step 2. ¥ C oy (4).
Suppose first that A € C\ {0}. Then Ay = Ay for some non-zero y € ¢1(w™!)

if and only if Ay, = > 5o, ¥ for all n € N. This yields, for every n € N, that

A¥n = Ynt1) = 2 and 50 ypp1 = (1 - )\—ln) yn. It follows, with y; # 0, that

necessarily
Ynt1 = Y1 H <1 -~ ) , neN. (3.8)
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In particular, each eigenvalue of A is simple.

Now let A € &, ie., A = L for some m € N. According to (3.8), the non-zero
vector ¥ = (Yn)nen defined via y; € C\ {0} arbitrary, y, := n1 Hz;ll (1- /\—lk)
for 1 < n < m and y, := 0 for n > m, clearly belongs to £1(w™!) and satisfies
Ay = A\y. Hence, \ € th(A).

Step 3. Xy C o(COW),

For every T € £(X) with X a Banach space, it is known that o, (7") C o(T),
[13, p.581|, with o(T") a closed subset of C. According to Step 2, we then have
that Xy C ¢(C(O®)) which concludes the proof of part (1).

(2) Step 4. We proceed as in Step 5 of the proof of Theorem 3.3 in [4]; see
also [8].

We recall the formula for the inverse operator (C—AI)~1: CN — CN whenever
A & Yo, [25, p.266]. For n € N the n-th row of the matrix for (C — AI)~! has the

entries

-1
, 1<m<mn,
nA? HZ:m (1 - ﬁ)
n 1
= m =n
1—nx L) ’
n
and all the other entries in row n are equal to 0. So, we can write
_ 1
(C=A)"'=D, - 2B (3.9)
where the diagonal operator Dy = (dpm)nmeN is given by dp, := L and

I
dnm = 0 if n # m. The operator E) = (€nm)n,men is then the lower triangular

matrix with ey, = 0 for all m € N, and for every n > 2 with ey, := W
k=m\"*" Xk
if1<m<nand ey, :=0if m>n.

Fix A ¢ 3. Then d(\) := dist(\, Xg) > 0 and |dyp| <
for every x € ¢o(w), we have

d(}\) for n € N. Hence,

1 1
D w — S dnn n S n = TN we
D200 = 5P dzaa(n) < o sup o fo(m) = o

This means that Dy € L(co(w)). So, by (3.9) it remains to show that E) €
L(co(w)) if and only if conditions (i) and (ii) are satisfied with o := Re (}).

To this end, we note that E\ € L(co(w)) if and only if the operator E) :=
O, E P! (cf. (1.2)), i.e., the restriction to ¢y of

n—1
- e
(Ex(2))n =w(n szﬁxm, zeCN, neN,
m=1
with (Ex(z)); := 0, defines a continuous linear operator on cg. Observe that

Ey\ = (€nm)n,men is the lower triangular matrix given by €, = 0 for m € N and
Enm = %enm for n > 2 and m € N. So, we need to verify that E) € L(cp) if
and only if conditions (i) and (ii) are satisfied with a := Re (). Since A € C\ Xy,
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we first observe that it follows from (3.2) that

-1 d—l
oy aﬁfenlfﬁwa n =2,
d D1 d-'D

Taga = lenml <W, 2<m<n, (3.10)

for some constants d’ > 0 and D’ > 0 depending on . )
Suppose then that E) € L(c¢p). By Lemma 2.1(i) applied to T' = Ej it

follows that limnﬁm% = 0 for all m € N, ie., lim, oo w(n)|enm| =
0 for all m € N. Hence, by (3.10) it follows that llmnﬁm% = 0 for

each fixed m € N. So, condition (i) is satisfied. From Lemma 2.1(ii) it fol-
lows that sup,cy S0 wlenm| o5 Thus, again by (3.10) it follows that

w(m)
SUPpen £ Do 2 ;f}((g;;a < 00, i.e., condition (ii) is satisfied.

Conversely, suppose that condltlons (i) and (ii) are satisfied. Clearly, condition

(i) implies that limy, e srofds = 0 for each fixed m € N. So, by (3.10) it
follows that lim, s wi:()zsm =0, i.e., limy, o0 €y = 0 for all m € N. On the

n—1 w(n)n®
m=1 w(m)m

other hand, by condition (ii) we have that sup,cy = > - < 00. In view

of (3.10) this implies that sup,,cy Y7 wlenml o e, SUPpeN D preq Enm <

w(m)
00. Therefore, by Lemma 2.1 we can conclude that Ey € £(cp). This completes
the proof showing that E\ € L(co) if and only if conditions (i) and (ii) are
satisfied.

The proof of part (2) is thereby complete.

(3) Suppose first that R, # R.

Step 5. Both of the inclusions in (3.5) are valid.

The Cesaro operator C(O%) is clearly injective. So, 0 ¢ apt(C(O’w)). Let A\ €
C\ {0}. Consider the equation (Al — C)z = 0 with = (2,)nen € CN\ {0}.
As for the proof of Step 7 in Theorem 3.3 in [4], with m € N being the smallest
positive integer such that z,, # 0, it follows that A\ = % and we deduce that

Tn = Tyg(nem) = (n—1) x n > m. (3.11)

(m—1)(n—m)!™"™

(n—=1)!

1

~

A== = =) -n™~1 for each m € N. So,
x € co(w) if and only if lim,, n(m_l)w(n) = 0. But, lim, n(m_l)w(n) =0
precisely when (m — 1) € Ry,. In this case, (m — 1) < tg, i.e., m < to + 1. So,
op(CO)y C{L:meN, 1<m<ty+ 1}

Conversely, if m < tg+1 for some m € N, i.e., (m—1) < to, then (m—1) € R, as
to = sup Ry,. Then z € CN defined according to (3.11), withzy = ... =2, _1 =0
and for any arbitrary x,, # 0, belongs to co(w). Therefore, % € apt(C(O’“’)).

Step 6. Assume now that R, = R. Then (3.6) is valid.

As argued in Step 5, the point % € th(C(O’w)) if and only if (m — 1) € Ry,
But, for R, = R, this is satisfied for every m € N and so X C Upt(C(O’“’)). On
the other hand, it is also shown in the proof of Step 5 that ewvery eigenvalue
A of C: CN — CN must have the form \ = % for some m € N. Since every

According to (3.3) we have i



MEAN ERGODICITY AND SPECTRUM OF THE CESARO OPERATOR 15

eigenvalue of C(O) is also an eigenvalue of C (as co(w) C CN), it follows that
opt (COW)) C 3. ]

Remark 3.5. The following observation (which is routine to establish) is used
in the sequel. Let r > 0 be fixed. Then A € C\ {0} satisfies

1 1 1
A— o if and only if Re </\> <r. (3.12)
Similarly, it is the case that ‘)\ L ’ = 7 if and only if Re (%) = r and that
}/\— ‘ <9 1fandon1y1fRe( ) >r

Corollary 3.6. Let w be a strictly positive, decreasing sequence. Then

o(COw)y {)\ eC: ‘/\ _ o ;} (3.13)

2

Proof. To establish this it suffices to show that, for every A € C with ’/\ — %} > %,
we have that A € p(C(O%)) i.e., that conditions (i) and (ii) in part (2) of Theorem
3.4 are satisﬁed So, fix A € C with ‘)\ — %’ > % Then necessarily A & 3¢ and
a:=Re(3) < 1;see (3.12).

Clearly, limn_>oo nl(,i = 0 as w is bounded and « < 1. Hence, condition (i) of
part (2) of Theorem 3.4 holds.

On the other hand, for a fixed n € N, we have % <lforalll<m<n (as

w is decreasing) and so

n—1

1 1
- Z ma — nl—a @'

m=1

Accordingly, sup,,cy Lyl lzﬂ(%?nu < oo whenever sup,cy === st €<

00. So, condition (ii) of part ( ) of Theorem 3.4 will be satisfied provided we can
verify that sup,, ey - e Zm 1 ma < 00. To establish this, we need to distinguish
the three cases; a) a—O b)a<0andc)0<a<l.

Case a). We have, for every n € N, that

-1 n—1
1 &= 1 1 n—1
— 1= <1
nlfa me n Z n -
m=1 m=1
and hence, that sup,,cy —1—= Sl 1<

Case b). Fix n € N. Then

n—1 1 n—1 m1 n
— < " %dx = / z %dx
m 1

m=1 m=1vm
11—«
_ 1 (nl—a _ 1) < n
l—« l—«
Accordingly,
1 =g 1 npl-e 1

< —

nl-a me ~npl-el—a 1-—a

It follows that sup,cy ~r== ol <L
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Case ¢). Fix n € N. Then

-1 1 n—1 . n—1
— < 1+ / xad:czl—i-/ " %dx
m mZQ m—1 1

(n—1l—>—-1 < (n—1)t-«

3

m=1

= 1+

11—« B e’
Accordingly,
1 1 _ 1 (n-p'e 1
nl-o me Spia 1—a  “1-a
m=1
It follows that sup,,cy LS 11 e

These 3 cases verify that condition (ii) in part (2) of Theorem 3.4 is fulfilled. O

Proposition 3.7. Let w be a bounded, strictly positive sequence such that C(O%) ¢
L(co(w)).

Suppose that Sy, # 0. Then, for the dual operator (CO®)Y e L(¢1(w™")) of
COw) it is the case that

1 1
: . C (0,’[0) / .
{)\E(C ‘)\ 55 < 2SO}LJZ_cfpt(((: )) (3.14)
and
1 1
(0>w) / C . _ < . .
opt((C)) \ 2o € {A eC ‘A 7| < 250} (3.15)
For the Cesaro operator COO%) jtself we have
1 1
P A= s < 5= pUD Co(CO), 1
{)\G(C ‘)\ 55g| = QSO}U Co(C ) (3.16)

Proof. Again we proceed by a series of steps. As before, let A = (COw)),
Step 1. {)\ e C: ‘)\ 250 < 559 } Cop(A).
That ¥ C 0, (A) was established in Step 2 of the proof of Theorem 3.4.
So, let A € C\ X satisfy ’/\ — L

280
Re (§) > s0). For such a A the vector y = (y)nen € CV defined by (3.8),
with y1 # 0, actually belongs to ¢1(w™!). Indeed, via Lemma 3.3(i) there exists
¢ = ¢(\) > 0 such that

n

[1

< ﬁ (equivalently, via Remark 3.5, o :=

1- Alk:) < en RN eN.

k=1
It then follows from (3.8) that
e
> lyalwm)™ = fyalw()7 + Z H 1— —|w(n)™
n=1 n=2k=1
0
< ’y1|w(1)—1 +C|y1| Zn—Re(l/A)w(n)—l

n=2

where the series 20 , n~R¢(/Ney(n) =1 converges because Re(1/)\) € S, that is,
y € {1(w™1). Since Ay = Ny, it follows that A € o (A).
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Step 2. 7u(4) \ T € {re C: [a- 5k | <55
Fix XA € o (A) \ Xo. According to (3.2) there exists 8 = B(\) > 0 such that

n
But, as argued in Step 1 (for any y; € C\ {0}) the eigenvector y = (Yn)nen
corresponding to the eigenvalue A of A, which necessarily belongs to ¢1(w™!),

ie., Y0 |yn|lw(n)™! < oo, is given by (3.8). Then (3.17) implies that also
S | e < 00, i.e. Re( ) € Swand so Re (5) > so, that is (via Remark

n=1 nRe(l/A)w(n)

1——|>p8-n RN peN. (3.17)

3.5), )\e{ueC o] < o

It is clear that Steps 1-2 establish the two containments in (3.14) and (3.15).

For every T € £(X) with X a Banach space, it is known that o, (T7") C o(T),
[13, p.581], with o(T") a closed subset of C. Accordingly, (3.16) follows from
(3.14). O

Remark 3.8. For a Banach space operator T' € L(X) if X € o(T) \ opn(T),
then T — A is not surjective. Such a point A belongs to the continuous spectrum
oc(T) of T if the range (T'— A )(X) is dense in X. Otherwise A belongs to the
residual spectrum o.(T) of T. Accordingly, there is the disjoint decomposition
o(T) = op(T)Uop(T)Uoc(T), [13, p.580]. For the dual operator 77 € L(X') we
have

or(T) € ope(T") € v (T) U o (T),
[13, p.581]. In particular,

o (T) \ o(T) = 0, (T). (3.18)

For the classical Cesaro operator C(9) € £(c) it is known that th(C( ) =10,
o (CN={AeC: |A-L =3\ {1} and 0, (CO) = {1Ju{r e C: N - | < 1},
|1, Theorem 2.7|.

Suppose now that w is a bounded, strictly positive sequence such that C(0%) e
L(co(w)). Theorem 3.4 and Proposition 3.7 provide relevant information about
the nature of the fine spectrum of C(%%). First, it is always the case that

0 € o, (COW). (3.19)
Indeed, Step 2 in the proof of Theorem 3.4 implies that 0 € o((C(%*))’) and hence,
CO®) cannot be surjective, [15, Theorem I1.3.13]. Since (C(%%))" is injective (cf.
Step 1 in the proof of Theorem 3.4), it is known that CO®) has dense range in
co(w), [15, Theorem 11.3.7]. Then (3.19) is clear because C(*%) is injective, i.e.,

0 ¢ 0, (CO®)), which follows immediately from (1.1).
In the event that ¢y € [0, 00) is finite, Theorem 3.4(3) implies that

1
{: meN 1<m<ty+ 1} C Upt(C(O’W)).
m
Moreover, (3.5) and Step 2 in the proof of Theorem 3.4 show that

1
{oimem m> 1o+ 1} € op((CO))\ ()
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and hence, via (3.18), it follows that

{1: m e N, m>t0—|—1} C o, (COW), (3.20)

m

Suppose now that S,, # (), in which case ty is necessarily finite as ¢ty < sg (cf.
Proposition 3.1(i)). According to (3.14), (3.18) and (3.20) it follows that

1
ANeC: |AN——
{ © ‘ 2s0

< 1} U {1: meN, m >ty + 1} C o, (COW)Y. (3.21)
250 m

Moreover, the inclusion a,(C(O))\ Bg C g, ((CO®))) \ By, which follows from
(3.18) and 0,;(C(O™)) C %, together with (3.15) and (3.20) imply that

o, (COWY\ 330 € {)\ cC: ‘)\ S 2150} \ {0}. (3.22)
_ 210}

280
It follows from (3.21) and (3.22) that

1 <1}g{>\e<C: ‘/\—1

-
— 2sp 250

o (CO)y N {/\ eC: o

In the event that (3.16) is an equality we can conclude that

1] 1
_250'

) ——
280

This includes the weights w of Examples 3.10(i), (ii) and Example 3.12 below

and, of course, the case when inf,eyw(n) > 0 (for which sp = 1 and ¢p(w) is

isomorphic to ¢y with CO®) = ),

oo (CO)Y {)\ cC:

The following result extends Proposition 2.6.

Proposition 3.9. Let w be a bounded, strictly positive sequence. The following
assertions are equivalent.
(i) wes.
(ii) Ry =R.
If, in addition, CO%) € L(co(w)), then (i) and (i) are equivalent to
(iii) op(COW)) = 3.
Moreover, the inclusion Xg C o(CO") always holds.
In the event that S, # 0, the operator CO) s not compact.
Whenever COW) satisfies (2.7), then necessarily Sy = 0.
If COW) € KC(co(w)), then (2.7) holds, that is,

opt (COY) =% and o(COW) = 5.
Moreover, w € s and Sy, = 0.

Proof. (1)=(ii). Since w € lw, it is clear that (—o0,0) C R,,. For ¢t > 0 fixed, set
m := [t] + 1. Proposition 2.6 implies that lim,_,. n™w(n) = 0 and hence, also
lim,, oo n'w(n) = 0. Accordingly, t € R,.

(ii)=(i). Obvious in view of Proposition 2.6.

Assume now that C(0%) € £(co(w)).

(i)« (iii). Given m € N it was shown in Steps 5 and 6 in the proof of Theorem
3.4 that L € 0,,4(CO®) if and only if (m—1) € R,,. Accordingly, o, (CO®)) = ¥
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if and only if m € Ry, for every m € N, i.e., if and only if w € s. By (i)<(ii) this
is the case if and only if R, = R.

That always Yo C o(C(%®)) is part (1) of Theorem 3.4.

It is immediate from Proposition 3.7 (cf. (3.16)) that C(%%) & K(co(w)) when-
ever Sy, # 0.

Let CO) satisty (2.7). If S, # 0, then (3.16) provides a contradiction. Ac-
cordingly, Sy, = 0.

Finally, suppose that C%%) € K(co(w)). Then o(CO®)) = {0} U g, (CO™),
[21, Theorem 3.4.23|, which combined with the inclusions ¥ C o(C®®)) and
opt (CO)) C 0,0 (C;CN) = ¥ (cf. Lemma 2.5(i)) yields (2.7). Since o, (CO®) =
Y, Proposition 2.6 implies that w € s. That S, = () follows from (2.7) has already
been verified. g

We now present some relevant examples.

Examples 3.10. (i) Suppose that w(n) = W for n € N with v > 0.
Then 3¢, 1 oy < oo if and only if s > 1 and hence, so = 1. Moreover,

n=1 nsw(n)
lim,, 0o n'w(n) = 0 if and only if t < 0 or ¢t < 0 in case v > 0. Hence, to = 0.
According to Corollary 3.6 and Proposition 3.7 we have

1 1
Ow)y — . .
o(C ) {)\G(C. ‘/\ 2‘ 2},

whereas (3.5), for to = 0, implies that 0,;(C(>*)) C {1}. Since the constant
sequence 1 € ¢p(w) if and only if v > 0 and because C1 = 1, it follows that

opt(COWY =0 if v = 0; 0, (COW) = {1} if v > 0.

In particular, equality may occur in (3.13).

For the case when v = 0 (so that w(n) = 1 for n € N), we recover the known
result that o(C(©)) ={)eC: ’)\ | < 31} see [7], [19].

(ii) Suppose that w(n) = m for n € N with 8 > 0 and v > 0. The
claim is that

1 ‘ 1
28+1)| 7 28+ 1)

{AeCWA }uzzam@wy (3.23)

It is routine to check that so = 1+ 3. In particular, S,, # 0. By (3.16) and
Theorem 3.4(2), to Verify (3.23) it suffices to prove that every A € C\ Xy satisfying

’)\ 5“)‘ > (5+1) belongs to p(C®) i.e., that conditions (i) and (ii) in

Theorem 3.4(2) are satisfied. So, fix such a A and recall that  := Re (5) < (8+1);
see (3.12). Accordingly,

i 20— 1 -0

n—oo nl=®  noo pl-atBlogY(n + 1)
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as 1 — a+ 8 > 0. Moreover, for every n € N, we have

3
—_

1 w(n B Zlo (m+1)
n w(m)m® — nl- CYJFﬁlog n+1) me—B

m=

—_

1 log”(n) 1
nt=otflog¥(n + 1) £~ mo=F

1
<
nl-a+h 7nZ:1 meB ~1—-—a+p

as a — 8 < 1 (see cases b) and ¢) in the proof of Corollary 3.6) and so

This establishes the identity (3.23).
Now, observe that lim, . n‘w(n) = 0 if and only if t < S or t < 8 in case
~v > 0. Hence, tg = 5. So, if 5 ¢ N, then by Theorem 3.4(3)

1
{:meN;1§m<ﬂ+1}:qﬂdW%. (3.24)
m
Suppose that 8 € N. If v = 0, then the identity (3.24) also holds because the
eigenvector z := (z,), of C corresponding to ﬁ satisfies z,, ~ nf for n — oo
(see (3.3) and (3.11)) and so x & co(w). However, if v > 0, then x € ¢o(w) and
hence,

1
{m: m & N, 1 S m S /8+ 1} = th(C(va))'

(iii) We return to Example 2.11 where w € s, given by w(1) := 1 and w(n) := ]%
if ne {2771 41,...,27} for j € N, satisfies w | 0. It was shown there that CcOw)
is not compact. Nevertheless, it is still the case that

o (COW) =55 o(CO) = 5, (3.25)

which should be compared with Propositions 2.7 and 3.9. Indeed, Proposition 3.9
yields that 0,,(C(0®)) = . According to Corollary 3.6 we have

am@M)g{AeC:P—;' ;}

Hence, to establish (3.25) it remains to show that A € p(C(O)) whenever \ €
C\ X satisfies |\ — 2| < . Set o := Re () in which case o > 1; see Remark
3.5. To verify that A € p(C(®")) we establish that conditions (i) and (ii) in part
(2) of Theorem 3.4 are satisfied.

Condition (i) is clear because w € s.

Since + Z% - qugfna <Ly Iz”(%:; for n € N, to verify (ii) we only need

to estimate £ > " -

n
m= 1wmma'

So, fix j € N and then choose any n € (2771, 27].
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In particular, n < 27 and so

1 & a " 1 2a—1)j 1
; Z UIL}U((TZ;;(X = nailw(n) w(m)ma S ¥ Z a
m=1 m=1 j m=1 w(m)m
o(a—1)j J 2* ik o(a—1)j I ok—1pk
= (1 2 Fm sVl
7’ b=l imgb141 " 7’ 1 2 “
9(a—1)j J
= — = D'7
7 (1 S ) =

where we have used the fact that k—a < W for all 281 < i < 2% Define

bj == and a;j := b;D; for j € N and observe that

2(@—1)1'
11 1
s

lim 27470 gy —=(1-= =201

j—r00 b — b] 1 j—oo | 201 7 7
Since b; T oo for j — oo, according to the Stolz-Cesaro criterion it follows that
also lim;_, Z—J =271 4e, D; — 20~ for j — co. In particular,

1 w(n)n®

sup — ——— <supD; < 0.
neN 1 w(m)m jeN

So, condition (ii) is indeed satisfied.
According to (3.25) the operator C(%%) satisfies (2.7) and so Proposition 3.9
yields that S, = 0.

The following comparison type result is simple but, can be useful in practise.

Proposition 3.11. Let v be a bounded, strictly positive sequence such that C(0?) ¢
L(co(v)) and w be a weight satisfying

Av(n) < w(n) < Bu(n), né€N, (3.26)
for positive constants A and B. Then CO%) € L(co(w)) and
o(COW)) = (c<0»v>) (3.27)

Proof. It is routine to verify that w(" Zk Lo < 4 Zk 1 o0 for each

n € N and so, via Corollary 2.3(i), we see that C(0 w) € L(cp(w)).
It is clear from (3.26) that co(w) = co(v) as vector spaces and that the two

norms | - |jo,, and |||z]|| := sup,ey w(n)|z,| are equivalent on co(v). So, CO®) is
precisely the operator C: ¢o(v) — co(v) for the equivalent norm ||| - ||| in ¢o(v).
The identity (3.27) is then clear. O

An immediate application of the previous result is as follows.
Example 3 12. Consider the strictly positive weight w given by w(1) := 1 with

n) = and w(2n+ or n € N. It 1s routine to verity that so =
w(2 st and w(2n+1) := 5 f N. It | i ify th 2
and tg = 1 Observe that

n

w11 3n+1
Azn = 2n Z w(k)  2n(2n —1) (Z )+ Zk) 4(2n — 1) nel,

k=1 k=1
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and so, Ag, <1 with lim, .o A9, = %. On the other hand,

2n+1 2n
w(2n +1) 1 1 1 1
Aoy, = = —
2n+1 o+ 1 ;;w%) @n+nor+n<w@n+1y+§;wwﬂ
3n? +3n+2

- N
2@n+ Dn+1) "

and so, Aopr1 < 1 with limy, 00 Aopt1 = %. It follows from Proposition 2.2(i)
(with v := w) that [|C(O%)|| = 1, even though w is not a decreasing weight; com-
pare with Corollary 2.3(i). We point out that {w(n)},>n, fails to be decreasing

for every ng € N.
Observe, for each n € N, that

1 2n

2n>2n—1= >n=—

w(2n) 2
and that . ) ) ) )
Mm+1>n+1= S 2ntl) 20+l

wn+1) = 2 2

It follows that % < w(n) < % for all n € N. Applying Proposition 3.11 above
(with v(n) = L for n € N) and Example 3.10(ii) with v = 0 and 8 = 1, we can
conclude that

1 1
UKQM):{AEC:P—4‘§4}UH}
Observe that (3.16) is an equality in this case.

At this stage it is relevant to compare our results with previous ones on fac-
torable matrices acting on ¢y due to Rhoades and Yildirim, [26].

Let w be any bounded, strictly positive sequence such that C%) e £(co(w)).
The Cesaro operator C is similar (via an isometry) to a continuous linear operator
T acting on ¢ which is defined by the factorable matriz A(w) = (ank)n ken With

entries anr = anbr = w-w(k)_l for 1 <k <nanday, =0for k > n (see (2.1)).
In particular, o(C0®)) = ¢(Ty;co). Observe that the matrix A(w) satisfies the
following two conditions:
(1) sup,en Y opeq lank| = sup,en w Sr_jw(k)™! < oo, via Corollary 2.3(i),
and
(i) fr = limy oo apk = w(k) ™ limy, 0o # =0, k€N, since w € .
If, in addition, the matrix A(w) also satisfies the condition

L exists,

(i) = iy o0 S50 @k = limy, oo S0 (k)™
then the linear operator corresponding to A(w) is a selfmap of ¢, the space of all
convergent sequences, that is, A(w) is conservative, |26, p.265].

In the case when A(w) satisfies condition (iil) with u # > 72 fx (= 0), the
matrix A(w) is called coregular, [26]. In particular, CO®) ¢ K(co(w)); see Corol-
lary 2.3(ii). For A(w) observe that ¢ := limy, o apb, = 0. By [26, Corollary 1]
applied to A(w) we can conclude that

o (COW) = {)\ cC: ‘)\ - g’ < g} T (3.28)

since S := {a,b,: n € N} = X.
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If the matrix A(w) happens to satisfy condition (iii) with v = 1, then A(w) is
called regular, [26]. In this case [26, Corollary 2] yields that
1
N_ =

- ;} (3.20)

It is important to point out that there exist bounded, strictly positive sequences
w such that the corresponding matrix A(w) is not coregular, i.e., condition (iii)
does not hold. For example, this is so for the decreasing sequence w € s in
Example 2.11, where it is explicitly shown that the limit in condition (iii) fails to
exist. For this weight w the spectrum of C(O%) is determined in Example 3.10(iii).
Also for the weight w in Example 3.12 above the limit in condition (iii) fails to
exist; the spectrum of C(O®) is also determined there. A further example w for
which u fails to exist occurs in Case (ii) of Remark 4.11(c).

As seen in Example 3.12, sp = 2 exists but not the limit « in condition (iii).
However, whenever u # 0 does exist for a bounded, strictly positive sequence w
and S, # 0, then it follows from (3.16) and (3.28) that necessarily sy > 1.

O'(C(O’w)) = {)\ eC:

Remark 3.13. The formulae (3.28) and (3.29) provide an alternate approach to
determine the spectra in Examples 3.10(i), (ii), where w(n) := for

n € N, with 8> 0 and v > 0. Indeed, for

._w(n) "1 B 1 3
By = — ;w(k;)_nﬂﬂlogwnﬂ ;k log”(k+1), neN,

nP log'y (n+1)

it suffices to verify that u := lim,,_,o By = % In this case u = %

If 5=+ =0, then w(n) =1 for n € N, in which case clearly B,, —
n — 00. S0, we may assume that at least one of 3, v is strictly positive.
Observe, for each k € N, that

1+Bfr

k+1
kP log?(k+1) < / 2P 1ogY (z + 1) dx < (k +1)° log? (k + 2).
k

It follows, for each n € N, that

n n+1 n

> KPlogl(k+1) < / 2P log"(z +1)dz <Y (k+1)log?(k +2). (3.30)
k=1 ! k=1

Since Y p_,(k + 1) log"(k + 2) = (Z"H hP log” (h + 1)) —log?(2), it is clear

from (3.30) that lim, o B, = ﬁ will follow if we can establish that

+

1 n+1 1
nhm D,, = nhrn P log (n + 1) /1 z”log’(z+1)dx = 5 (3.31)
1 n+1

If v =0, then clearly D), = = [ P dr — ﬁ for n — oco. So, we may
assume that v > 0. An integration by parts yields that

n+1
/ 2P log?(x + 1) dx = A1(n) — As(n), n €N,
1

dx
x+1°

B (n 4 1)8+1
148

log”(2)

IOgV(n—FQ)— 113

n = [ e )
1 1+ 8
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Since v > 0, it is clear that A
’ nf+1log7 (n+1) 1+5

Aa(n)
P ogi(nrD) 0 for n — oo, for which we consider two

for n — oo. So, to establish (3.31)

reduces to showing that
cases.

Case (a). fy > 1.

As -1 < Land 2+ 2%log? (1 +2) is increasing on (0, 00) we have, for each

14z — z
n € N, that
v n+1 o
0 < As(n) < Hﬂ/l 2P log" Nz 4 1) de < o B(n + 1) og" Y (n +2)
As(n +1 log" 1 (n As(n

and so 0 S W(W()n‘i’l) S 7 ( )/8 ligfm reveals that W(’Y()nm —
0 for n — oo.

Case (b). 0 <y <1.

In this case for each n € N we have

0 < Az(n) < 7 ﬁ(n—i- 1)% 1 10g7~1(3)

and hence, 0 < % < iﬁ( )5+1 % Again it follows that

Aa(n)
nB+1llog? (n+1)
This completes the proof of (3.31), that is, u = lim,, 0o By, = ﬁ

— 0 for n — oo.

4. MEAN ERGODIC PROPERTIES OF C(0:w)

For X a Banach space, recall that an operator 7' € L(X) is mean ergodic if its
sequence of Cesaro averages

1 n
==Y"7T" neN, (4.1)
n
m=1

converges to some operator P € £(X) in the strong operator topology 7, i.e.,
limy, o0 Tjyz = Pz for each x € X, [13, Ch.VIII]. According to [13, VIIT Corol-
lary 5.2] one then has the direct decomposition

X=Ker{ -T)®d (I —-T)(X). (4.2)
To characterize the mean ergodicity of C(O%) we require the following fact.

Lemma 4.1. Let w be a bounded, strictly positive sequence such that CO) ¢
L(co(w)).
(i) The range of the operator (I — CL0)) satisfies

(I — COw))(eo(w)) = {x € co(w): x1 = 0} = span{e,: r > 2}. (4.3)
Moreover, the range of (I — C(O®)) is itself closed in co(w) if and only if
(I — CO))(co(w)) = {z € co(w): 1 = 0}. (4.4)

(ii) It is the case thal Ker([ — COw)Y = span{1} if and only if 1 € co(w).
Otherwise, Ker(I — C(O%)) = {0},
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Proof. (i) Since {e, }ren is a basis of ¢o(w) it is routine to check that
{z € cg(w): x1 = 0} = span{e,: r > 2}. (4.5)
The identities e,41 = (I — C(O’w))yr for r € N with

1 T
Yp = €r+1—r;6k7 r €N,

which can be verified via direct calculation, together with the fact that {y, },en C
co(w), show that {e,},>2 C (I — CO®)(¢o(w)). Accordingly,

span{e,: r > 2} C (I — COw))(¢q(w)). (4.6)

Clearly, (I — CO))(¢o(w)) C {z € co(w): 1 = 0} and so, via (4.5), also
(I — COw)(co(w)) C spanfe,: 7 >2}. That is, (4.6) is actually an equality
which, combined with (4.5), establishes the validity of (4.3).

Clearly, (4.4) implies that (I —C(©®)) has closed range in ¢o(w). Conversely, if
(I—CO®)) has closed range in ¢o(w), i.e., (I—CO®)(¢co(w)) = (I — COW))(¢o(w)),
then (4.4) follows from (4.3).

(ii) Tt is known that the Cesaro operator C: CN — CN satisfies Ker(I — C) =
span{1} in CN; see the proof of Proposition 4.1 in [3]. Hence, Ker(I — CO®)) =
span{1} if and only if 1 € co(w). Otherwise, (I — C(0®)) is injective, i.e., Ker(I —
CcOw)y = {0}.

Remark 4.2. In relation to the previous result we note that 1 € ¢o(w) if and
only if lim,, o, w(n) = 0.

O

The following result characterizes the mean ergodicity of C(%). Recall that
T € L(X), with X a Banach space, is Cesaro bounded if sup,,cy || Thy[| < 00, [18,
p.72|.

Proposition 4.3. Let w be a bounded, strictly positive sequence such that C(O%) ¢
L(co(w)). Assume that COw) s Cesaro bounded and Ts-lim,_ o %(C(O’w))” = 0.
Then the following assertions are equivalent.

(i) CO®) s mean ergodic.

(ii) The constant sequence 1 € co(w).

(i) The weight w satisfies limy,_oc w(n) = 0.
Proof. (i)=-(ii). The discussion prior to Lemma 4.1 (cf. (4.2)) yields

co(w) = Ker(I — CO®)y @ (I — COw))(co(w)).

Lemma 4.1(i) reveals that (I — C(0%))(co(w)) = {x € cp(w): #1 = 0} and so the
previous decomposition of co(w) shows that Ker(I — C(0®)) #£ {0}. According to
Lemma 4.1(ii) it follows that 1 € co(w) and Ker(I — CO%)) = span{1}.

(i))=(1). Set fi := 1 and f; = fi — Zi;ll er for 7 > 2, in which case
{fi}jen C co(w). It is clear that {f;};>2 C {x € co(w): z1 = 0} and hence, via
(4.3), that {f;};j>2 C span{e,: r > 2}. So, e = fi — fo belongs to span{fi} ®
span{e,: r > 2} and hence,

co(w) = span{ f1} @ span{e,: r > 2}
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as {e, }ren is a basis for ¢o(w). According to (4.3)

co(w) = Kex(I — CO2)) @ (T — COM) (cg(w)).
It follows from this identity, together with the assumptions that C(O%) is Cesaro
bounded and 74-limy, 0 %(C(O’“’))” = 0, that C(%%) is mean ergodic, [18, p.73
Theorem 1.3].
(i)« (iii). See Remark 4.2. O

Remark 4.4. (i) Every mean ergodic operator T € L£(X), with X a Banach
space, is necessarily Cesaro bounded (by the Principle of Uniform Boundedness).
Moreover, (4.1) implies that

1, . n—1
ET = T[n] - TT[TL_”, n €N, (47)
with Tjo) := I, from which it is clear that 7e-limy, 00 x 7™ = 0.

An operator T € L(X) is called power bounded if sup,,c ||T"|| < co. This prop-
erty clearly implies that 7" is both Cesaro bounded and satisfies 74-lim,, o0 %T” =
0. It is immediate from (4.7) that if T" is Cesaro bounded, then sup,,cy @ < 0.
E. Hille exhibited a classical kernel operator 7" in L*(]0, 1]) which fails to be power
bounded (actually, |T"| = O(n'/4)) but, nevertheless, is mean ergodic, [17].
There also exist operators 7' € £(X) which are Cesaro bounded but 17™ /4 0 in
the strong operator topology, even for X a finite dimensional space, [14, Example
4.7].

Observe that o(T) C {X € C: |A\| < 1} whenever T satisfies sup,,cy ”Z:H < 00
for some k € N (eg. if 7s-lim, 0 TTR = 0 or if T is Cesaro bounded). Indeed,
suppose there exists z € o(T) with |z| > 1. By the Spectral Mapping Theorem
2" € o(T™), n € N, and so the inequality || 77| > r(T™) > |z|™ for all n € N,
[13, p.257 Lemma 1|, implies that HZ;—:” > % 1 oo. This violates the stated
assumption on 7T

(ii) If the weight w is decreasing, then C(O%) s mean ergodic if and only if
w | 0. Indeed, in this case we have ||[C(O%)|| = 1 (cf. Corollary 2.3(i)). Hence,
C(Ow) is power bounded and the conclusion follows from Proposition 4.3 and part
(i) above.

The weight w given by w(1) := 1, w(2) := § and w(n) := 2 for n > 3 is not
decreasing but satisfies

w(n) e 1
— ) —= =
n = wk)

—_

, neN.

Hence, by Proposition 2.2(i) (with v = w) and Corollary 2.3(i), it is again the
case that ||CO®)|| = 1. In particular, C(O®) is power bounded. Since 1 & co(w),
it follows from Proposition 4.3 that C(%%) is not mean ergodic.

Consider the strictly positive weight w given in Example 2.11. Also this weight
is not decreasing and satisfies |CO%)|| = 1, i.e., CO%) is power bounded. Since
lim,, oo w(n) = 0, it follows from Proposition 4.3 that COw) ig mean ergodic.
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Suppose w is a bounded, strictly positive weight such that a,, := inf,,cyw(n) >
0. Then

wm) g 1 ul
. < o0
- e D L
and so CO%) e L(co(w)); see Corollary 2.3(i). Since 1 ¢ c¢o(w), the operator
CO®) cannot be mean ergodic (whenever C(O%) is Cesaro bounded and satisfies
Te-liMy 00 %(C(O’w))” = 0); see Proposition 4.3. In particular, this implies that
the classical Cesaro operator C(9) is not mean ergodic; see also [3, Proposition
4.3]. It is shown in [3, Section 4] that the Cesaro operator also fails to be mean
ergodic in the classical Banach sequence spaces ¢, £, (1 < p < 00), bvg and bv
but, that it is mean ergodic in bv, (1 < p < 00).

There also exist weights w with C(0%) € £(co(w)) and [|[CO®)|| > 1. Define w

via w(l) =1, w(2) :== 3, w(3) := 8amd w(n) := L for n > 4. For each n > 4 we
have
w(n) <= 1 1 20
ER w( ) n<7+2k>
k=1 k=4
1 /29 (n-—
T on? <7 * >

It follows from Corollary 2.3(i) that C(%%) € £(co(w)). Moreover,

20 w(3) <~ 1 win) o~ 1 "
- = “Zw)Z'C“ I

Even though [|[C(O®)|| > 1 it is still the case that C(O®) is power bounded. To see
this consider the weight v given by v(1) = v(2) := 1, v(3) := £ and v(n) := 1

for n > 4. Since v | 0, Corollary 2.3(i) yields that |[CO¥)|| = 1 and hence,
[(CO2|| < 1 for every n € N. Because of the inequalities

%mmgumwgvm% neN,

the identity transformation I: ¢p(v) — co(w) is a Banach space isomorphism.
Moreover, C(0%) = 1CO) =1 and hence, (CO))» = [(COV)n =1 for all n € N.
It follows that

IO < L) - IO - < - I, e,

which clearly implies the power boundedness of CO®) It is routine to verify
that actually ||I|| = 1 and [|[I7!| = 2. Since 1 € co(w), part (i) of this Re-
mark and Proposition 4.3 yield that C(O%) is mean ergodic. Of course, since
limnﬁmwzzzl ﬁ = 1, it is clear from Corollary 2.3(ii) that COw) ¢
K(co(w)). A further example with these features is given in Remark 4.11(ii)
below.

(iii) If w is a bounded, strictly positive weight such that CO%) ¢ £(co(w)),
then necessarily

[(CO¥N?| > 1, neN.
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Indeed, since 1 € o(C(O®)) (cf. Theorem 3.4(1)), it follows that 1 € o((COw))7)
for all n € N and hence, ||(CO®)?|| > r((CO®))™) > 1 for n € N. In the event
that w is decreasing it follows from ||(CO®))?|| < ||CO®)||» = 1 (cf. Corollary
2.3(1)) that actually |[(CO®)?|| =1 for all n € N.

A Banach space operator T' € £(X) is called uniformly mean ergodic if there
exists P € L(X) such that limy, o [|T},) — P|| = 0. Tt is immediate from (4.7)

that necessarily lim, oo ”TH = 0.

In order to characterize the uniform mean ergodicity of C(0w) gome preliminary
results are required. For convenience of notation set X;(w) := {z € ¢p(w): 1 =
0}. Clearly the closed subspace Xi(w) C c¢o(w) is invariant for (I — C(Ow)).
Moreover, the restriction (I — C(O’w))lxl(w) of (I —CO®) to X;(w) is injective
because 1 ¢ X(w) and Ker(I — C) = span{1} when we consider C: CN — CN.

Lemma 4.5. Let w be a bounded, strictly positive sequence such that lim,, ., w(n)
0 and CO%) € L(co(w). Then

(I = O (X1 (w) = (I = CO))(co(w)). (4.8)

Proof. Clearly the left-side of (4.8) is contained in the right-side. Concerning the
reverse inclusion, first observe that

(I — COW))y = (O,xg - ;r$27$3 _— J“? +ZE3,...> ;&= (2n)n € co(w),
(4.9)

and, in particular, that
(I - C(O7w))y = <07 %793 - b2 ;_y37y4 - & +i§ T y47 s ) ) (410)

for each y = (0, y2,ys,...) € X1(w).
Fix x € ¢o(w). It follows from (4.9) that

1 1, = :
xj—~zxk=.<(J—1)$j—Z$k>, j=2, (4.11)
J = J k=1

is the j-th coordinate of (I —C®))z. Set y; := x; —x1 for i € N and observe that
the vector y := (y;); belongs to X;(w) because lim,,_,, w(n) = 0 implies that
(0,1,1,...) € co(w); see Remark 4.2. Direct calculation (via (4.10)) reveals that
the j-th coordinate of (I —C(®))y is precisely (4.11) for j > 2. So, (I—CO®))y =
(I — CO®))z which establishes that the right-side of (4.8) is contained in the left-
side. 0

To proceed further we require some auxiliary operators. So, let w be a bounded,
strictly positive sequence such that C(%) € £(co(w). Define the associated weight
W = (w(n+1))5%; and the related left shift operator S: X;(w) — co(w) by

Sz = (x9,x3,24,...), == (zp)n € X1(w), (4.12)
in which case S is an isometric isomorphism of X;(w) onto c¢o(w). The inverse
transformation S~1: ¢o(w) — Xj(w) is the right shift, that is,

Sily = (07 Y1,Y2, Y3, - - ‘)7 Yy = (yn)n € CO(’[Z)). (413)
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Of course, the norm in co(w) is given by ||yllos = sup,enyw(n + 1)|y,| for y €
co(w). For y € co(w) it follows from (4.13) that

(So(I—C%) |y w08 Ny = (S0 —CO) )0, 41,92, 3, ...).

An application of this formula, (4.10) and direct calculation yields

n—1
1
0,w -1 _ E
= ne

with yo := 0. It follows that the lower triangular matrix A := (@pm)n,men of
(So(I— C(O’“’))|X1(w) 0 S € L(co(w)) is given as follows: for each n € N,

0 ifm>n
Anm = i(nilf it m=n (4.14)

Since S7!, S and (I — C(O’w))\xl(w) are all injective, so is the operator (S o (I —
C(O’w))|X1(w) o S™Y € L(cp(w)) determined by A. It is clear from (4.14) that
the operator A: CN — CY is also injective. Moreover, considered in the space
CN, it is routine to check that A is also surjective and its inverse transformation
B: CN — CVis determined by the lower triangular matrix B := (bnm)n,men given
as follows: for each fixed n € N,

0 ifm>n
bom = D it = (4.15)
% H1<m<n.

Recall the isometric isomorphism ®g: co(w) — ¢ given by (1.2), with @ in

place of w, whose inverse ®2": ¢y — co(w) is given by ®-1(2) := (wz(%)) N
ne

<m)n6N for z € ¢y. Of course, both ®; and @51 can be extended to iso-

morphisms between CN; we denote these extensions by the same symbols as no
confusion can occur. The lower triangular matrix D corresponding to the linear
transformation ®4 o B o @51 : CN — CN is given by

D_ (ﬁ)(n)bnm> B (w(n + l)bnm>
w(m) n,meN w(m + 1) n,meN .
Clearly D maps co continuously into ¢ if and only if B maps c¢o(w@) continuously
into co(w).
In order to determine when D € L(cp), assume now that lim, . w(n) = 0
(equivalently, lim,,_ o w(n) = 0). For fixed m € N it follows from (4.15) that

. wn+ Dbym 1 .
| = 1 1) =0. 4.1
nlango w(m + 1) mw(m + 1) nlﬁnolow(n + ) 0 ( 6)
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On the other hand, for fixed n € N it also follows from (4.15) that
1

[e.9] n—
1)b 1 1
> win + Down - (n LIS S S
w(m+1) n L= mw(m+1)
n—1
1
< 24wn+1)
mw(m + 1)
m=1
Since also
n—1 )
1 1)b
w(n +1) 7SZM’ neN,
— mw(m + 1) — w(m+1)

it is clear that

2 w(n + Dbpm
sup — < 4.17
nENmz_l w(m + 1) ( )

if and only if

n—1
1
s +1 E —— < 0. 4.18
nlelgw(n )mzl mw(m + 1) > (4.18)

According to (4.16), it follows from Lemma 2.1 (with D in place of T') that
D € L(cp) precisely when (4.17), equivalently (4.18), holds.
The previous discussion establishes most of the following result.

Lemma 4.6. Let w be a bounded, strictly positive sequence such that CcOw) ¢
L(co(w)). Suppose that w satisfies both lim, .o w(n) = 0 and the condition
(4.18). Then the matriz B (given by (4.15)) maps co(w) continuously into co(w).
Moreover, the matriz A (given by (4.14)) determines the Banach space isomor-
phism (So(I—COW)|y, (w)°S 1) € L(co(w)), with B as its inverse. Furthermore,

(1 = CO) (X4 (w)) = Xy (w). (4.19)

Proof. Tt only remains to verify (4.19). Clearly, (I —C(O%))(X;(w)) C X1(w) and
so it suffices to establish the reverse inclusion. To this effect, fix y € X;(w). Then
Sy € co(w). Since (So (I — C(O’w))\Xl(w) 0 S71) € L(co(w)) is an isomorphism,
there exists z € ¢o(w) such that

Sy =(So(I—CO)x oS

Via the injectivity of S it follows that y = (I — C(va))|X1(w)x with z ;= S71z €
X1 (w). That is, y € (I — CO)(X;(w)) as required. O

The following result characterizes the uniform mean ergodicity of C(O%). It
relies on a well known result of M.Lin, [20], stating that a Banach space operator

T € L£(X) satisfying lim, "1 — ¢ s uniformly mean ergodic if and only if
(I —T)(X) is a closed subspace of X.

Proposition 4.7. Let w be a bounded, strictly positive sequence such that C(0W) ¢
L(co(w)) and limy,— o w = 0. Then COW s uniformly mean ergodic if
and only if w satisfies both of the conditions

(i) limp—oo w(n) =0, and

(i) suppeyw(n+1)30 1 L - < o0

m=1 mw(m+1)
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Proof. Assume that (i) and (ii) are satisfied. According to Lemma 4.6 (see (4.19))
the subspace (I — CO®))(X{(w)) is closed in ¢o(w) and hence, Lemma 4.5 yields
that (I—CO®)(co(w)) is closed in ¢o(w). Since limy, o0 w =0, the above
mentioned result of Lin implies that C(%®) is uniformly mean ergodic.

Conversely, suppose that C(%%) is uniformly mean ergodic. Then it is surely
Cesaro bounded and lim,,_, w
condition (i) is satisfied.

It remains to establish condition (ii). By the mentioned result of Lin the
subspace (I —CO®)(¢o(w)) is closed in ¢o(w). Then Lemma 4.1 (cf. (4.4)) yields
that (I — CO®))(¢o(w)) = X;(w). Since condition (i) holds, it is permissible
to apply Lemma 4.5 to conclude that that (I — CO%))(X(w)) = Xi(w) and
hence, (I — C(O’“’))|X1(w) € L(Xi(w)) is surjective. It was noted just prior to

= 0. Hence, Proposition 4.3 ensures that

Lemma 4.5 that (I — C(O’w))\Xl(w) is also injective and hence, it is a Banach
space isomorphism of X7 (w) onto itself. In particular there exists L € L£(X1(w))
satistying L o (I — CO))|x, ) = Ixyw) = (I — CO¥))|x, () © L. This implies
that A € L(co()) is an isomorphism (as A = S o (I — C© w))|X1(w) oS!, and
so there exists R € L(co(w)) with Ro A = Iz = Ao R. But, B: CY — CV
satisfies Bo A = Icn = Ao B and so the restriction Bl (5 of B to co()
must coincide with R, i.e., Bl s) € L(co(w)). According to the discussion after
(4.15) this is equivalent to the requirement that D maps ¢y continuously into cg.
In particular, (4.17) holds which is equivalent to (4.18). This is precisely the
validity of condition (ii). O

Proposition 4.8. Let w be a bounded, strictly positive sequence such that CO%)
K(co(w)). The following statements are equivalent.

(i) CO) s power bounded.

(0,w)\n
(i) Tmyyo0 LEC g

(iii) CO®) is uniformly mean ergodic.

Proof. (1)=(ii). Obvious.

(ii)=(iii). The compactness of C(**) ensures that (I — C(%®))(co(w)) is closed
in co(w), 21, Lemma 3.4.20|, |27, Theorem 5.5-D, p.279]. The above mentioned
result of Lin then guarantees that C(®®) is uniformly mean ergodic.

(iii)=(i). Let X; := Ker(I —C®®)) and X5 := (I —C®)(¢o(w)). As noted in
(ii)=-(iii), the space X3 is closed in cp(w). Also, X; = span{1} is a 1-dimensional
subspace of ¢o(w). The hypothesis of (iii) yields that

Co(w) = X1 & Xs.

Moreover, both X and X, are invariant subspaces for C(O%)_ Let C; denote the
restriction of C(0®) to X;, j = 1,2. Theorem 2.12 of [12, p.49] ensures that Cy €
L(X>) is compact and hence, 0(Ca) = {0}Uo,(C2). But, o (Ca) C Upt(C(O’w)) =
¥, [12, Theorem 1.30(i), p.20]. If 1 € 0, (Ca), then 1 € 0,(C;CY) and, since
Ker(I — C) = span{1} in CV it follows that 1 € X»: a contradiction by Lemma
4.1(i). Accordingly, 1 € 0,4(C2) and so o (C2) € {X:m € N, m > 2}. This

. . . . . (0,w)yn
implies that the spectral radius r(Cs) < % < 1. Since also lim,,_soo M

(see (4.7)), we can conclude that C(%%) is power bounded, [24, Theorem 2.1()]. D
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Remark 4.9. (i) Suppose that C(*®) € K(cy(w)). Then condition (i) of Proposi-

tion 4.7 is automatically satisfied, i.e., lim,, o w(n) = 0; see Proposition 3.9. If,

. .. . (0,w)n .. . . ..
in addition, lim, s w = 0, then Proposition 4.8 implies that condition

(ii) of Proposition 4.7 is also satisfied.
(ii) Tt is routine to check that condition (ii) of Proposition 4.7 is equivalent to
the (more symmetric) condition

n

sup w(n < 00. 4.20
Sup () ) ) 420)
Define a,, := ﬁ for n € N. Then (4.20) takes the equivalent form
1 & ar
sup — — < 00. 4.21
neN Gn ; k ( )

Proposition 4.10. Let w be a bounded, strictly positive sequence such that

. w(n+1)
limsup ————=

€ [0,1). (4.22)

Then COW) s compact, power bounded and uniformly mean ergodic.

Proof. According to Proposition 2.7 the condition (4.22) implies that C(O®) ¢
K(co(w)).

To establish the power boundedness of C(0®) recall (cf. the proof of Proposition
2.7) that {w(n)}n>n, is decreasing (to 0). Let 0 < o := min{w(k): 1 <k < ng}
and (= max{w(k): 1 <k < ng} in which case

0< w(n) Sé, 1<m, n<ng.
w(m) ~ «
Define v(n) := > 1% w(k) for 1 < n < ng and v(n) := w(n) for n > ng. Then the

w
strictly positive sequence v | 0 and satisfies w(n) < v(n) for all n € N. Moreover,
for each n € {1,...,n0p} we have

v(n) = > w(k)=wn)+ Y w(n).m
k=n k=n-+1

< w(n)-§+ 3 w(n)-ggﬁnow(n),

k=n+1

that is, z0-v(n) < w(n). Since 77~ < 1, it is also the case that 57-v(n) < v(n) =

w(n) for n > np. Accordingly,

2 o(n) <w(n) <v(n), neN. (4.23)
Brg

Because v is decreasing, Remark 4.4(iii) yields that that ||(C(O*)?|| = 1 for all

n € N. Then (4.23) ensures that the argument in the last paragraph of Remark

4.4(ii) can also be applied here to conclude that C(%%) is power bounded.

That C(O%) is also uniformly mean ergodic is now clear from Proposition 4.8.
O
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Remark 4.11. (i) Whenever a bounded, strictly positive sequence w has the
property that {w(n)}n>n, is decreasing for some ng € N, then C0%) € L(co(w))
and C(O%) is power bounded. Indeed, if n > ng, then

wn) e 1 w(n) v~ 1 w(n & 1
O3 - (W)

k=1 k=1 k=no+1
< Nl (30— ) o Hellee 1= mg
- o — w(k) n w(ng+ 1)
1 L1
< [ _
< llle (w(no IV ; w(k))

which clearly implies (2.5) and hence, C(%%) e £(cy(w)). The proof of Proposition
4.10 shows that (4.23) holds which, in turn, implies the power boundedness of
C(O,w)'

The weight w in Example 3.12 shows that C(%%) can be power bounded even
when {w(n)},>n, fails to be decreasing for every ng € N; see also part (ii)(c) of
this Remark.

(ii)(a) The condition (4.22) is not necessary for C(O%) to be compact, power
bounded and uniformly mean ergodic. Indeed, define w(2n — 1) = w(2n) = 2,,%1
for n € N in which case w | 0. In particular (as seen before), COw) ig power
bounded.

To show that CO®) € K(co(w)), set Ay, := % oy #k;) for m € N. Then
for each n € N we have

2n n

w(2n) 1 1 o 2027—1) 202" —1)
n Z_:l w(k)  2n2n—1 ; 2n2n—1 n2n

and so Ay, < % Moreover,

Cw(@2n+ 1) 1 N N W
Azt = = — (w(Qn—l—l) +;w(k)> = GnrneZ A1)

and so Aopyr1 < ﬁ < % Hence, (An)men € co and so indeed clow) ¢

K(co(w)); see Corollary 2.3(ii).
According to Proposition 4.8 the operator C is also uniformly mean ergodic.

Finally, observe that wgz:)l) = 1 for each odd n € N and wgz:)l) = for each

even n € N. It follows that limsup,,_, wgz:)l) = 1 and so (4.22) is not satisfied.
(b) The example in (a) can be modified. Fix a > 1 and define w via w(2n) :=

et and w(2n —1) = Qn—l,l for n € N. A similar calculation as for w in (a) shows

that

(0,w)

(a+1)(2"=1)  (a+1)

Ay, = o < n n €N,
and also (using (1+ 1) < 2) that
2"+ (1+ 1) (2" -1 3
A2n+1:( (1+3)( ))< neN

(2n + 1)27 “ 41
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Hence, (Am)men € co and so CO?) € K(cy(w)). Observe that |le]lo.s = 1 and
ICO®eq o5 = max{l,$}. In particular, |[CO®)| > & > 1 whenever a > 2.
Moreover, {w(n)}n>n, fails to be decreasing for every ng € N. Nevertheless, @
satisfies

w(n) <w(n) <aw(n), neN,
with w as in (a) decreasing, and so the argument immediately after (4.23) can be
applied to conclude that C(%%) is power bounded. Then Proposition 4.8 shows

that C(O%) is also uniformly mean ergodic. Finally, observe that wgl(z)l) = «
for each odd~n € N and wgz:)l) = i < % for each even n € N and hence,
lim sup,,_, wgz;’;)l) = o > 1. In particular, (4.22) again fails to hold.

This example shows there exist weights w such that |C%®)|| can be larger than

any a priori given positive number and yet C(%%) is power bounded.

(c) If limsup,,_, w&:)l) = o0, then “all possibilities” may occur. Fix a > 0

and define w(2n) = % and w(2n — 1) = 5% for n € N. It is routine to check
that w € s but w is not decreasing. Actually, there exist no decreasing sequence

v and constants A, B > 0 such that
Av(n) <w(n) < Bv(n), neN.

For, if so, then these inequalities and the fact that v is decreasing yield

« B B 1
Av(2n) < g—n < Bv(2n) < Bv(2n—1) < Zw(Qn —-1) = L
for every m € N which is clearly impossible as « > 0.
It is possible to verify that S, = § and R,, = R.

w(2n) w(n+1)

Since B2n=T) = n® for n > 2, it is clear that limsup,,_, Wiy = 0O On the
other hand, “’&Z:)l) = ﬁ — 0 for n — oo and so the sequence {wgzz)l)} N is
ne
not convergent in [0, 0o].
Set Ay, == % Py ﬁ for m € N. Then
1 0 (o, = 2F
k=1 k=1
and hence,
1 1 “L 2(2ntl —2) 2
Agp < nl—a ' on+1 ) 222 - nl—a9on+l < nl-a’ (425)
k=1
for n € N. On the other hand, for each n € N, we have
1 1 o e 2
A = —. on 9 z
2nt (2n+1) 2ntl DIEEDY ke
k=1 k=1
1 3
(2" p (2"t —9)) < . 4.26
(2n 4 1)2n+1 ( 2 ) < (2n+1) (4:26)

We now consider three cases.
Case (i). 0 < a < 1.
It is clear from (4.25) and (4.26) that {A, }nen € co and so CO®) € K(co(w)).
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Since A; = 1, it follows from (4.26) that A,, < 1 for every odd integer m €

2 4) 4
N. Moreover, Ay = # (ﬁqLﬁ) =1 and Ay = #Zk:lﬁ = %Jr
Z-. Accordingly, Ay < 1 precisely when 2% < 3, ie., when o < (}gig’; - 1).

Moreover, nli_a < 1 if and only if log(n) > % which is true for all n > 3

provided a satisfies log(3) > 22 that is, o < (1 — 10g(2))_ It follows from (4.25)

1—a log(3)
that Asg, < 1 for all n > 3 provided that a < (1 — log(2)>. Since (1 - }gggb <

log(3)

ngg — 1) we can conclude that A,, <1 for every even integer m € N provided
« satisfies
log(2)
O<a<|1- . 4.27
o< (- e 120

Accordingly, [|[CO%)|| = 1 whenever a satisfies (4.27), that is, C(%%) is power
bounded. Proposition 4.8 ensures that C(%%) is then also uniformly mean ergodic.
Case (ii). a = 1.
It follows from (4.25) and (4.26) that {A, }nen € £oo and so CO®) € L(co(w)).
However, (4.24) with a =1 yields that

1 K (@fl-2) 1
A2n22n+122 :W257 TLEN
k=1

Hence, {An}men € co and so CO%) is not compact. Nevertheless, as already
noted, Sy, = 0. It follows from (4.26) that Agp+1 — 0 for n — oco. Combined
with Ag, > %, for n € N, we see that the limit u in condition (iii) (immediately
after Example 3.12) fails to exist.

Case (iii). o > 1.

It is immediate from (4.24) that

nafl n X na71(2n+1 o 2) nafl
A2n22n+122 = T >——, neN
k=1

Accordingly, {Amn}men € loo and so C does not act continuously in ¢o(w), even
though w € s.

Example 4.12. (i) Suppose that CO%) ¢ L(co(w)). Then CO®) € K(co(w))
if and only if (2.6) is satisfied, i.e., limy, @22:1 ﬁ = 0; see Corollary
2.3(i1). It can happen that

w(n)

"1
lim ——>Y —~=u (4.28)

n—soco n k:lw()

exists but u # 0. Indeed, fix § > 0, v > 0 and let w(n) = m for n € N.

It was shown in Remark 3.13 that u = ﬁ (cf. (4.28)). In particular, C(O%) fails
to be compact.

Since w | 0, Remark 4.9(ii) shows that C(%%) js mean ergodic. Consider now
the case when 8 = 0 and v > 1. The claim is that C(®®) fgils to be uniformly mean
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ergodic. To establish this it suffices, via (4.21) and condition (ii) of Proposition
4.7, to show that

n
lim — » — = oo, (4.29)

1
where (in the notation of Remark 4.9(ii)) a,, = log”(n + 1) for n € N. Direct
calculations show that

an log”(n + 1) dy, <log(n +1

)\
n(an —an_1) n(og?(n+1) —log’(n))  nvy > log(n + 1),

log(dn)

for some d,, € (n,(n+ 1)) and each n > 2. Since

d, (1 1)\
neN 1Y log(dy)

it follows from the previous equality that lim, m = oo. By the Stolz-
Cesaro criterion the identity (4.29) follows.

(ii) There exist weights w | 0 such that CO®) is uniformly mean ergodic but
COw) & K(co(w)). Indeed, fix o > 1 and set w(n) := L for n € N. Again in the

notation of Remark 4.9(ii) we have a,, = n® for n € N. Moreover,

n «

1 ak_1"ka_1N1 n N
gZz—nfaZ e o "MEN
k=1 k=1

and so (4.21) is satisfied. Since w | 0, the operator C(%%) is power bounded (via

Remark 4.11(i)) and hence, lim;,_, w = 0. The uniform mean ergodicity

of C(O%) then follows from Proposition 4.7. On the other hand, C(O%) fails to be
compact; see Remark 2.4(ii).

To end this section recall that a Banach space operator T' € £(X), with X
separable, is called hypercyclic if there exists € X such that the orbit {T"z: n €
Np} is dense in X. If, for some z € X, the projective orbit {\T"z: A € C, n € Ny}
is dense in X, then T is called supercyclic. Clearly, hypercyclicity always implies
supercyclicity.

Proposition 4.13. Let w be a bounded, strictly positive sequence such that COw) ¢
L(co(w)). Then COW) is not supercyclic and hence, also not hypercyclic.

Proof. According to Step 2 in the proof of Theorem 3.4 the infinite set ¥ C
opt((CO))). Then, by a result of Ansari and Bourdon [6, Theorem 3.2], C(O)
is not supercyclic. U
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