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these dynamical properties for weighted generalized backward shifts on Kéthe
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1. INTRODUCTION

The study of dynamical properties of linear operators has attracted much interest
in recent years. Most articles concentrate on the dynamics of (continuous linear
operators) T € L(E) defined on a separable Fréchet space E. The advantage of
completeness and metrizability lies in the applicability of Baire category arguments,
which are very useful in this context. A few articles deal with dynamics of operators
on non-metrizable topological vector spaces (see e.g. [7], [8], [9], [12], [14], [17], [20],
[21], [23], and Chapter 12 in [I5]).

Recall that an operator T' € L(E) on a topological vector space E is called (topo-
logically) transitive if for any pair of non-empty, open subsets U,V C E the set

Np(U, V) ={neN; T"(U) NV # 0}

is not empty, while T is called (topologically) mizing, if these sets are cofinite.
More generally, for an infinite subset I C N, a family (T,,),er € L(E)! is called
(topologically) transitive if for every pair of non-empty, open subsets U, V' C F there
isn € I with T,,(U) NV # (). Obviously, T is (topologically) mixing if and only if,
for any infinite subset I C N the family (7"),e; is (topologically) transitive.
Moreover, T is called (sequentially) hypercyclic if there is © € E whose orbit
{z, Tz, T?x,...} is (sequentially) dense in E. Clearly, every hypercyclic operator
is transitive. The converse holds in case F is separable, complete, and metrizable,
due to Birkhoff’s Transitivity Theorem. Furthermore, a transitive operator 7' on
E is called chaotic if the set of periodic points of T is dense in E. Finally, T is
called topologically ergodic if for each pair of non-empty and open subsets U,V of E
the set Nr(U, V) is syndetic, i.e. there is p € N such that {n,...,n + p} intersects
Nr(U,V) for every n € N.

The purpose of this article is to characterize dynamical properties for weighted gen-
eralized backward shifts on Kothe coechelon spaces. Kothe echelon and coechelon
spaces play a very relevant role in the theory of Fréchet spaces and their applica-
tions, for example in connection with the isomorphic classification and the existence
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of Schauder basis. Moreover, many spaces of analytic or smooth functions are iso-
morphic to echelon or coechelon spaces. We refer the reader to [3], [5], [6], [24],
[25] and the references therein. Weighted (generalized) backward shifts are natural
operators on sequence spaces, and thus, many authors have investigated the above
properties of these operators on various sequence spaces (see e.g. [22], [13], [1§]
and [2]). The paper is organized as follows. In section [2| we consider LF-spaces
with a special Schauder basis and we study the above dynamical properties for the
backward shift associated to these Schauder bases. In section [3] on the one hand,
we evaluate our results for the special case of Kothe coechelon spaces k,(V') and
on the other hand we extend them to characterize the above dynamical properties
for weighted generalized backward shifts in terms of the defining weight sequence
V = (v™),en. In the final section 4| we present some examples to illustrate our
results and we conclude with some natural open problems. In particular, we con-
sider the special case of dual spaces of power series spaces of infinite type, and
as a concrete application we show that the annihilation operator from quantum
mechanics is mixing, hypercyclic, chaotic, and topologically ergodic on ./(R).
For anything related to functional analysis which is not explained in the text,
we refer the reader to [19], and for notions and results about dynamics of linear
operators we refer to [I] and [15].

2. THE BACKWARD SHIFT ON CERTAIN LF-SPACES

The basic model of linear dynamics in a sequence space is the (unilateral) backward
shift
B(J)h To,X3, .. ) = (x27x3,a:4, v )

As mentioned in the introduction, several dynamical properties of (weighted and
unweighted) backward shifts have been studied on Fréchet sequence spaces. It turns
out that in certain natural cases one cannot iterate the operator in the space, since
each iterate has the range in a bigger space. This is the case, for instance, for the
dynamics of the differentiation operator on certain weighted spaces of holomorphic
functions (which, at the end, can be represented as the backward shift on a suitable
sequence space) studied in [7], or the “snake shifts” introduced in [8]. This is the
main motivation to study the dynamics of shift operators on countable inductive
limits of Fréchet spaces (in short, LF-spaces).

An inductive spectrum of Fréchet spaces (E,,)men IS an increasing sequence of
Fréchet spaces such that the inclusion E,, C FE,,11 is continuous for each m € N.
The inductive limit £ = ind,, E,, of the spectrum is the union of the sequence
(Em)men and it is endowed with the finest locally convex topology such that the
inclusion E,, C F is continuous for each m € N. We assume that the topology
of the inductive limit is Hausdorff. This is always the case for Kéthe coechelon
spaces. The space D(Q2) of test functions for Schwartz distributions is one of the
most important examples of an (LF)-spaces. We refer the reader to [3], [26] and
[27] for more information about (LF)-spaces.

In this section we characterize dynamical properties of the backward shift operator
on certain LF-spaces.

Definition 2.1. Let (E,,)men be an inductive spectrum of Fréchet spaces with
inductive limit E' = ind,, Ep,. A sequence (ej)jeN in F is called a stepwise Schauder
basis if (ej)jen is a Schauder basis for each E,,,m € N. If the linear mapping
on span{e;; j € N} defined by Be; := 0 and Be; := ej_1,j > 2, extends to a
continuous linear self-map B on E, B is called the backward shift associated with
(¢j)jen-
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Remark 2.2. i) For an LF-space E = ind,, E,, with stepwise Schauder basis
(ej)jen and associated backward shift B it is an immediate consequence of
Grothendieck’s Factorization Theorem [19, Theorem 24.33] that for every
m € N there is n € N such that B(E,,) C E, and that B : E,, — E, is
continuous. By dropping some of the step spaces if necessary we thus may
assume without loss of generality that B : E,, — E,,+1, m € N.

ii) The typical example of an LF-space with stepwise Schauder basis (e;) en
and associated backward shift we have in mind is an LF-sequence space
E = ind,,E,,, i.e. an LF-subspace E of w = K" for which the canonical
basis sequence (e;),en with e; = (J;1)ien is a Schauder basis in each step
space of E. If E is invariant under the continuous linear mapping

w = w, (T;)jen + (Tj+1)jen
it follows that its restriction to E has a closed graph, and thus, is a continu-

ous linear self-map of E by de Wilde’s Closed Graph Theorem [19, Theorem
24.31].

We begin with a result which will be used several times within this section.

Proposition 2.3. Let F = ind,, E,, be an LF-space with stepwise Schauder basis
(ej)jen. Then, for every m € N, on the Fréchet space E,, there is an increasing
fundamental sequence of seminorms (pr)ren satisfying

VkeNz= Zx]—ej € kb,,seN: pk(ijej) < pi(z).
j=1 j=1

Proof. Fix m € N and let (gx)ren be an increasing fundamental system of semi-
norms for E,,. For s € N we define

oo S
s By = Ep,x = E Tiej g zje;.
j=1 j=1

Then {my; s € N} is equicontinuous since (e;);en is a Schauder basis for E,,. In
particular, for z € E,, the set {ms(z); s € N} is a bounded subset of E,, and via

Pkt B — [0,00),  — max{qx(x),sup qr(7s())}, k € N,
seN

we obtain an increasing fundamental sequence of seminorms (py)ren for E,, satis-
fying the desired property. O

Proposition 2.4. Let E be an LF-space with stepwise Schauder basis (e;)jen and
associated backward shift B. Then, for an infinite subset I C N, the following are
equivalent.
i) (B™)ner is transitive on E.
il) For each s € Ny there are m € N and a strictly increasing sequence
(Jr)ken € IV such that limy_o0 €5, +5 = 0 in Eyy,.

Proof. In order to show that i) implies ii) we assume that (B"),¢; is transitive on
E but ii) is not satisfied, that is, there is s € Ny such that for all m € N there is
an absolutely convex zero neighborhood Uy, in E,, such that U, N{ejys; j € I} is
finite. By shrinking each U,, if necessary we may assume without loss of generality
that U,, and {e;+s; j € I} are disjoint for each m € N. Moreover, taking into
account Proposition we additionally may assume without loss of generality
that for each m € N there is a continuous seminorm p(™) on E,, satisfying

o0 T
(1) Vo= Za:jej €eE,,reN: p(m)(z zje;) < pl™(z)
j=1

j=1
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such that {z € E,,; p™)(z) < 1} and {ej14; j € I} are disjoint, i.e. p(™ (ej45) > 1
forall j € I,m e N.

Since for each E,, the projection onto the span of e is continuous, the same holds
for E (cf. [19], Proposition 24.7]) so that {z € E;|z,| < 1/2} is a zero neighborhood
in F as is

k
1
W = ( —{x € Ep; p'™ (x Sl)ﬁ r € FE;|xs| <1/2
kLeJNmZ:12m{ p"™(x) <1}) N |zs| < 1/2}

(cf. [I9, Proposition 24.6(c)]). From the transitivity of (B™)ner we conclude the
existence of x € W and n € I with B"x € (3e;+ W). In particular, there is x € W
and n € I with |(B"z)s — 3| < 1/2 so that |z,4.| > 5/2.

As x € W there are k € N and y™ € {y € E,.; p™(y) < 1},1 < m < k, such
that z = Zfﬁ:l Q%y(m). Thus, applying the projection onto the (n + s) coordinate
with respect to the Schauder basis (ej)jeN we get from

k k
5/2 < |xn+s| < Z ‘yn+s| < Z 2m (m)(yr(LnJi)senJrs)
m= 1 m=1
k 1 n+s n+s—1
= Yl (e - X i)
m=1 j=1 j=1
"o
< Y ) <2
m=1

the desired contradiction.

It remains to show that ii) implies transitivity of (B™),er on E. In order to do so,
we will show that for every x,y € span{e;; j € N} and each absolutely convex zero
neighborhood W in FE there are n € I and w € W with B™(z + w) € (y + W).
Since span{e;; j € N} is sequentially dense in E, transitivity of (B™),c; will follow
therefrom.

So, we fix z,y € span{e;; j € N} and an absolutely convex zero neighborhood W
in E. Let s € N be such that z = 37j_, xje; and y = 37_, yje;. Then

W :=ns_,B (W)

is an absolutely convex zero neighborhood in FE.
Let (jk)ken € IV and m € N be as in ii) for s. Since limy_o0 €, 45 = 0 in B, in
particular, there is ji > s (which we fix for the rest of the proof) with

1 ~
€jp+s € ——=5——W
SR T S

implying
1

VOo<n<s: B"ejis) € ———
(]k+) 1+Zl:1 |yl|

We define

S
w = ;yzejwl Zle €jp+s € Z 1+ Z

since W is absolutely convex. Moreover7 since jr > s

W CW,
Jj= 1|yj|

S S

BI*(x +w) = Bi*w = Zlej’ceij = Zylel =y
=1 =

which proves the claim. O

The above result enables to characterize transitivity and mixing of backward shifts.
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Corollary 2.5. Let E be an LF-space with stepwise Schauder basis (e;);jen and
associated backward shift B.

a) The following are equivalent.
i) B is transitive on E.
ii) There are m € N and a strictly increasing sequence (ji)ren € NY such
that limy, o0 €5, = 0 in E,,.
b) The following are equivalent.
i) B is topologically mizing on E.
ii) For every infinite subset I C N there are m € N and a strictly increas-
ing sequence (ji)ren € I such that limy,_, o ej, =0 in Ep,.

Proof. Clearly, a) follows immediately from Proposition applied to I = N. In
order to show b), observe that B is mixing if and only if, for every infinite subset
I C N the family (B™),¢y is transitive. By Proposition the latter is equivalent
to the fact that for every infinite subset I C N and each s € Ny there are m € N
and (ji)ken € IN for which (ej,+s)ken converge to 0 in E,, which is obviously
equivalent to condition ii). O

Before we come to a characterization of (sequential) hypercyclicity for backward
shifts, we recall that a subset I C N is thick if

VpeNIjeN: {jj+1,....5+ptC1

The following criterion for sequential hypercyclicity [2I, Corollary 3] will be crucial
for our next result. We include it here for the reader’s convenience.

Lemma 2.6. Let E be a sequentially separable topological vector space and T &€
L(E) such that there is a sequentially dense set Ey := {z, : n € N} C E, a
sequence of maps Sy, : By — E.n € N, a subspace Y C E with a finer topology
7 such that (Y,7) is an F-space, and an increasing sequence (ny)ken of natural
numbers (ng := 0) satisfying:
i) For all j € N and each x € Eq there is | € N such that (T"* S, x)g>1 CY
and converges to 0 in (Y, 1),
ii) for all j > 0 and each x € Ey there is | € N such that (T™ Sy, 2)k>1 CY
and converges to 0 in (Y, T),
iii) for each x € Ey there is | € N such that (x — T™ Sy, 2)k>1 C Y and
converges to 0 in (Y, 7).

Then T is sequentially hypercyclic.

Proposition 2.7. Let E be an LF-space with stepwise Schauder basis (e;)jen and
associated backward shift B. Then, the following are equivalent.

i) B is sequentially hypercyclic on E.

i) B is hypercyclic on E.

iii) There are m € N and a thick set I C N such that s lim e; =0 in Ey,.

3j—00

Proof. Trivially, i) implies ii). In order to show that ii) implies iii) we define for
p €N

o0
T E—->KP x= ijej = (21,...,Tp)
j=1
which is surjective. Let z € E be a hypercyclic vector for B and let m € N be such
that © € E,,. Then, for every r € N the set {m,(B"z);n > r} is dense in K?. In
particular, for every p,r € N there is nj, > r such that

1/2 > 1rglagxp|(7rp(B rx)), — 1.
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Hence, for p,r € N there is nj, > r such that |a:n;+l| > 1/2 for all 1 <[ < p which
implies

(2) 3 (np)pen € NV strictly increasing V1 <1< p: |2y, 1] > 1/2.

Obviously, I := {n, +1; p € N,1 <[ < p} is a thick subset of N. Since z € E,,
and since (e;) en is a Schauder basis of E,, the sequence (x;e;),en converges to 0
in F,,, where as usual x = Z;’il xzjej. Thus, for an arbitrary absolutely convex
zero neighborhood U in E,, there is N € N such that z;e; € U whenever j > N.
Hence, for all p € N with n, > N and each 1 <[ < p we conclude by the absolute
convexity of U and

1

€n,+l = Tnp+1€np+1 €2U

T,

which proves lim;s; 0 e; =0 in Ey,.
It remains to show that iii) implies i). To accomplish this we introduce

S S
S : span{e;; j € N} — span{e;;j € N}, ijej — Z:EjejH
j=1 j=1

as well as S,, := S™. Note that Ey := span{e;; j € N} is a sequentially dense
subspace of F and that for k,l € N

s s
k
B Sl(z xjej) = ij 6max{0,l—k+j}a
Jj=1

j=1

where ey := 0.
Let I ={nr+1; k € N;1 <[ <k} with (ng)ren strictly increasing and m € N be
such that limrs; . €; = 0 in E,,. We define recursively n; :=n; and for k € N

k
k1 7= )i+ g e

r=1

Then, for every k,j € N with k£ > j and each 1 <[ < k we have

k—1
(3) =iyl =Y ey s+l
r=1,r#j
k—1
S {nk+2’ﬁ;fﬁ7-+1""’nk+2f;fﬁ7-+k+zﬁ’“}'
r=1

Next we fix ¢ = Z‘;:l zje; € span{e;; j € N}. Given an absolutely convex zero
neighborhood U in E,, there is K € N such that e,,4+; € U whenever k£ > K
and 1 <[ < k. From we obtain in particular that whenever k is such that
kil i > K

Vi<k,1<I< k:eﬁk,ﬁj+l eU

so that for all £ with k + Zk;ll 7, > K it follows

T

S S S
Vj<k:B%S;, (leel) = leeﬁk—ﬁj+l e(1+ Z |z U
=1 =1 =1

by the absolute convexity of U. Hence, (B™ S;, x)ren converges to 0 in E,,. Since
trivially (B™* Sii,; o) ren and (z — B™ S x)ren both converge to 0 in E,, it follows
form Lemma that B is sequentially hypercyclic on E. ]
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Before we come to the next result of this section, we recall some notions for subsets
of N. Recall that for a given m € N a subset A C N is m-syndetic if N C {a—k; a €
Ak €{0,...,m}}. In case that A is m-syndetic for some m, we simply say that A
is syndetic. Given m € N, a set A C N is called piecewise m-syndetic if A = A1N A,
with A; C N thick and As C N m-syndetic. Piecewise syndetic sets are those which
are piecewise m-syndetic for some m € N. Finally, given n,m € N with n > m, we
say that a finite set F C N is (n, m)-syndetic if F = JN A, with J C N being an
interval of length n and A C N m-syndetic.

Proposition 2.8. Let E be an LF-space with stepwise Schauder basis (e;)en and
associated backward shift B. If B is mizing then B is sequentially hypercyclic.

Proof. By Remark we can assume without loss of generality that for F =
ind,,, F,, we have

(4) VvmeN: B: E, = E,.1 continuously.

By Proposition 2.7, we have to show the existence of m € N and a thick set
I C N such that limss; 00 e; = 0 in Ey,. Actually, if we find m,m € N and a
piecewise m-syndetic set I C N such that limbjﬂoo e; = 0 in E,, then by and
the continuity of the inclusions Ejy — Fi41,k € N, we immediately conclude the
existence of a thick set I C N such that lim;5; 0 e; = 0 in E,,43, so that B is
indeed sequentially hypercyclic.

Let us assume that for every m € N there is no piecewise syndetic I C N with
limj oo € = 0 in F,,. We will show that under this assumption B cannot be
mixing.

Claim 1: For every piecewise syndetic I C N and for every m € N, there are a
piecewise syndetic subset I,,, C I as well as a zero neighborhood U, in E,, such
that U,, N{e;; j € I,} = 0.

In order to prove claim 1, let I C N be piecewise k-syndetic for some k € N
and let m € N. Moreover, let (U,)nen be a decreasing zero neighborhood basis
in E,,. Then, there is ng > k such that for all (ng, k)-syndetic sets F' we have
{ej; j € F}N(En\Up,) # 0. Indeed, otherwise we had that for each n > k there was
a (n, k)-syndetic sets F,, with {e;; j € F,,} C U,. Since I := UpsiF, is piecewise
k-syndetic and for every [ € N,l > k, we have e; € U; whenever j € U,>F),, this
would imply limg oo €5 = 0 in F,, which contradicts our assumption that there
is no piecewise syndetic J C N with limbj_mo e;j =0in Ey,.

Since I is piecewise k-syndetic, for each n > ng we find a (n - ng, k)-syndetic set
F,, C I. We write as a disjoint union

where each F, ; is a (no, k)-syndetic set, i = 1,...,n. Hence, for each i =1,...,n
there is j(n,i) € F,; such that e;q, ;) & Un,. The set Fy, := {j(n,i);i=1...,n}
is clearly a (nmng, 2ng)-syndetic set. We further define

L= |J F.CI

n=nog+1
which is piecewise 2ng-syndetic and
VjE[mZ €j¢Un0
which proves claim 1.

Claim 2: There exist a decreasing sequence (I,,)men of piecewise syndetic sets
I, € N and a sequence (U, )men of zero neighborhoods U, in E,,, m € N, such
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that

VmeN: Uy, n{e;j€ly,}=0.
Indeed, proceeding by induction, we obtain claim 2 immediately from claim 1.
Now, let (I, )men and (U, )men be as in claim 2. We select an increasing sequence
(jm)men € Il,en Im and set I := {j,,; m € N} which is an infinite set such that
for every m € N the zero neighborhood U,, in E,, is disjoint to {e;; j € 1,7 > m}.
Hence, by Corollary b), B is not mixing on F. O

The last result of this section gives a sufficient condition under which the backward
shift is topologically ergodic. However, this sufficient condition is not necessary, in
general, as is shown in Proposition [£.5] below.

Proposition 2.9. Let E be an LF-space with stepwise Schauder basis (e;)jen and
associated backward shift B. Assume that there is m € N such that for every zero
neighborhood W in E,, the set Iyy := {j € N; e; € W} is syndetic. Then B is
topologically ergodic on E.

Proof. Let U,V C E be open and non-empty. Then, there are z,y € span{e;;j €
N} and an absolutely convex zero neighborhood W in E such that

x+W§Uandy+W€V
Let s € N be such that x = >_°

iy wjej as well as y = 37 yje; and define

1 .
143701 |wil
which is a zero neighborhood in E. Denoting by 4, the canonical injection of E,,
into E, W := i }(W;) is a zero neighborhood in E,, so that by the hypothesis
Iy = {j € N; e; € W} is syndetic. From the definition it follows

VNVl = ﬂfLZOB_n(

Vn=0,...,s,j€lw: B"e €

1
L4370 lul
Forjelwn{s+1,s+2,...} weset

S S
— _ —k =
wj = g YkCj—sthk = g yeB* "e; € W.
k=1 k=1

Then, for j € Iy N {2s+ 1,25+ 2,...} it holds

S
B (w+wy) = B wy =y ykB ek =y

k=1
so that BI=%(x + W) N (y + W) # 0 which implies the proposition since with Iy
also {n; n=j—s,j € Iw,j > 2s} is syndetic. O

3. THE BACKWARD SHIFT ON KOTHE COECHELON SPACES

In this section we evaluate and complement the results from the previous section for
the case of Kothe coechelon spaces. Let V' = (v("),,cn be a decreasing sequence

of strictly positive weights on N, i.e. v(™ = (Uj(»m))jeN € (0,00)N,m € N, such that

Vm,j € N: v§m) > v§7yl+1).
For m € N and 1 < p < oo we define as usual

L0 ™) = {z = (z;)jen € w; (xj'l]j(-m))jeN €lp}.

Equipped with the norm ||z[, ,m) = H(ij’l}j(-m))je[\]ngp this is a Banach space for
which (e;)jen = ((65,1)1en)jen is a Schauder basis. Due to the fact that (™) en
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is decreasing, (£,(v(™)),,en is an inductive spectrum of Banach spaces whose in-
ductive limit we denote by k, (V) or k,((v™)en). Analogously, for m € N we
set

co(v™) = {z = (;);en € w; (270" )jen € co}
which is Banach space when equipped with the norm ||z ,m) = sup;ey |xj|v§m).
Again, (e;);jen = ((3;.1)1en) jen is a Schauder basis of ¢o(v™) and (co(v(™)) ey is
an inductive spectrum of Banach spaces whose inductive limit we denote by ko (V)
or ko((v"™)en). In particular, k,(V),p € {0} U[1,00), is an LF-space for which
the standard basis sequence (e;)jen = ((65,1)1en) en is a stepwise Schauder basis.
In this section, (e;);en always stands for this basis sequence.
For a given decreasing sequence of weights V' = (v(m))meN we denote by V the
associated family of weights of its projective description, i.e. for v = (7;)jen €
[0, 00)"

veVe&VmeNIa, >0VjeN: ﬁjgamv]{m).

Then k,(V) = K,(V),p € {0} U [1,00) where
K,(V) :=projyevtp(v),1 < p < oo,
respectively
Ko(V) == projgepco(v),
see [0].
Before we evaluate the results from the previous section in the particular context

of Kothe coechelon spaces, we characterize, when the backward shift B associated
with the standard basis sequence is well-defined (and continuous) on k, (V).

Proposition 3.1. Let V = (v(m))meN be a decreasing sequence of strictly positive
weights and p € {0} U [1,00). Then the following are equivalent.

i) The backward shift B : k,(V) — kp(V) is well-defined.
ii) The backward shift B : ky,(V)) — kp(V') is continuous.
iii) For every m € N there exist n € Nyn > m, and C > 0 such that
; (P (m)
Vi EN.vj SCUJ-_H.
Proof. Clearly, iii) implies ii), and i) follows from ii). Moreover, by Remark ii),
ii) follows from 1i).
Finally, if ii) holds it follows from Grothendieck’s Factorization Theorem [19, The-
orem 24.33] that for each m € N there is n € N such that

B 4,(v"™) = £,(v™), (25)jen = (2j41) en

is well-defined and continuous - in case 1 < p < oo, analogously for p = 0 - so that
there is C' > 0 such that

VieN: v = |lejlpnm < Cllejillpuom = ColT],

ie. iii) is true. U

It should be noted that continuity of the backward shift B (and being well-defined)
on k,(V) is independent of p.

For a decreasing sequence of strictly positive weights V' we denote by A(V) =
(a"),en the Kéthe matrix where a(™ := 1/0(™) (see e.g. [19, Chapter 27] for the
notion of a Kothe matrix as well as for the corresponding Kéthe (echelon) sequence
spaces A2(A(V)) appearing in the next theorem). Recall that a continuous linear
operator between locally convex spaces is called Montel if it maps bounded sets to
relatively compact sets.
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Theorem 3.2. Let V = (v(m))meN be a decreasing sequence of strictly positive
weights such that the backward shift B is continuous on k,(V),p € {0} U [1, c0).

a) The following are equivalent.
i) B is transitive on ky(V).
ii) There is m € N such that liminf;_, v§m) =0.
b) The following are equivalent.
i) B is sequentially hypercyclic on ky (V).
ii) B is hypercyclic on k,(V).
ili) There are m € N and a thick set I C N such that limys ;oo vﬁm) =0.
¢) The following are equivalent.
i) B is topologically mizing on k,(V).

ii) For every infinite set I C N there ism € N with liminf;s; o v§m) =0.

)
iii) For every v € V we have lim;_,oc v; = 0.
iv) The natural map i : by — ko(V') is (well-defined and) compact.

v) The natural map i : Ay(A(V)) — £y is (well-defined and) Montel.

d) Assume that there is m € N such that the set I. :== {j € N; ’UJ(-m) < e} is
syndetic for every ¢ > 0. Then B is topologically ergodic on ky(V).

Proof. Since for each m,j € N we have [le;|, ,m) = v](»m), part a) follows imme-
diately from Corollary a), part b) follows from Proposition and part d) is
a direct consequence of Proposition Moreover, that i) and ii) in part c) are
equivalent is an immediate consequence of Corollary b).

Next, we assume that ii) of ¢) holds but that there is o € V which does not converge
to 0. Hence, there are £ > 0 and a strictly increasing sequence (jg)gen in N such

that

VkeN: Vj, > €.
Choose m € N according to c) ii) for I := {ji; k € N}, i.e. infgen fuﬂ”) =0. As
© € V there is a,, > 0 such that v; < amvﬁm) for every j € N. In particular,

VkeN:e<w;, < amv](-:L)

contradicting infrevi"” = 0. Thus, c) ii) implies c) ii).

In order to prove the converse implication, assume that c) iii) holds but that for
some infinite I C N for each m € N there is ,, > 0 such that vjm)
7 € I. Then, via

> &,, whenever

v(7n)

v; = inf -2
’ meN &y,

’jEN7

we obtain ¥ € V with ©; > 1 for every j € I. Since I C N is supposed to be infinite,
this contradicts c) iii), so that c) iii) implies ¢) ii).

So far we have shown that i), ii), and iii) in ¢) are equivalent. Moreover, c) iii)
holds if and only if the inclusion 5 — £3(¥) is well-defined and compact for all
v € V. Hence, c) iii) implies that (by Tychonov’s Theorem) the natural map

i: by = ka(V) = K3(V) is well-defined and compact. On the other hand, if

1: 0y — ]{ZQ(V) = KQ(V) = projl-,epgg(@)
is compact, it follows that £y < f5(v),v € V, is compact. Thus, c) iii) and c) iv)
are equivalent.
Finally, taking into account that A2(A(V)) is the strong dual of ka(V') (see e.g. [19]
Proposition 27.3, Proposition 27.13]) it follows from [I1, Corollary 2.4] that c) iv)
and ¢) v) are equivalent. O
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Next, we give a characterization of when the backward shift is chaotic on K&the
coechelon spaces.

Proposition 3.3. Let V = (v(m))meN be a decreasing sequence of strictly positive
weights such that the backward shift B is continuous on k,(V),p € {0} U [1,00).
Then, the following are equivalent.
i) B has a periodic point x € k,(V),x # 0.
ii) There is m € N such that v e £y, respectively, ™ € ¢y when p = 0.
111) B is chaotic, mizing, and sequentially hypercyclic on ky(V).
iv) B is chaotic on ky(V).

In particular, B is sequentially hypercyclic whenever B is chaotic.

Proof. Trivially, iii) implies iv) and iv) implies i). We show that i) implies ii).
Thus, let z € k,(V)\{0} be periodic for B. We choose mg, N, jo € N such that = €
£,(v(™0)) (we consider the case 1 < p < oo; the case p = 0 is analogous), BNz = ,
and z;, # 0. Then x is a periodic sequence with period N and (z,+,n)jen IS a
constant non-null sequence. Since

o P Z oSN ? < ]2 gy < 00

it follows that

oo

> ()P < oo
j=1

We can find m > myg such that B"x € £,(v(™)) for every n € {1,...,N — 1} and
applying the arguments from above to B"z, n=1...,N — 1 we get

Vne{l,...,N—1}: Z ](Om_:]N )P < oo

which implies v(™) € Ly.
Next, if ii) holds, it follows from Theoremc) that B is mixing, and thus sequen-
tially hypercyclic, too, by Proposition 2.8 We define

H :={z = (zj)jen € w; x periodic}.

With m as in ii) and v(™) € £,, it follows that £, C £,(v(™)), hence H C £,(v(™)) C
kp(V). Clearly, every « € H is periodic for B, so it is enough to show that H is
dense in £,(v(™)) (which is dense in k,(V) since span{e;; j € N} is). The latter

(o)
will be accomplished once we have shown e; € Hép( ), k € N. So, we fix k € N
and € > 0. Select i € N,i > k, such that Z] i1 (v (m ))p < P and set

o0
Z = Zek_;,_ji € H.

3=0
Then
(o)
lek = 217 oy = D (Vi))P < €7,
j=1
. —t, (v(™) e
so that indeed e, € H . Hence, ii) implies iii). O

In the remainder of this section we will generalize the results for the backward shift
to weighted generalized backward shifts. In order to do so, we first introduce some
terminology.
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Definition 3.4. A symbol 9 is a bijection 1) : N — N\{1} satisfying
N={1}u {0}
neN
Moreover, a weight (sequence) w is a sequence w = (wj)jen € w such that w; #
0,7 € N. Then,
Buy i w = w,m = (25)jen = (Wy(5)Tu(;)) jen

is called the weighted generalized backward shift (with weight sequence w and symbol
). In case w; = 1,5 € N, we simply write By, (generalized backward shift) and in
case ¥(j) = j+1, we write B,, instead of B, (weighted backward shift). Actually,
By, = CyoD,,, a weighted composition operator, where the composition operator
with symbol ¢ is defined as Cy((x;);) = (2y(;);, and the multiplication (diagonal)
operator with weight w is D, ((z;);) = (w;z;);.

Proposition 3.5. Let ¢ be a symbol and w a weight sequence. Then

Jj—1

Ty w = w,z = (2)jen = ([[ wpr)zpi-11))jen
=0

is an isomorphism such that T w oBoTyy = By.y. Here, as usual ¢y°(1) := 1.
Proof. Since ¢ : N — N\{1} is a symbol, N = {1} U, %" (1) and this union is
a partition of N. Hence,

XiN=Nx(1):=1, x(j+1):=¢/(1), jeN,

is a bijection. Clearly,

() VieN: ¥(x(5) =x0G +1).
With this, one readily sees

j
Veew: Tyypz=(( H (1)) T (5))jEN

which implies that T, , is bijective. Obviously, T’y is also bicontinuous. Finally,
for z € w we have

Tuw(Buw) = Tuop((wyg)Tee)jen) = wau) W (1N TH(x())) jen
=1

i
= ((H wX(l))xX(j-H))jeN = B(Tw,w I)v
=1

where we have used in the third equality. Since T, is bijective, the claim
follows. 0

Corollary 3.6. Let ¥ be a symbol and w a weight sequence. Moreover, let V =
(v™),en be a decreasing sequence of strictly positive weights and p € {0}U[1, 00).
Then, the following are equivalent.

i) kp(V) is invariant under By, y .
i) Buw,y : kp(V) = kp(V) is well-defined and continuous.
iii) For every m € N there are n € N and C > 0 such that

; . ) (n) (m)
VjeN: \ww](1)|vw,1(l) < Cuysyy-
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Proof. With x : N — N as in the proof of Proposition [3.5] it follows for 1 < p < co

Ve ew: Z (|xj|v§m))p

oo j v
Z |Hw><(l Ty ()] ) )p

j=1 j=1 =1 J _1 oy
- S (I “x() )7,
j=1 Hl 1w

(™)

so that T, g x € EP((%)J'EN) if and only if 2 € £,(v(™). Thus, for 1 < p <
1=1 1Wx @)
00

T kp(V) = kp(Vawp)

is a well-defined, continuous bijection (even a stepwise isometric isomorphism),

where the decreasing sequence of strictly positive weights Vi, = (vgﬁ}))meN is
given by
™) (m)1
(vl(;n,lzh _ i x(5) _ W (1) .
7 [T lwya Hl:l |wyi=1(1)]
Now, the claim follows for 1 < p < oo directly from Proposition 3.5 and Proposition
[3:1] The case p =0 is treated analogously. O

Vm,j e N:

Corollary 3.7. Let 1 be a symbol, w a weight sequence and V = (v"™),cn be
a decreasing sequence of strictly positive weights such that B, 4 is a well-defined,
continuous linear operator on k,(V'), p € {0} U[1,00). Then the following hold.

a) The following are equivalent.
i) B,y is transitive on k,(V).
ii) There is m € N such that

NG
lim 1nf¢17(1) =
7= TTZg [y

b) The following are equivalent.

i) Bu,y is (sequentially) hypercyclic on k,(V).

ii) There are m € N and a thick set I C N such that

(m)
Ypiy
13572 [T [wyi (1]

¢) The following are equivalent.

i) B is mizing on ky(V).

ii) For every infinite set I C N there is m € N such that

™
lim inf 1#’7()
15500 TT1_g [wyi 1y

d) Assume there is m € N such that for every € > 0 the set

(m)
I.:= jeN;Wi<1><5

[Ti—o lwy )l

is syndetic. Then By, is topologically ergodic on k, (V).
e) The following are equivalent.
i) B,y has a periodic point x € ky(V),x # 0.
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ii) There is m € N such that
(m)

v
- Yi(1) €l,,
[T |w1/;l(1)| jen
respectively,
(m)
v
: ¥ (1) € co
ITizo [wyr o)l
when p = 0.

ili) B,y ts chaotic on ky(V).

Proof. Recall that two continuous self-maps 7" : X — X and S : Y — Y on
topological spaces X, Y are conjugate if there is a homeomorphism ¢ : X — Y such
that So¢ = ¢ oT. As seen in the proof of Corollary B,y on ky(V) and B
in k,(Vi,y) are conjugate via Ty, .. Since all considered dynamical properties are
preserved under conjugacy and since x is periodic for B,, 4 if and only if T, 4 x is
periodic for B, the claim follows from Theorem and Proposition O

4. EXAMPLES AND OPEN PROBLEMS

In this section we present some examples. We begin by considering topological dual
spaces of power series spaces of infinite type.

4.1. Weighted generalized backward shifts on duals of power series spaces
of infinite type. Let (a;);en be an increasing sequence of positive real numbers

with lim;_,o oj = 00. As in [19], we set with agm) = MY
(o)
Ao (@) == Xa((a"™ ) ppen) == {z €w; Ym e N : |23, := Z |z 2e*™% < oo}
j=1

Then, the topological dual AZ_(«) of Ay () is topologically isomorphic to

ol iner) = ka(((€ ™)), )

= {rew;ImeN: Z |z|%e™ ™% < oo}
j=1

The particular case of a; = j gives A ((j)jen) = H(C), the latter denoting
the space of entire functions, and AL ((j)en) = #°({0}), the space of germs of
holomorphic functions in 0. Weighted backward shifts on k2((j);en), i.e. weighted
generalized backward shifts with ¢ (j) = j + 1, played an important role in the
investigation of weighted backward shifts on spaces of real analytic functions in
[12).

For a symbol ¢ : N — N\{1} and a weight sequence w we have by Corollary
that B, is well-defined (and continuous) on Al () if and only if

TRAL =1 (1)

Wi (1)|€
VmeN dneN: co > sup‘ W(ﬂma,
jeN e PI (1)

= exp (s_ug(log [wyi (1)] + My — nogi-1a1)))
je

so that B, 4 is well-defined (and continuous) on Al_(«) precisely when

(6) VmeN dneN: sup (log Wi 1y | + Movys (1) — nawil(l)) < o0.
jEN
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In case of 9(j) = j + 1 we obtain the weighted backward shift which we simply
denote by B,,. Since then ¥!(1) =1 + 1,1 € Ny, by @, B,, is well-defined and
continuous on A_(«a) if and only if
(7) VmeN IneN: sup (log|wji1] +maji1 —na;) < co.

JEN
Corollary 4.1. Let ¢ be a symbol and let o = (o) be as above such that the
generalized backward shift By is well-defined on AL («). Then By is mizing on
A (a). Moreover, By is chaotic on AL (a) if, and only if, Zji1 el < oo for
some | > 0.

Proof. Since 9 is a symbol, we have the disjoint union N = {1} U {J,;cy ¥ (1). In
particular,

lim (1) = oo,

J—00
so that with v§m) = e ™% m,j € N, due to the fact that (o;);en increases to
infinity, we have

. T —ma,; BT (m)
VmeN: ijlinoloe ¥ (1) 7}520%1'(1)'
Because A’_(a) = ka((v"™),nen), the claim follows from Corollary O

4.2. The annihilation operator on .#’(R). The special case of a = (log j)jen in
the previous subsection gives A’_(a) = ', the space of slowly increasing sequences,
i.e. the strong dual space of

s:= X (((I™)jem)men) = {x € w; Vm e Nt [|z[|7, := > |a[5*™ < oo}
j=1

It follows from that the weighted backward shift B,, with weight sequence w is
a well-defined and continuous operator on s’ if and only if

) i 1)m
VmeNdneN: supM<oo
jEN "
Given a weight sequence w satisfying the above condition, it follows that the
weighted backward shift B,, is transitive, hypercyclic, etc. if (and only if) there

is m € N such that the sequence

jm ‘lj=1 |U)l| jeN

satisfies the respective properties mentioned in part a), b) etc. of Corollary
Instead of repeating these conditions explicitly, we just consider the special weighted
backward shift B,, with weight sequence w; = /j. By the above, B S)jen 18 clearly
well-defined and continuous on s'. As is well-known, see e.g. [19] Example 29.5(2)],
via Hermite expansion, B VP)jen OR s’ is conjugate to the annihilation operator
on ./'(R) (when the latter is equipped with the strong dual topology), i.e. to the
operator

A " R) = S (R),u— %(u’ + zu),
where we denote the multiplication operator with the identity on #/(R) simply
by u — zu,u € '(R). Dynamical properties of the annihilation operator on the
Fréchet space s of rapidly decreasing sequences were studied in [I6] and taken up
on a different Fréchet space in [10].
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Corollary 4.2. The annihilation operator

1
A_ ' R) = ' (R),u— —=(u + zu
(R) (R) ﬁ( )
on . (R) equipped with the strong dual topology is mizing, sequentially hypercyclic,
topologically ergodic, and chaotic.

Proof. Tt follows immediately from

VmeN:( 2

1
gt ©
and Corollary that B V),en 18 mixing, (sequentially) hypercyclic, chaotic, and
topologically ergodic on k‘g(((%)jeN)meN) = s’. Hence, the claim follows by con-
jugacy. O

4.3. Separating examples. In this subsection we provide examples of Kothe co-
echelon spaces such that the backward shift B is well-defined and continuous on
these spaces as well as topologically ergodic but not hypercyclic, mixing but does
not satisfy the sufficient condition for topological ergodicity from Theorem d),
respectively. Moreover, we give an example of a nuclear Kéthe coechelon space on
which the backward shift is transitive but not hypercyclic.

Proposition 4.3. There is a decreasing sequence V. = (v(m))meN of strictly positive
weights such that B on ky(V') is topologically ergodic but not hypercyclic.

Proof. We set

v =277 if j = 27"1(2k — 1) for some k,n € N.

With this, we define recursively

(m+1)
J

(m)_,(m)

Vm,jeN: v ::min{vj Vi1

so that V = (v(m))meN is a decreasing sequence of strictly positive weights such
that B is well-defined and continuous on k2 (V') by Proposition

Clearly, (v™),,cn satisfies the condition in Theorem d) (with m = 1) but the
condition under b) is not fulfilled so that B is topologically ergodic on k,(V') but
not hypercyclic. O

Proposition 4.4. There is a decreasing sequence V = (v(m))meN of strictly positive
weights such that ko(V') is nuclear and the backward shift B is transitive on kao(V)
but not hypercyclic.

Proof. For every j € N there are unique n(j) € N and r(j) € {0...,2"0)~-1 — 1}
such that j = 279 — 7(5). Then,

VjeN: 2n(i+1) —r(+1) :j+1:2n(j) —r(j) + 1,
so that either

n(j)=n(G+Dandr(j+1)=r() -1

or

n(j+1) =n(j)+1and r(j) = 0,7(j + 1) = 2"9 — 1.
For m,j € N we define

(m) {W7 if r(j) <m,
v = ;

2]
32m else.

(m)

Then, for fixed j € N the sequence (vj

)men is decreasing.



DYNAMICS OF SHIFT OPERATORS ON NON-METRIZABLE SEQUENCE SPACES 17

We first show that for each m € N there is C' > 0 such that vj(.mﬂ) < C’U;Ti for
every j € N so that the backward shift B is well-defined (and continuous) on kz(V)
by Proposition (3.1
So, we fix m € N. For j € N we consider first the case that r(j) < m + 1. If
additionally n(j) = n(j + 1) we have r(j + 1) = r(j) — 1 < m so that

v§m+1) o 1/(en@)2miy i(1 + 1)2’" < 4m

o™ /@D 1)) g2 T
j+1

On the other hand, if n(j + 1) = n(j) + 1 we have 7(j) = 0 and r(j + 1) = 2"0) — 1
so that

/(@O P000) g

r(j+1)>m: , : = i <A™
v§m+1) B 2]+1/(] + 1)2m j22n0)+i
(m) ,
v; 2 (m+1
J+1 ) 1/(2n(1)j (m+ )) 2(141)2m
: = , < gml,
rG+1)<m @G (7 12 4— <4

Thus in case r(j) < m + 1 we have v§m+1) < 4m+11)(,7j:i_

In case of r(j) > m + 1 we have in particular r(j) > 0 so that n(j) = n(j + 1) as
well as r(j + 1) = r(j) — 1 > m hold. Then
U(m+1) 2j/j2(m+1) 1 1

J = - - 5 1 - 2m < 4m
() 2G4 1) g3 =
J

Hence, we have shown v§m+1) < 4’"“1}?}3 for all j € N. It should be noted that

for fixed m € N and j = 2" —m,n € N, we have j +1 = 2" — (m — 1), i.e.
n(j) =n(j+1)=n,r(j) =m, r(j +1) =m — 1 so that

(m) i /52m
Y _ lQJ/j ‘ — Qi tnGH (] 4 l)gm S 92" -min
7 T G

so that sup,cy vj(-m) /’U;Ti = 00 and thus £5(v(™)) is not B-invariant.
Obviously, for every m € N it holds

lim inf v§m) =0
J*}m
so that B is transitive on ko(V) by Theorem a). Moreover, because
27
VmeN: lim —— =00
j—ro0 J&m

it follows
VmeNe>03dLeNVI>L,r>m: sup vl(_Tj) >e
1<j<r
so that by Theorem b) B is not hypercyclic on ka (V).
Finally, due to

. . 1/(27L(j)j2(m+1)) _ 1
T'(]) <m: 1/(2n(j)j2m) j2
D)
ji o N . 1/(2n(j)j2(7n+1)) 1 1
U(m) - ’I"(]) =m: 27/ j2m — j2on()+s
J
. . 2.7'/.]‘2(7"4-1) 1

it follows that (UJ(-mH)/UJ(-m))jeN € ¢ so that ko (V) is nuclear (cf. [3, Proposition
2.15]). O
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Proposition 4.5. There is a decreasing sequence V = (v(m))meN of strictly positive
weights such that B is mizing on k,(V') but does not satisfy the sufficient condition
for topological ergodicity from Theorem d).

Proof. The following construction is inspired by the example [I9, Example 27.21]
of a Kothe echelon space which is a Montel space but not a Schwartz space. We
fix a bijection ¢ : N> — N such that, for every k € N there are arbitrarily long
bounded intervals I with

INN=p({(l,k); L € F})
for some finite set F¥ C N. We then define @](_1) :=1,j ¢ Nand for m,j € Nym > 2

(m) (ml)=™, ifj=p(, k) with k <m
5N =
J m=F, if j = (I, k) with k > m.

By the choice of ¢ it follows that for every m € N and every € € (0,1/m™) there
are arbitrarily long bounded intervals I such that v](m) > ¢ for every j € I NN.

To have a decreasing sequence V = (v( ))mGN of strictly positive weights such that
1, A(l)

B is continuous on k,(V'), we set v; ,J € N as well as

(m+1) (m+1) ,(m) (m)}

= min{9; UGV
By induction on m it follows that for every m € N and every € € (0,1/m™) there are

arbitrarily long bounded intervals I such that v;m)

Vm,j € N: v,

> ¢ for every j € I NN. Hence,
V = (v(™),,en does not satisfy the sufficient condition for topological ergodicity
of B from Theorem d).

On the other hand, let I C N be infinite. In case there is a finite FF C N with
I C o(N x F) we select m € N such that m > k for every k € F so that

o™ <™ = (ml) "™ i § = (L, k),

ie. infjer UJ(.m) = 0. In case that there is no finite F C N with I C ¢(N x F)
there are sequences of natural numbers (I,)nen, (kn)nen, where (kp)nen is strictly
increasing, such that ¢(l,,k,) € I for every n € N. Since vf()ln k) < 27kn we

obtain infje; vj(?) = 0. Hence, by Theorem ¢) B is mixing on k,(V). O

4.4. Snake shift operators. Our last example concerns the construction of (se-
quentially) hypercyclic operators on direct sums of Fréchet spaces given in [§] which
we derive here from our general approach. In order to fit this kind of operators in
our frame, we need to generalize our Kothe spaces to certain sequence LF-spaces
(see, e.g., [] and [240]).

Unlike to the previous sections, in this subsection our sequences will be indexed
by N x N instead of N. We define the inductive limit £ = ind, A\,(V") of Kéthe
echelon spaces A, (V) (see e.g. [I9, Chapter 27]), where p € [1,+0o0], the sequence

of weights V" = (v(™*)),cy is so that v(" k) €]0, +oo] for all n, k,4,j € N,
k) < k) and (R > (LR ke N,
Mp(VP) = {2 = (255)i; € KN 5 (25005 € £,(N x N) VE € N},

ke
endowed with the increasing sequence of norms ||z||; = ||(a:,7]v(3 )) iille,, k€ N.

Observe that, since we allow U(Z *) = 50, this means that, if z = (xi5)i; € )\ »(V™),
then x; ; = 0. These spaces contain dlrect sums of clasmcal sequence spaces like

®nlp and @, s, where s is the space of rapidly decreasing sequences. Actually,

E = @0, = ind,\p(V"), where v\ =1 if i <n, ¥j,keN,
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and vEZ-’k) =o0 if i >n, VjkeN,
and
E = ®ys = ind, A (V"), where o%" = j* if i <n, VjkeN,
and ﬁf?k) =oo if i >n, VjkeN.

Given a symbol ¢ : N x N — N x N\ {(1,1)} (which is defined analogously as in
the case of N as index set) and a weight sequence w = (w; ;) ;, we consider the
weighted generalized backward shift By, , : KN — KN*N We are interested in

the particular case that the weight sequence is constant, w; ; = A with |A\| > 1 (i.e.,
By, = ABy), and ¥ : Nx N — N x N\ {(1,1)} is defined by

) ¢(Lg) = (1,7 +1), n(k) <j <n(k+1),

i,5) = (i+1,j 1), if i+ j even, i,j > 1,
(i,7) = (i— 1,5+ 1), if i +j odd, i > 2,

for every k € N, where (n(k))y is a suitable sequence such that (n(k + 1) — n(k))x
increases and tends to infinity.
This kind of construction was called “snake shift” in [§], and was applied to the
spaces ©nf, and ©ps. Proceeding as in Corollary By : E — E is (well-defined
and) continuous if, and only if,

VmeN, IneN, VkeN, 3l eN and C>0 with v{™* < Co(™), VjeN,

where 7; = 9(1,1), i € Ng. The selection of 1) ensures the continuity of By on
@nlp if, e.g., for each m € N we take n = m 4 1 in the characterization above.
The case E = @, is more subtle since condition (3) in the selection of ¢ forces
that continuity of By needs that (n(k))x is polynomially bounded. Actually, it was
shown in [§] that we can select (n(k))x so that n(k) < 3k?, k € N. This means
that, for the continuity condition above, for each m € N, we take n = m + 1, and
for any k € N, we may choose | = k3.
Concerning the dynamics of snake shifts as defined, and following the argument
of Corollary it is easy to see that AB, is (sequentially) hypercyclic on the
inductive limit E = ind,A,(V"™) of Kothe echelon spaces as defined above if, and
only if, there are m € N and a thick set I C N such that, for any k£ € N,

(m,k)
(8) lim 2D

I5j 500 AP

To prove the sequential hypercyclicity of AB, in our spaces, we fix m = 1, select
the increasing sequences (jr)r and (Ix)k, jx < Uk, with

P (1,1) = (1,n(k) +1) and o' (1,1) = (1,n(k+1)), keN.

By condition (1) in the selection of 1, 17 (1,1) = (1,n(k)+j—jx+1) for jr < j <y,
Iy —jr =n(k+1) —n(k) — 1 and, since (n(k 4+ 1) — n(k)); tends to infinity, we
have that I := (U, [jk,lx] "N is a thick set. When E = &,,4,, v§1]k) = 1 for all
7,k € N, and condition is trivially satisfied. In the case E = @, s, we observe
that ¢7(1,1) = (1,p;), where p; < j, for every j € I. Therefore,

~(1,k (1, .

Ul(/,j(1),1) o ”Spl;) — lim ﬁ < lim gt —0

I3j—00 |7 I3j500 A I3j500 A T 1300 [ ’

and we conclude the result.
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Remark 4.6. Most of our main results can be generalized to bilateral shifts on
sequence LF-spaces over Z, and to certain weighted composition operators on more
general function LF-spaces. These results will be presented in a forthcoming paper.

4.5. Open problems. In this final subsection we mention the following natural
questions which arise from our results.

(1) In Propositionwe gave a sufficient condition for topological ergodicity. How-
ever, this condition is not necessary by Proposition[4.5] Which condition completely
characterizes topological ergodicity of B?

(2) Is there a nuclear K&the coechelon space k,(V) on which the backward shift B
is topologically ergodic but not sequentially hypercyclic? Such an example would
be a strengthening of both Propositions [£.3] and [£.4]
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