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PLS-Spaces

X is a PLS-space &
X = projyeny Xn = projyey indnen Xu,n,

Xn DFS-space, (Xw.n, || - [|n,n) Banach space.

Examples:

Fréchet Schwartz spaces and their duals
/() and 2'(Q)
Beurling classes of ultradistributions .@(’w)(Q)

Roumieu classes of ultradifferentiable functions &%} (Q)

Kéthe type sequence PLS-spaces
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Splitting problem

Every short exact sequence of PLS-spaces:

0o— > x—J . yv_9.,72_ .o

splits, i.e., g has a right linear continuous inverse.

Exact sequence

Every map in the diagram is
@ continuous,
@ open onto its image

@ surjective onto the kernel of the next map.
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Main result

Let X be an ultrabornological PLS-space and E be a nuclear Fréchet
space then:
1) EXt'(E,X) =0 < (E,X) € (H):

VNIMVYK InvVmp3kk,S

1y 32, m X[l < S (Wl nllxll + llylc elixllx)

for YyeXy,xeE.

2) Ext*'(E',X)=0 <& (E',X)e(G):
VNv IMpuVKkInVmIkS

Iy ll3a,m %[5 < S Iyl 15 + lly o Ix11%)

for Vye Xy, x€E].

X = prOjNeN indnGN XNA,m (XN,m || : ||N,n)7 E= (E7 (” : HV)VGN)
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Power series spaces

a=(aj) /oo, r=0o0rr=o0

A(a) = {x=(g)en: Vt<r |xlle< oo}

p=1 lxlle:=)_Ixle™
j

p=00, |Ix[le :=sup|x;|e

J

Examples:

HDY) = Ao(jM9),  H(CY) = A (M), €[0,1] = Ax(log))
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Necessary condition

Let X be an ultrabornological PLS-space and « be stable.
If Ext(Y, X) = 0 then X satisfies

VNIMVYKInVm VyeXy

* * 1 *
Wl < € (77 Iolics + FIvlin ) for somed < 1 < o

v

o Y=A () = (PQ: | 3n3IkCVr>nr]

o Y=Na) = (PQ: [¥n3IkCVr>n]
o Y=A®() = (PA: | Vn3kCVr<n]

Additionally, (PA): | 371 3k C Vr<n]
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Sufficient condition

(DN)-(82)-type Splitting Theorem

Let X be a PLS-space and E a nuclear Fréchet space.

)

E e (DN), X € (
X € )

P
(PQ

} =  Ext'(E,X)=0.

=  Ext'(E,X)=0.

.
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Proof for (P$2) and (DN):

Xe(PQ): VYNIMVYKInVmInIkCVr>n

* * 1 *
VyeX: Whiam < € (7 Iliew + FIvlin).

v
Eec (DN): v Vpumn Ik D:
XU < DI )

n

X
R Ry A Y I
= = W =

*
N,n | >
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A characterization

Let X be an ultrabornological PLS-space and « be stable.
o Ext'(AL(a),X)=0 &  Xc (PQ);
o Ext!(Ay(a),X)=0 &  Xe(PQ);

o Ext'(A®'(a),X) =0 & X € (PA).

José Bonet Splitting of short exact sequences of PLS-spaces



Fréchet Schwartz spaces and their duals with P-properties

Property | Fréchet DFS-space
(PQ2) () always

(PQ) Q) always
(PA) always | dual (DN) = (A)
(PA) always | dual (DN) = (A)

(@: Yr3IuVe36C: [-ln<cl- 10012
(@: Yv3uVeo3C: || In <l X
ON): 3w Vu3Ir6C: |-l <Cl- L0l
(ON): 3wV, 3 C: -l <Cl- 1711

e H(U) € (DN) for connected Stein mnf. U

e H(U) € (DN) for U with strong Liouville prop.

e H(U) € (Q) for all Stein manifold U

o Aw € (DN) , Ao € (DN) , A, € () and & (Q)
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Spaces with P-properties

@ w non-quasianalytic:

72'(), 2,,(Q) € (PQ)+(PA),

&1y (Q) € (PQ)+(PA) and ¢ (PA);

@ w quasianalytic, Q convex: B
&3(Q) € (PA) and for w subadditive &,,3(Q2) € (PQ);

o /(Q) € (PQ)+(PA) and & (PA);
o ker T, € (PQ)+(PA), if Ty : Z,,(R) — Z,(R) surjective;

o ker T, € (PQ)+(PA), if T, surjective and
U & g{w}(R) — g{w}(R) or T, : 5{w}(] - 11 — g{w}(] —1,1].
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Theorem (Vogt)

Let E be an FN-space.

Ext!(E,/(Q) )=0 <«= E € (DN)

Ext'(E,/(Q))=0 <+ Eec(Q)
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Applications to parameter dependence

Linear P.D.O. with constant coefficients:
P(D): 2'(Q) — 2'(Q)
fr € 2'(Q) depends on A € U holomorphically, smoothly,...

Does there exist uy € 2'(2) depending on A € U holomorphically,

smootbhly,...:
P(D)U)\:f)\, VA e U?

Are the following operators surjective?
P(D) : H(U,2'(Q) — H(U,2'(Q))
PD)®id : Z'(Q&.HU)— 2'(Q)&-H(U)
P(D) : 2'(Q,H(U)) — 2'(Q,H(U))

v

H(U, 7'(Q)) = 2'(Q&-H(U) ~ 2'(Q, H(V)) |
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A functional analytic approach

H(U, 2'(Q)) < H(U)&:2'(Q) = L(H(U)', 2'(Q))
H(U,2'(R)) 3 u —— T € L(H(U), 2'())
T(6y) := u(\), P(D)(T):=P(D)oT

0 — ker PD) — 2/ 22 o 0
1T
H(U)'

The map
P(D) : L(H(V),27'(Q)) — L(H(U),2'())

is surjective if and only if every T lifts.
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Theorem

Let E be a Fréchet Schwartz space and R : 2'(Q) — 2'(Q2) be surjective.
Reideg : 2 (Q®.E — 2'(Q)&.E ~Z'(QE)
Reideg : 2/(DB.E — 2'(Q&.E ~2'(Q,E)

Then
Ext'(E,ker R)=0 <« R®id g is surjective,

Ext'(E',ker R)=0 = R®id g is surjective
If additionally E €(2) then

Ext!(E’,ker R)=0 < R®id g is surjective.

Examples of spaces with (Q): H(U), C>(U), .7, A.(«).
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Examples

P(D): H(C,2'(Q) — H(C,2'(Q))

A

P(D)®id : 2'(Q&.H(C) — 2'(Q)&H(C)

W
For Q convex the map
P(D)®id : 2'(Q)&.H(C) — 2'(Q)&H(C)
is surjective. )
Ext'(H(C) ,ker P(D)) =0 = ker P(D) € (PA) J
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P(D): 2'(Q2, 2'(R)) — 2'(Q, Z'(R))
2'(Q, 7'(R)) ~ 2'(Q x R)

If Q is convex then P(D) is surjective.

.

P(D)®id : 2'(Q)&.s — 2'(Q)&.s’ is onto.
Ext'(s,ker P(D)) =0 = ker P(D) € (PQ)

\,

Corollary

If Q convex then ker P(D) C 2'(2) has (PA) and (PX), i.e., it has dual
interpolation estimate for small 6:

YVNIMVYK InVmbO<6 Ik CVyeX:

x 0

N,n .

e A generalization of the result known for hypoelliptic operators and due to
Petsche, Vogt and Wiechert.
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The Main Consequence:

If Q is convex then the following operators are surjective:
(a) P(D): H(U,2'(Q)) — H(U, 2'(Q2)) for every Stein manifold U.

(b) P(D): C>(U,2'(Q)) — C>(U, 2'(Q)) for every smooth
manifold U.

(c) P(D): 2'(Q,E) — 2'(Q, E) for every FN space E € (Q)
(for instance, E ~ H(U), C*(U), ., A (c)).

(d) P(D): 2'(Q,E") — 2'(Q, E’) for every FN space E € (DN)
(for instance, E' ~ ., H({0}), A\ (), 2'(V)).

Vogt: For elliptic P(D) the converse to (d) holds! No surjectivity:

P(D) elliptic, E = H(D9) or Ag(cx)"!
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Main Theorem Again:

Let X be an ultrabornological PLS-space and E be a nuclear Fréchet
space then:
1) EXX*'(E,X) =0 < (E,X)€(H):

YVNIMYK InvVmpu3krkS

Iy 13a,m X[l < S (Ml nllxll + lly 1 elix]lx)

for YyeXy,x€eE.
2) Ext}(E',X)=0 < (E',X)e(G):
VNv IMpuVK,kInVmIkS

Iy ll3a,m %15 < S Iyl 115 + lly o Ix11%)

for Vye Xy, x€E].

X = projyen indnen Xn,n,  (Xnpn, |- [Inn), E = (E, (Il [[v)ven)
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Sketch of the proof of Main Thm.

Reduction to Proj' = 0 case 1):

Let W = projyeny Wi Fundamental resolution of the spectrum #:

0 — W — HWNL T wa
NeN NeN

Y ((wn)nen) = (/,\I\,I+1WN+1 = WN)NGN

Proj'! # =0 <« X is surjective. J

0— X — JlyenXn AN [IyenXn —0
Tid TS 1T

0— X -4 Yy LN E —0

Y is surjective for spectrum (L(E, Xy)) iff every T lifts with respect to a. |

Ext'(E,X)=0 & Proj' (L(E,Xn))yey =0 J




Sketch of the proof of Main Thm.

Reduction to Proj' = 0 case 2):

Extl(E’, X) = 0 < for arbitrary complete LFS-space Y every short exact
sequence splits:

(S R . 0.

00— E — HNeNEN AN HNeNEN — 0

1id ) TT
0— E y - X  —0
V.
Ext'(E',X)=0 < Proj' (L(X/, En))yen =0 J

Lemma (Vogt):

Proj' (L(X', En))en == Proi* (L(Xy: En))yen
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Ext'(E,X) =0 & Proj' (L(E, Xn))yen =0
Ext'(E',X)=0 & Proj' (L(Xy, En))yey =0

Theorem (Braun-Vogt, Frerick-Wengenroth, Langenbruch)

Let W = projyen indnen Wi, be a projective limit of LB-spaces, By,
the unit ball in Wy ,, then:

VNIMVYK InVme>03kS < oo
BM,mQSBK,k'i‘EBN,n
= Proj! W=0=
YVNIMYK InVmIkS<o
BM,mgs(BK,k+BN,n)'
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Modifications of (G) and (H) to (G.) and (H.)

E quasinormable:

Vv 3u Vke>03IDVxeFE

Xl < e lixIlZ + D lIxli%

X ultrabornological:

YVNIMYKInVYme>03kCVyecX,

IYIim < e lylinn + C llylli
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PLS-type power series spaces

a=(a)>0, B=(8)>0, «aj+p —
rN/ra Sn/S

Ar,s(aaﬂ) = {X : V N EI n ||X||N7" < OO}

X[, := sup [x()] exp (rnayj — snf3))
J

Examples:
T, : X — X surjective convolution operator, (z;) zeros of fi,
aj = [Imz], fj = w(z) then:

o if X = Z'(R) then ker T, ~ Ay oo(av, B);
o if X = &3 (R) then ker T, ~ As o, 8) ~ Aoo(7) ® No(0);
o if X = &y(] — 1,1]) then ker T, >~ Ag (e, 3) =~ Ao(7) & Ay(9).
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P-properties of PLS-type power series spaces

o A s(a,8) € (PA) < 5= 00 or Fréchet;

o A s(a,B) € (PQ) or (PA) < 5= 00 or FréchetxLS-space;

o A, s(a,8) € (PQ) <&  LS-space.
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Open problems

1. Main Theorem with a nuclearity assumption for X only.
2. (PQ) for ker P(D) if
P(D): 9(y(Q) — Z(,)(2), Q non-convex,

or, equivalently, show that Q x R is P-convex for singular support if
Q is P-convex for singular support.

3. The same problem for (PA) instead of (P%).

4. Does ker P(D) € (PQ) +(PA) imply that P(D) on & has a right
continuous linear inverse?

5. The same problem for P(D) on %, and ker P(D) € (PQ) + (PA).
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