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Weight function

A function w : R — [0, 0o is called a weight function if it is continuous,

even, increasing on [0, oo], satisfies w(0) = 0, and also the following
conditions:

() There exists K > 1 such that w(2t) < Kw(t) + K for all t > 0.
(8) w(t) = o(t) as t tends to infinity.

(7) log(t) = o(w(t)) as t tends to infinity.

(0) ¢ :t+— w(e’) is convex on [0, col.

quasianalytic weight function

Q) /1 ‘*’t(t) dt —

Otherwise it is called non-quasianalytic.

e radial extension of w : & : C" — [0,00[, @(2) := w(]z]).

Example. The function w(t) := |t|(log(e + |t]))~*,a > 0 is a weight
function which is quasianalytic if and only if 0 < a < 1.
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The Spaces.

Let w be a given weight function, let K be a compact and G be an open
subset of RV.

w-ultradifferentiable functions of Beurling type on G

Ew)(G) ={f € C*(G) : for each K C G compact and m € N

e
Pk, m(f) := sup sup |f(°‘)(x)|exp (—m<p (||)> < oo}
xeK aeNy et

©*(x) :==sup{xy —p(y) : y >0}, x>0.

® £)(G) is a Fréchet space if we endow it with the locally convex
topology given by the semi-norms pg m.

Ewy(K) = {f € C®(K) : px,m(f) <00 ¥ meN}. J
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The Convolution Operators

For u € Ey(R)', 1 # 0, and ¢ € £,)(R) we define

fi(e) == u(@),  @(x) = p(—x), x €R.

The convolution operator

TM . 5(w)(R) — g(w)(R)
fo o~ Tu(f) = ixf,
(A f)(x) = p(f(x =), xeR

It is a well-defined, linear, continuous operator.

Problem
When does operator T,, admit a continuous linear right inverse?
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Non quasianalytic classes

The problem was solved by Meise and Vogt in 1987

@ Their proof used non quasianalyticity in an essential way.

@ However, the basic tool here and in their paper is the Fourier
Laplace transform

F(u)(2) = 0(2) := ue(e77>?),
F 1 Ew)(R) — A is a linear topological isomorphism.

® Moreover, F o T = Mp o F for each u € £,)(R)". here M is the
multiplication operator.

Awy={f€H(C): IneN: [[f|,:= iggh‘(z)\ exp(—n(] Im z|+w(z))) < oo}
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Surjective convolution operators

Theorem 1. (Momm, 1992)

For each weight function w the following conditions are equivalent for
e E'W)(R), w0
(1) Tu:Ewy(R) — Euy(R) is surjective.

(2) The principal ideal 1A is closed in A(,).

(3) fiis (w)-slowly decreasing in the sense of Ehrenpreis, i.e., there
exist k > 0, xg > 0, such that for each x € R with |x| > xq there
exists t € R with |t — x| < kw(x) such that

()| = exp(—kw(t)).

(4) fiis (w)-slowly decreasing, i.e., there exists C > 0 such that for
each x € R, |x| > C there exists exists £ € C such that

[x =& < Cw(x) and [A(£)] > exp(—C[ImE]| — Cw(¢))-
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Necessary condition for the existence of right inverse

Proposition 2.

Let w be a weight function which satisfies (1) and let pu € &, (R) be
given. If the convolution operator

Tll« o g(w)(R) — g(w)(R)

admits a continuous linear right inverse then the following two conditions
are satisfied:

(a) fuis (w)-slowly decreasing.
(b) There exists C > 0 such that

[Tma| < C(1 +w(a)), a€C, ji(a) =0.
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A weight function w satisfies the condition (aq) if

i w(At) -
su Imsup —— oQ.
)\Zpl t~>oop )\Ld(t)

This condition was introduced by Petzsche and Vogt in 1984.

3¢ > 0 such that for each W > 1there exists G > 0

(1) o such that
‘1

w(Wt+ W) < WGw(t)+ G, t > 0.
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Idea of the proof of Proposition 2.

@ The surjectivity of T, follows trivially. Assume that condition (b)
does not hold.

@ We can choose a sequence (a;)jcn of complex numbers, such that
fi(aj) = 0 and a weight function ¢ with w = o(c), which also
satisfies the condition (), with o(a;) = O(]Im aj|) as j — oo, and

such that -
z
F(z):= 1-—), zeC,
@ =10~ -

is an entire function with

sup |F(z)| exp(—noo(z)) < oo
zeC

for some n and some weight oo = o(w).
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@ Moreover, My : A(,) — A(w) has closed range, and there is g € A
such that i = gF.

@ Since T, admits a continuous linear right inverse, M; has a
continuous linear left inverse L;. This implies that MF has this
property too, since

LM Mr(h) = Ly (8Fh) = Ly(jih) = h.

@ To continue, we denote by A(,) the space of all the entire functions
g satisfying that there is n such that for each m we have

1
sup |g(z)| exp(—n|Im z| — —0o(z)) < 0.
zeC m

Observe that A,y C A,y
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o Define g : H(C) — CN, o(f) := (f(a;))jen- By the properties of the
sequence (a;); and results due to Meise in 1985 and 1989, we have
the diagram

0— Aw) 25 Ay 25 E—0
N N
0— Ay 5 Ay 24 G — 0,

where 01 and g, are the restrictions of g, and E and G are sequence
spaces, which coincide algebraically and topologically with the power
series space A ((|Im aj|)jen)’ and are isomorphic to the
corresponding quotients.
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@ Since p; admits a continuous linear right inverse, so does p5.

@ Therefore Ao ((|Im aj|)jen)’ is isomorphic to a complemented
subspace of Ay, hence Ao ((|Im a;|);en) is isomorphic to a
quotient of the space £(,}(R) = Af{g} of Roumieu type.

@ By a result of Vogt 2002 (see also Bonet, Domanski 2006), this
cannot be the case if condition (ay) holds. This contradiction
completes the proof.

For w(t) = t we get &)(R) = H(C). Meise and Taylor proved that
each convolution operator on H(C) admits a continuous linear right

inverse. This is the reason why we assume w(t) = o(t) as t tends to
infinity.
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Sufficient condition for the existence of right inverse

To prove a partial converse of Proposition 2 we need the following
condition on the weight.

(DN)-weight function

For each C > 1 there exist Ry > 0 and 0 < § < 1 such that for
each R > Ry

w Y (CR)WL(GR) < (wY(R))? .

o (DN)-weight functions were introduced by Meise and Taylor in

1987.
@ It is equivalent to the property (DN) of Vogt for the Fréchet space
Al
A, ={f € H(C) | 3n e N : sup|f(z)|exp(—nw(z)) < oo} J
zeC
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Let w be a weight function for which there exists A > 0 such that
2w(t) <w(At)+ A, t > 0.

Then w is a (DN)-weight function.

@ The following functions are quasianalytic (DN)-weight functions
which also satisfy (a1):

. |t]
(1) w(t):= (logle + TE))"" 0<a<l
t]

(2) w(t) = (log(e + log(e + |t])))"
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Proposition 3
Let w be a (DN)-weight function. Then for 1 € £, (R) the convolution

operator
Ty Ew)(R) = Ewy(R)

admits a continuous linear right inverse if the following conditions hold.

(a) fuis (w)-slowly decreasing.

(b) There exists C > 0 such that

[Im a| < C(1 +w(a)), a€C, ji(a) =0.
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Idea of the Proof of Proposition 3.

@ By duality and the Fourier Laplace transform, it suffices to show
that the short exact sequence

0 — Ay 2 Ay —2 Ay /Ay — 0

splits.
@ It is no restriction to assume that /i has infinitely many zeros. In this

case, Meise proved in 1985 that the quotient A)/1A ) is
isomorphic to a sequence space A.
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@ In fact, after guessing what A is, one defines a linear map
&1 Ay — A with ker(®) = 1A«).

@ Several steps are needed to show that ® is surjective. All but one
can be done in a continuous linear way.

@ Since w is a (DN)-weight function, we can use a result due to
Meise and Taylor on the splitting of certain d-complex, and show
that ®, and hence g, admits a continuous linear right inverse.
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We restrict the attention now to (w)-ultradifferential operators, and we
see that the situation changes.

Proposition 4

Let w be a (DN)-weight function. Assume that for pu € &, (R) its

Fourier-Laplace transform (i is (w)-slowly decreasing and satisfies
|2(z)] < Cexp(Cw(z)) for some C > 0 and all z € C. Then for each
a, b € R with a < b the sequence

0 — ker Tu,[a,b] — E(w)[a, b] Tu’—[a'f] S(w)[a, b] —0

is exact and splits.

RENEILS

| 5\

Let w be a quasianalytic (DN)-weight function, which satisfies the
condition (cy). Then there exist (w)-ultradifferential operators T, which
admit a continuous linear right inverse on &,[a, b], but which do not
admit a continuous linear right inverse on &(,,)(R).

A\
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Ingredients of the proof of Proposition 4.

(1) Ewyla, b] has (DN), since w is a (DN)-weight.
(2) ker T, [a,5] is isomorphic to a power series space of infinite type.

(3) Ty.[a,b) is surjective.

Hence the result follows from the splitting theorem of Vogt and Wagner.
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We obtain the following result which is due in the real analytic case to
Langenbruch 1994 and to Domanski and Vogt 2001.

Theorem 5.

Let w be a quasianalytic (DN)-weight function which satisfies the
condition (a1). Assume that for 1 € £ (R) its Fourier-Laplace
transform /1 is (w)-slowly decreasing and satisfies

[i(2)] < Cexp(Cuw(2))

for some C > 0 and all z € C. Then the following assertions are
equivalent:

(1) Tu:&uw)(R) — &)(R) admits a continuous linear right inverse.

(2) There exists C > 0 such that |Im a] < C(w(a) + 1) for each
ae V(n).

(3) For each/some a, b € R with a < b and each f € ker T, [, there
exists g € ker T, such that f = g|[, ).
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Convolution operators on quasianalytic classes of Roumieu type

Let w be a given weight function. For a compact subset K of RV and
meN

1
7l = sup sup |1 ) exp (" (i)

xeK aENl’)"

For an open set G in RV,

w-ultradifferentiable functions of Roumieu type on G

Ery(G)={f € C™(G): VK CGcompact 3me N ||f[[x,m < 0o}
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The Fourier Laplace transform F defines a linear topological isomorphism
between &, (RV) and the (LF)-space

. . 1
Aroy i= indkA(K), where A(K) := proj,A(K, ;), J

and

A(K, ) = {F € H(CY) : sup [F(2)] exp(~K|Im 7| - ~(le)) < oo},

@ The convolution operators T, 11 € g} (RV) are defined in a
similar way as in the Beurling case.
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o F € Aq.y is called {w}-slowly decreasing, if for each m € N there
exists R > 0 such that for each x € RN with |x| > R there exists
¢ € CN satisfying |x — £] < w(x)/m such that

[F(E)] = exp(—w(&)/m).

Proposition 6.

Let w be a weight function and let F € Ay, be given. Then the
following assertions are equivalent:

(a) Fis {w}-slowly decreasing.

(b) There exists a weight function o satisfying ¢ = o(w) such that
F € A() and such that F is (o)-slowly decreasing.

(c) The multiplication operator Mg : Ag,y — Aroy, Me(g) := Fg, has
closed range.

(d) M,_Tl : FA{wy — Aqwy is sequentially continuous.
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Theorem 7

Let w be a weight function and let u € 3 (R)’, 1 # 0, be given. Then
the following assertions are equivalent:
: Sl —2 () IS surjective.
1) Tu: &R Ery(R) i jecti
(2) The following two conditions are satisfied:
(a) fiis {w}-slowly decreasing.
(b) There exists § > 0 such that each limit point of the set
{|Ima|/w(a) : a € V(1), w(a) # 0} is contained in {0} U [4, oo].

@ This result for for non quasianalytic classes was proved by Braun,
Meise and Vogt in 1990.

e For quasianalytic ultradifferential operators by Meyer in 1997.

@ Our proof depends on recent results on (LF)-spaces due to Vogt
and to Wengenroth.
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Concerning the existence of continuous linear right inverses, we only
know a necessary condition. A full characterization in the non
quasianalytic case was obtained by Meise and Vogt in 1987.

Proposition 8

Let w be a quasianalytic weight function which satisfies the condition
(a1) and let € &7 1 (R), o # 0 be given. If T, : Er3(R) — £y (R)
admits a continuous hnear right inverse, then the following assertions
hold:

(a) Ty is surjective and

, | Im a|
b) | =
() laTl\Tm w(a)
a|—oo
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