ON THE THEOREM OF BOREL FOR QUASIANALYTIC CLASSES

JOSE BONET AND REINHOLD MEISE

Dedicated to the memory of our friend Klaus D. Bierstedt

ABSTRACT. We investigate the surjectivity of the Borel map in the quasianalytic setting for
classes of ultradifferentiable functions defined in terms of the growth of the Fourier-Laplace
transform. We deal with both the Roumieu £(,, and the Beurling £ classes for a weight
function w. In particular, we show that a classical result of Carleman for the quasianalytic
classes £¢pr,} also holds for the classes defined using weights. We also characterize when the
space of quasianalytic germs at the origin coincides with the space of real analytic germs at the
origin.

1. Introduction. Classes of ultradifferentiable functions on R™ are usually defined by imposing
conditions on the derivatives of the functions. See e.g. Komatsu [8] for the definition of the
classes & Mp}(R") and & Mp)(R”) of Roumieu and Beurling type respectively associated with
a sequence of positive numbers (M,),. Continuing the classical work of Borel, many authors
have investigated conditions on the sequence (Mp), and on a sequence (aq)acny to ensure the

existence of a function f in the class associated with (M,), such that f(®)(0) = a, for each
a € Njj. See Meise and Taylor [9] and Petzsche [11] and the references therein. A class of
ultradifferentiable functions is called quasianalytic if the Borel map B(f) := (f(® (0))aeny is
injective. A classical theorem of Carleman shows the non-surjectivity of the Borel map in the
quasianalytic non real analytic case. A simplified, comprehensive proof of Carleman’s result is
presented by Thilliez [14] Theorem 3.

In this paper we investigate the Borel map for quasianalytic classes £,y and &, for a weight
function w defined in terms of the growth of the Fourier-Laplace transform, like in the work
of Beurling and Bjorck. We work in the context of ultradifferentiable functions as defined by
Braun, Meise and Taylor [4]. A precise comparison of the two ways to define ultradifferentiable
classes was given by Bonet, Meise and Melikhov in [3]. Borel’s theorem for non quasianalytic
classes of Beurling type () was investigated by Meise and Taylor [9] and for non quasianalytic
classes of Roumieu type by Bonet, Meise and Taylor in [1]. This research was continued in
[2], where the investigation of the range of the Borel map, when it is not surjective, required
quasianalytic classes. In our main result Theorem 14 we characterize those weights w such that
the Borel map is surjective on germs of quasianalytic functions of Roumieu type &gy 0(n) onto
the natural sequence space Ag,y(n). This is a version of Carleman’s theorem in the context of
classes defined using weights, that permits us to conclude in Corollary 16 that the Borel map
is never surjective on the space £,1(£2). This result shows that the statement of Chung and
Kim [5] Theorem 3.2 is not correct. As a main step in the proof of Theorem 14, we characterize
the quasianalytic weight functions w such that the space of real analytic germs Op(n) is strictly
contained in the space of quasianalytic germs &, o(n) at the origin. Our proofs are completely
different from those of Thilliez [14]. We use the Fourier-Laplace transform to work on weighted
spaces of entire functions and apply functional analytic methods together with a theorem of
Hormander (Theorem 12 about the existence of entire functions with prescribed growth). The
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corresponding results for germs of quasianalytic functions of Beurling type are presented in
Proposition 18 and Theorem 19.

We refer the reader to Meise, Vogt [10] for undefined terminology on functional analysis, to
Hormander [6] for complex analysis and to Braun, Meise and Taylor [4] and Komatsu [8] for
ultradifferentiable functions.

2. Definition. A function w : [0,00[— [0,00] is called a weight function if it is continuous,
increasing, and satisfies w(0) = 0 and the following conditions

(o) There exists K > 1 such that w(2t) < Kw(t)+ K, t > 0.

(B) w(t) = O(t) as t tends to infinity

(7) log(t) = o(w(t)) as t tends to infinity

(8) ¢ :t— w(el) is convex on [0, o0

If the weight function w satisfies
< w(t
(Q) / t(2 ) dt =
1

then it will be called a quasianalytic weight function. Otherwise it is called non-quasianalytic.
The function @ : C" — [0, 00|, ©(2) := w(|z]) will also be denoted by w.

The Young conjugate of ¢ = ¢, defined in (¢), is given by
¢*(x) == sup{zy — ¢(y) : y >0}, z>0.
3. Example. The following functions are easily seen to be quasianalytic weight functions:
(1) o(t) =t
(2) w(t) :=t(logle+1t) % 0<a<l
(3) w(t) := t(log(e + log(e +1)))~7, B > 0.

4. Definition. For an open set €2 in R" and for a weight function w we define:
(a) Ery () == {f € C(2): For each K C (2 compact there exists m € N:

1
1 £1l7¢.m = sup sup | (@)]exp(——p*(m|al)) < oo}
zeK aeNy m
and we endow it with the usual projective topology over K of the inductive topology over m.
The elements of £, (2) will be called {w}-ultradifferentiable functions of Roumieu type on (2.
(b) £w)(Q) :={f € C(Q): For each K C Q compact and each m € N:

Pr.m(f) := sup sup \f(o‘)(x)\ exp(—mgp*(g)) < oo}

z€K aeNy
and we endow it with its natural Fréchet space topology. The elements of &£, (€2) are called
(w)-ultradifferentiable functions of Beurling type on €.
A weight w is quasianalytic if and only if a function f in any of the classes £,,3(€2) or £,)(£2)
is identically 0 as soon as the sequence of all the derivatives at a point in w vanishes.

Remark. Note that for o(t) = t we get for each open set (2 in R" that £, () is just the space of
all real-analytic functions on {2 which usually is denoted by A(£2). Moreover, £,(Q2) = H(C")
for each open set €2, via the restriction of the entire functions to Q.

5. Definition. For a weight function w we define:
(a) The spaces of germs of the w-ultradifferentiable functions at 0 € R™ by

. w1 . w1
S{w}jo(n) = IIld]CH g{w}(B (0, %)) and E(wm(n) = 1ndkH S(W)(B (0, %)),
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where B(a,r) :={zx € R": |z —a| <r}.
(b) The sequence spaces
n . 1 *
Ay (n) == {(aa)aeny € CNo : There exists m € N : |||, := :élé) ]aa\exp(—ago (m]al)) < oo}
0
and

Ay (n) = {(aa)aeny € CN6 : For eachm € N : p,(a) := sup |ag] exp(—mgp*(k:;|
a€eNp

) < oo}
Obviously Ay, (n) is an (LB)-space, while A,,)(n) is a Fréchet space for each n € N.
(c) For w(t) :=t, we write Og(n) instead of £,y 0(n).
6. Remark. For each weight function w and ¢ := ¢, the following assertions hold:
(a) For each m € N there exist K € N, k& > m, and C' > 0 such that for each j € N:

exp(—mp* (1)) < Ce ™ exp(—kp*(1))-
(b) For each p € N there exist ¢ € N, ¢ > p, and C > 0 such that for each j € N:

exp(5¢*(pj)) < Ce™ exp(59*(4h))-
To prove this, note first that from condition 2 («) we get the existence of A € N such that
w(t) < Aw(t/e) for all large ¢ > 0. This implies p(z) < Ap(x — 1) for all large x > 0 and
consequently
(1) 0" (y) >y + Ap*(y/A) for all large y > 0.
To prove (a), fix m € N and let k := Am. From (1) we get for large j € N
w , wd
Iy > kot (2
me* () 2 J+ ke (1),
which implies (a).
To prove (b) let p € N be given and let ¢ := Ap. Then we get from (1) that for large j we have

1, . N

¢ (q7) =23+ —¢ (P7)s

) ¢ (Pd)
which implies (b).

7. Lemma. For each weight function w and each n € N the following holds:

(a) Awy(n) is a nuclear Fréchet space and its dual can be identified with

’(w)(n) ={y e CNo . There existsk € N: |jy||x := Z \ya\exp(kcp*(’z)) < oo}
aeNg
under the bilinear form (y,z) := EaeNg TalYa-
(b) Agy(n) is a (DFN)-space and as in (a) its dual is given by

A’{w}(n) ={yeCYo: For eachk e N: p(y) := Z Vel exp(%gp (kla])) < o0}

aeNg

Proof. (a) In the notation of Meise and Vogt [10], §27, we have A(,)(n) = A°>°(4), where the

Kothe matrix A = (@a k)aens keN is given by aq k1= exp(—k:gp*(‘%')). From 6.(a) we know that

for each m € N there exist k € N and C > 0 such that

Z Qa,m <C Z e*“ﬂ:Ci i eal-"eanzc(iej)n<oo‘

a
aeNg Cok aeNg a1=0 =0 =0

By [10], Proposition 28.16, this implies that A>(A) is a nuclear Fréchet space. From this and
[10], Proposition 27.13, it follows that A’(w) (n) has the given form and that the strong topology
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of A’(w) (n) is given by the corresponding inductive limit topology.
(b) If we define the Kothe matrix B := (ba,k)aeNg,keN by bak = exp(%g@*(k\a\)) then it follows

from 6.(b) as in part (a) that A\}(B) is a nuclear Fréchet space and hence reflexive. From [10],
Proposition 27.13, it follows that A'(B)" = Ay, (n). Since \'(B) is reflexive, this proves (b). [

Next we introduce several weighted spaces of entire functions, where we denote the space of
all entire functions on C" by H(C").

8. Definition. Let w be a weight function and 2 C R™ a convex open set.

(a) For a compact subset K of () its support functional h is defined as hy () := supye g (7, ).
(b) Agy(2) :={f € H(C"): There exists K C {2 compact such that

| fll&m = sup |f(z)| exp(—hk(Imz) — %w(z)) < oo for each m € N}.
zeCn

(c) Agy(n) :=={f € H(C") : || fll{oy,m < oc for each m € N}.

(d) Agyo(n):={f € H(C"): For each m € N:

[fllm := sup [f(z )lexp(—%(IImZI +w(2))) < oo}

zeCn

(e) Aw)(Q):={f € H(C"): There exist K C  compact and m € N:
arm(f) = sup £ (2)| exp(=hr (Im 2) — mw(z)) < oo}

(f) Awy(n) :=={f € H(C"): There exists m € N : (o}, (f) < 0o}
(8) Awyo(n) :={f € H(C"): For each m € N there exists k € N:

(1) = 5up ()] exp( [T ] — () < o).

If we endow the spaces in Definition 8 with their natural topology, then the following can be
checked by standard arguments: Ay, (Q) is an (LF)-space, Ag,1(n) and Ay, o(n) are Fréchet
spaces, A(,)(§2) and A, (n) are (LB)-spaces, and A, (n) is a projective limit of (LB)-spaces.

Notation. If we use the index * in a statement, this means that the statement is valid if at all
places * is replaced by either (w) or by {w}. Using this notation we recall the following result
from Heinrich and Meise [7], Theorem 3.6 and 3.7, where the Roumieu case was proved already
in Rosner [12], Theorem 2.19.

9. Theorem. For each weight function w and each convex open set § in R™ the Fourier-Laplace
transform
FEUQ) — AdQ), Flu) : 2 {1z exp(—ifz, ), = € C"

s a linear topological isomorphism.

10. Corollary. For each quasianalytic weight function w and each n € N the Fourier-Laplace
transform
Fi Eoln) = Ap(n), F(u): 2= (e, exp(—i(z, 2))), z € C",

s a linear topological isomorphism.

Proof. Since w is quasianalytic, the inductive topology of &, o(n) is Hausdorff. Hence &gy 0(n)
is an (LB)-space, while £, o(n) is an (LF)-space.

To prove the assertion in the case Siw}’o(n), note first that by Theorem 9 for each k € N the
Fourier-Laplace transform

Fit €y (B0, 7)) — Ay (BO, 1)
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is a linear topological isomorphism. Hence the induced map

1

1)) = proj._; Ay (BO, 1)

is a linear topological isomorphism, too. Obviously, a fundamental system for the continu-
ous semi-norms on proj._ Ay (B(0, 1)) is given by (| - | B(0,¢),m)e>0,men. Since the system
(Il - llm)men is cofinal in this system, we get that proj_j Ay (B(0, 1) = Aguro(n).

On the other hand it is easy to check that the inductive spectrum (Ey,, jm.p)men of Banach
spaces, where

F pr0j<—k‘ ggw}(B(()?

Epi= {f € OXBOm): onlf) = swp |f ()| exp(—*(mlal)) < o}
z€B(0,1/m)

and where j,, , : E,, — E, denotes the restriction map, is equivalent to the inductive spectrum
(Eqwy» (B(O, 2)))ken. Hence Eqwyo(n) is a (DFS)-space and

1
/ . . ;o . , 1
5{w}70(n) = Projem Em = PIO)—g g{w}(B(Ov k))7

which proves the assertion in the case Sflw}p(n).

For the case Séw)’o(n) the proof can be given similarly, again using Theorem 9 in the steps. [

11. Proposition. For each weight function w and each n € N the map
T: N(n) = Au(n), T(y) = 3 (~0)lya?, z€C",
aeNg

is a linear topological isomorphism.

Proof. To show that T' is well-defined on A’(w)(n), note that by Lemma 7 (a) we have

’(w)(n) = {y € CNo : There exists k € N: ||yl := Z [V exp(k:gp*(k;d)) < 00}
a€eNg

Now fix y € Aéw) (n) and choose m € N such that ||y||, < co. Then we get

q101.m(T(y)) = Zseucrgll > (=) oz exp(—muw(z))

a€eNg
< > [yal exp(sup (Jaflog 2] — mw(2)))
aeNg 2zeCN
|af
< O%;g Yol exp(m(gg(gé —2(9))))
< 3l esplme (D) = .

aeNg

Hence T'(y) is in A(,y(n). Moreover, this estimate shows that the map T is continuous. Since
T is obviously injective, it remains to show that 7" is surjective. To prove this, let f € A, (n)
be given. Then there exists m € N such that Q{o},m( f) < oo. Next we consider the Taylor
expansion of f,

f(z) = Z fa2®,

aeNg
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where

= (52) [ - fcanﬂ a6y - de

for any number r > 0. Since w satisfies condition 2 («), we can choose p € N and ¢ > 0 such
that w(y/nt) < pw(t) + c. Using this we can estimate f, for r > 1 as follows:

‘fa| = 1 exp( (reitv s 7706it))‘]{0},m(f)

< Q{O},m(f) exp(—|allog r + mw(v/nr))
< q{o},m(f)e™ exp(—|a|logr + mpw(r)).

Since this estimate holds for each r > 1, we can take the infimum over r > 1 and get
|[fal < €™qpoy,m(f) exp(—mpp™(-—

)
Hence (fa)aeny is in A'(w) (n) and consequently y := ((—i)*|°‘|fa)aeN3 is also in A’(w) (n). Since

o

T(y) = f, we proved that T is surjective. Moreover, the estimates above prove also the continuity
of 771,

Using Lemma 7 (b) and also a slight variation of the arguments above it follows that the assertion
of the Proposition also holds for « = {w}. O

In the sequel we will use the following Proposition that follows from Hoérmander [6], Theo-
rem 4.4.2.

12. Proposition. For each n € N there exist C1,Cy > 0 such that for each plurisubharmonic
function u : C™ — R and each a € C" there exists f € H(C™) that satisfies
f(a) =exp( inf wu(w)—nlog(l+ |al?)) and
|lw—a|<1
[f(2)] < Crexp( sup u(w) + Calog(1 +|2[%)), z € C".
|lw—z|<1

13. Proposition. Let w be a quasianalytic weight function. Then for each n € N the space

Oo(n) is strictly contained in Ey,y0(n) if and only if liminf, @ =0.

Proof. Since w satisfies condition 2 (), there exists A > 1 such that w(t) < At+ A for all t > 0.
If liminf; oo w(t)/t > 0 then there exists B > 1 such that w(t) > Bt + B for all ¢ > 0. From
these two estimates it follows easily that for y > 0 we have

2) #L(y) < Byj(5) — B and ¢(y) < Agl () — A.

Here p4(x) = e* denotes the convex function associated to the weight o(t) = ¢. Now (2) implies
that £,1(Q2) = A(Q) for each open set & C R™. Hence we have £, 0(n) = Op(n) whenever
liminf; o w(t)/t > 0. Note that due to analytic continuation, Og(n) is equal to the space
H({0}) of all germs of holomorphic functions at the origin. Hence Op(n) is a (DFN)-space.

To prove that £, o(n) = Op(n) implies lim inf; .o, w(t)/t > 0, we argue by contradiction and
assume that €.y o(n) = Op(n) and liminf;_,o w(t)/t = 0. Then we choose a sequence (t;); € N
in ]2, oo which satisfies

1
(3) w(tj) < 3tj and tjt1 > Qtj, 7 €N.

Next note that from the second estimate in (2) we get that for each open set Q in R™ we
have A(S2) C &1 () with continuous inclusion map. This implies that Op(n) is continuously
embedded in £,y o(n). Since it is easy to derive from Corollary 10 that £, o(n) is a (DFS)-
space, the open mapping theorem implies that Og(n) = &,},0(n) as locally convex spaces. In
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particular, they have the same topological dual space. By Corollary 10 this implies that for
ot t, the spaces Ay, o(n) and A,y 0(n) are equal as Fréchet spaces. Hence the identity
map id : Afsy,0(n) — Ag)0(n) is continuous. Consequently, the following holds:

There exist p € N, p > 2, and C' > 0 such that

(4) [fllox < Clifllop-15 f € Agoro(n)-

Recall that here we use the notation

[fllo1 = sup | f(z)[ exp(=[Im 2| — w(2))

zeCn
and .
1£llop—1 = sup [ f(2)] exp(———]|z]).
zeCn pb—
Next we fix j € N and we define ¢; : R — R by

1 2t 2t
(5)  @jz)= 56337 x €] —o00,log(2t;)] and ;(z) = ?](x —log(2t;)) + ?j,x > log(2t;).

Furthermore define u; : C*\ {0} — R, u;(z) := ¢;(log|z|). Since ¢; is convex and continuous,

the continuous extension of u; to C" (also denoted by wu;) is plurisubharmonic on C". Now we
apply Proposition 12 to a; := (¢;,0,...,0) and u = u; to get f; € H(C") satisfying

fylag) = exp( inf_ uy(w) —nlog(1 + 1)

1£i(2)] < Crexp( sup wuj(w)+ Calog(l+ |2]%)), z € C"™.
jw—z|<1

(6)

Since u;(t) = t/p for 0 <t < 2t; it follows that for large j € N we have
inf{u;(w) : w —a;| <1} > (t; —1)/p.
Hence the first estimate in (6) implies the existence of jy € N such that for each j > jo:

1 log(1 +17)

7) fi(aj) = exp(L(1 = = —mp—
p tj t

To estimate the second inequality in (6) further, note that by the definition of u; we have for

z € C" with |z| <2t; — 1

)) > exp(t;/2).

z|+1 1

supfug(w) : Jw—2 <13 < HF iy L

p p

For z € C" with |z| > 2t; + 1 we get by the mean-value theorem:
2t; 2t;
sup {uj(w): |w—z[ <1} < sup {—(log|w| —log(2t;)) + —}
|lw—z|<1 lw—z|<1 P p
2;
= () + sup{=*(logfw| —log2]) : |w —2[ <1}

= uj(2) + ?](log(\Z! +1) —loglal) < wi(2) + 5 < w(2) +
Finally, for z € C" with 2¢; — 1 < |2| <2t; + 1 and |w — z| < 1, we get
2t; 2t;
uj(w) <uj(2t; +1) = @j(log(2t +1)) = ?J(log(%j +1) —log(2t5)) + ?] <

2t 2

; 2
< -+ =p(og(2t; — 1))+ = = u;(2) + =.
= ellog2t = 1)) + 2 =ui(2) +

"=



8 J. BONET AND R. MEISE
Hence we get from (6):
2
(8) [fi(2)l < Crexp(u(2) + =+ Crlog(1 + [2%)), z € C™.

From this estimate and the definition of w;, it follows that f; is in fact a polynomial. Conse-
quently, f; € Aso(n). Since u;(t) < %t for all t > 0 we get from (8) the existence of C3 > 0 such
that

1
[fi(2)| < Cre /pexp(\ZI( +Calog(1+2]%)) < Cs eXp(p_ z]), z€ C",
and hence
1 fjllo.p—1 < Cs.

Now we get from (4) and (7) that for j > max(jo, 4p)

1 w(t; t;

€0 > | filho 2 filag) exp(—wlag)) > explt;(5- — N0)) > exp( 1)

Pt 4p
Since t; tends to infinity as j tends to infinity, this inequality is a contradiction. Hence we
showed that Og(n) = Eq.y,0(n) implies lim inf; @ > 0. O

14. Theorem. Let w be a quasianalytic weight function. Then the Borel map
B: Enon) — Ay(n), B(f) == (f@ (0))aeny
is surjective if and only if liminf;_, M > 0.

Proof. Since B is linear and continuous, its adjoint B? : A’{ }( n) — g~l{w} o(n) is continuous, too.
Now note that by Corollary 10 the Fourier-Laplace transform F : 5@},0(”) — Agyro(n) is a
linear topological isomorphism, and that by Proposition 11 the map T : A’{w}(n) — Agy(n) is
a linear topological isomorphism. Hence the map F o Bt : A’{w}( n) — A,y o0(n) also has this
property. To compute it, fix ¥ = (Ya)aeny in Af{w}(n). Then we get

F o B'(y) = (B'(y)a, exp(—i(z,y,))) = (y, Bu(exp(—i = > o) = T(y).
a€eNg

This shows that FoB! = JoT, where .J denotes the obvious inclusion map Ay (n) — Agoyo(n).

If we assume now that lim inf;_,o, w(t)/t > 0 then this and condition 2 () imply the existence
of A € N such that

t<Aw(t)+ Aand w(t) < At+ A, t > 0.
From these two estimates we get for each k € N:

) () < (] +w() < 10+ A +% <Ay A(H;‘HA.

It is easy to check that these estimates imply that
Ay o(n) = Ay (n)

as Fréchet spaces. Hence B = F~'o.JoT is a linear topological isomorphism. Since the spaces
Apy(n) and &y 0(n) are reflexive, it follows that B is an isomorphism and hence surjective,
whenever lim inf;_, o, w(t)/t > 0.

To show that B is not surjective for each quasianalytic weight function that satisfies
liminf; o w(t)/t = 0, we argue by contradiction, i.e., we assume that the latter condition
holds and that B is surjective. Then the considerations above show that J = Fo Bt o T ! is a
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linear topological isomorphism. Hence A,y (n) and Ay} 0(n) are equal as Fréchet spaces.
Next we define for m € N the Banach spaces

En:={f € HC"): |fllm = sup £ (2) eXP(—%(\ Im z[ + w(2))) < oo}

and

B = {f € H(C) s Tim_ () exp(—-(| Tm 2| +(2))) = 0} € B
Then Ag,y0(n) = proj_p, E? and the projective spectrum is reduced, i.e., Aguyo(n) is dense
in E9 for each m € N. To get this, we note first that for each m € N the function ¢(2) :=
L (|Im z|+w(z)) satisfies the conditions (i)-(v) in Taylor [13], section 3. Since w is quasianalytic,
¢ also satisfies condition (3.4) in [13]. Hence [13], Theorem 6, implies that the polynomials are
dense in EY,. Of course, this shows that Agsro(n) is dense in E?. From this fact and the
identity Ag.y(n) = A,y 0(n), we get in particular the existence of m € N and C' > 0 such that

(10) sup |£(2)le® = || fljo31 < Cllfllm = sup !f(z)|eXP(—i(|ImZ| +w(z)))
zeCn 2eCn m

holds for all f € A,y 0(n) and even for all f € EY . See Definition 8 (b) and 8 (c) for the
definition of [|.[[{0y,1-

To show that the estimate in (10) does not hold for all f € EO we choose K € N such that
condition 2 («) holds for K. This implies, for each a,b > 0, that w(a+b) < Kw(a)+Kw(b)+ K.
Since we assume that liminf, .. w(t)/t = 0, we can find a sequence (¢;);en in [1,00[ such that

1
(11) w(tj) < 3tj and tjt1 > Qtj, jeN.

Next we apply Proposition 12. with a; := (it;,0,...,0) and u : z — %(| Im z| + w(z)), where
p:=(K+1)(m+1) to get fj € H(C") which satisfies
fila;) = exp< inf w;j(w) —nlog(l+ ]ajIQ)),
|lw—aj|<1
(12 2
Ifi(2)] < Ch exp( sup uj(w) + Cylog(1 + |z ))
lw—2z|<1

Now note that

inf (| Imw| +w(w) > |Ima;| — 1+ %w(aj) () — 1=t + %w(tj) ~ 2+ w(1))

lw—a;|<1
and

sup |Imw|+w(w) <|Imz|+ 1+ Kw(z) + Kw(l) + K.
jw—z|<1

From these estimates and (12) we now get the existence of jo € N such that for j > jy, we have
L
K+1)(m+1)

Fi(a) > explst; = (2-+(1)) = nlog(1 +£)) = exp(h) = expl; )
(13) 5] £ Cuel IR exp(C Tms] + - w(z) + Calog(1 + )

K+1
< C3 exp( +

(1Tm 2| + (=) = Gy expl— ([T =] + (=),
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where we used condition 2 () to get the last estimate. The last estimate implies that f; is in
EY and that || f;|m < Cs for all j. From (13) and (10) we now get for j > jo
CCs > C| fjllm = 1fill{oy,1 = |fj(a;)| exp(—w(ay))
1 w(tj)

- oxn(t, )y

—eXp<](2(K+1)(m+1) t; )
However, this estimate does not hold for large j, since by (11), the sequence on the right hand
side above tends to infinity. Hence B is not surjective if the quasianalytic weight function
satisfies lim inf; o w(t)/t = 0. O

Combining Proposition 13 and Theorem 14 we get the following.

15. Corollary. Let w be a quasianalytic weight function. Then the Borel map
B: Eyo(n) — Ay(n), B(f) = (f*(a))aeny,
is surjective if and only if Eq,y,0(n) = Op(n).
Remark. Corollary 15 shows that a classical result of Carleman for the quasianalytic classes

&,y also holds if one defines the classes using weight functions w. For the statement and a
modified proof of Carleman’s result we refer to Thillez [14], Theorem 3.

16. Corollary. Let w be a quasianalytic weight function. Then for each open set ) in R™ which
contains the origin, the Borel map

B: g{w}(Q> - A{w}(n)7 B(f) = (f(a)<0))aENg
1§ not surjective.

Proof. If w satisfies liminf; oo w(t)/t = 0, this follows immediately from Theorem 14, since
1} (Q) is a subspace of E,y,0(n).

If liminf; oo w(t)/t > 0 then we showed at the beginning of the proof of Proposition 13 that
E(wy () = A(Q) for each open set Q in R™. If 0 € 2 then we choose r > 0 such that B(0,r) C (2
and we define

—1
g: B(0,r) =R, g(z) := exp(m)

We also define b € Ay,,)(n) by by = g\ (0), a € NI, and we claim that b is not in the range of
B. To see this, assume that there is f € £(,,3(?2) = A(Q) with B(f) = b. Then the uniqueness
theorem for real-analytic functions implies that f = g on the connected component of 2 which
contains B(0,r). Hence f is a real-analytic extension of g to a neighborhood of B(0,r). Since
no such extension exists, the map B : £(,3(2) — Ay} (n) is not surjective. O

17. Remark. Corollary 16 shows in particular that the Borel map
B: AR") = &R (R") — Ay (n) = Ay (n)

is not surjective. This shows that the statement of Chung and Kim [5], Theorem 3.2, is not
correct.

18. Proposition. Let w be a quasianalytic weight function. Then for each n € N the space
H(C") is strictly contained in £, o(n) if and only if liminf, . w(t)/t = 0.

Proof. If liminf; ..o w(t)/t > 0 then we showed in the proof of Proposition 13 that (2) holds.
This implies that for o : ¢+ t we have £, o(n) = £4)o(n). Since £,)() = H(C") for each
open set €2, it follows that &, o(n) = H(C").

To prove that &) 0(n) = H(C") implies lim inf; o w(t)/t > 0, we argue by contradiction and
assume that liminf; .. w(t)/t = 0. Then we choose a sequence (t;);en in |1, 00[ which satisfies
(3). Since H(C") is continuously embedded in &,(£2) and hence in £, o(n), the open mapping
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theorem implies that the topologies of H(C") = &) (n) and &, ¢(n) coincide. We apply
Corollary 10 to conclude that the spaces A(5)0(n) = A(y)(n) and A, o(n) are equal as locally
convex spaces. Hence the identity map id : A(s)(n) — Ay o(n) is continuous. This implies
that for each bounded set B in A (n), B is bounded in A, (n). In particular, for each m € N
there exist k € N and C > 0 such that for each f € A(,)(n) which satisfies |f(2)| < exp(2|z]),
z € C™, also satisfies

1
(14) |f(2)] < Cexp(—|Imz| + kw(z)), z € C".

m
We fix m = 1 and choose k and C' accordingly. Then we define ¢; : R — R by
(15)  pj(x) = €, x €] —o00,10g(2t;)] and p;(z) := 2t;(xz —log(2t;)) + 2t;, = > log(2t;).
Furthermore we define u; : C" \ {0} — R, uj(2) := ¢;(logl|z]). Since ¢; is convex and
continuous, the continuous extension of u; to C" (also denoted by u;) is plurisubharmonic on
C". Now we apply Proposition 12 to a; := (¢;,0,...,0) and u = u; to get f; € H(C") satisfying

fylaj) = exp( inf_ u(w) ~nlog(1 + 1)

|fi(z)] = Crexp( sup wu(w)+ Cslog(l+ |Z|2)), z € C".
lw—z|<1

(16)

As in the proof of Proposition 13 it follows from these estimates that there exists jo € N that
for each j > jo we have

fy(as) 2 exp(t(1 = (14 mlog(1 +1,)))) = exp(;/2),

F5()] < Cr explus(z) +2 + Calog(1 + |2)), = € C"

Since pj(x) < @o(x) for all z € R, it follows from (17) that there exists C3 > 0 such that
1f;(z)] < Csexp(2]z]), z € C".

Now our assumption implies that from (14) and (17) we get for each j > jo

(17)

k .
CxC 2 sup [f5(2)| exp(—| 2] — Ko(a)) 2 fa5)exp(—hw(t) = explty — 2
zeCn J

Since we assumed that lim;_ w(t;)/t; = 0 and since the sequence (t;);jen tends to infinity, this
estimate cannot hold for large 5 € N. This contradiction completes the proof of the Proposition.
O

19. Theorem. Let w be a quasianalytic weight function. Then the Borel map

B: Euyo(n) = Awy(n), B(f) = (£(0))aern
is surjective if and only if liminf;_, . w(t)/t > 0.

Proof. Since B is linear and continuous, its adjoint B* : A7 (n) — g(lw),o(”) is continuous, too.

By Corollary 10 the Fourier-Laplace transform F : Eéw) o(n) = A7, ,(n) is a linear topological

(w),0
isomorphism and by Proposition 11 the map T : A’(w) (n) — A(n) has the same property.
Consequently, F o B! : A’(w) (n) — A,0(n) is a linear topological isomorphism. As in the proof
of Theorem 14. we get that Fo B* = JoT, where J : A(,)(n) < A, 0(n) denotes the inclusion
map.

If we assume that liminf; ., w(t)/t > 0 then it follows again that the estimates (9) hold. It
is easy to check that they imply

Ay o(n) = Aey(n).
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Hence B! = F~'oJoT is a linear topological isomorphism. Since the spaces A()(n) and
E(w),0(n) are reflexive, B is an isomorphism whenever liminf; . w(t)/t > 0.

To show that B is not surjective for each quasianalytic weight function that satisfies
liminf; .o w(t)/t = 0, we argue by contradiction, i.e., we assume that the latter condition
holds and that B is surjective. Since w is quasianalytic, B is also injective. Hence the
open mapping theorem implies that B is a linear topological isomorphism. Now we apply
Gothendieck’s factorization theorem (see Meise and Vogt [10], 24.33) to get ¢ € N such that
B (A (n)) C Euy(B(0, é)) Since the quasianalyticity of w implies that for k& > ¢ the re-
striction pgr 1 &) (B(0, %)) — Ew(B(0, 1)) is injective, we get that Ewy0(n) = Ewy(B(O, %))
Moreover, if we define for m € N

Ewym(n) == {f € C>(B(0,1/m)) : For each k € N: pg (f) < oo}

and

Awym(n) ={f € H(C"): Thereisk € N: ||f||x := su(g) |f(2)] exp(—%| Imz| — kw(z)) < oo}
LeCn

then we can choose m € N, m > ¢, such that £y, o(n) = ) m(n). Then
Bt Euym(n) = Ay(n), Bm = Ble, . (n)

is a linear topological isomorphism. Next note that the proof of Meise and Taylor [9], Proposi-
tion 3.6, shows also in the present case that the Fourier-Laplace transform

Tt Eym(n) = Aym(n), F(p)lz] = (e, exp(—i(z, 2))),

is surjective. From the above it follows that F is in fact an isomorphism. As in the first part
of the proof we now get that F o B}, = J,, o T, where .J,,;, denotes the inclusion of A, (n)
in A, m(n). Hence Jy, is a linear topological isomorphism. Since A, (n) and A,),(n) are
(DFN)-spaces, it follows that each set B which is bounded in A,) ,,(n) is bounded in A,)(n).
Now choose K € N such that condition 2 («) holds for w. Then define

Bi={feAwym®): [Ifllx <1}
Since B is bounded in A,) (1), there must exist I € N such that

(18) sup sup |f(z)|exp(—lw(z)) < oo.
feB zeCn

Since we assumed that liminf; .. w(t)/t = 0, we can choose a sequence (t;);en in [1,00] that
satisfies (11). Then we apply Proposition 12 with a; = (it;,0,...,0) and u(z) := L |Imz|+w(z)
to get f; € H(C") satisfying

fy(ag) 2 exp( it _ u(w) ~nlog(1+ 1)

|fi(2)] < Crexp( sup u(w)+ Cylog(l+ |z%)).
lw—z|<1
As in the proof of Theorem 14 these estimates imply the existence of jo € N such that for j > jg
we have

(19) fitas) 2 exp( -ty — 220 L) > expty/2m)

m K
1 1
1£5(2)] < Crexp(—|Tm 2| + — + Kw(z) + Kw(1) + K + Colog(1 + |2[*))
(20) m m
< Cs exp(a| Imz|+ (K + 1)w(z)), z € C™.
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From (20) we see that the sequence (f;);en is in C3B. Hence we can apply (18), which gives
oo > sup sup | f;(2)| exp(—lw(z))

jEN zeCn
1 lw(t;
> sup | ;(a;)] expl(—lio(a) 2 sup exp(t; (51 — )y
7>jo J>jo m tj

Since the right hand side of this estimate tends to infinity as j tends to infinity, we derived a
contradiction. 0

20. Corollary. Let w be a quastanalytic weight function. Then the Borel map
B: &w)o(n) = Awy(n)
is surjective if and only if £, o(n) = H(C").
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