CHARACTERIZING FRECHET-SCHWARTZ SPACES VIA
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ABSTRACT. We characterize Kothe echelon spaces (and, more generally, those
Fréchet spaces with an unconditional basis) which are Schwartz, in terms of the
convergence of the Cesaro means of power bounded operators defined on them.
This complements similar known characterizations of reflexive and of Fréchet-
Montel spaces with a basis. Every strongly convergent sequence of continuous
linear operators on a Fréchet-Schwartz space does so in a special way. We
single out this type of “rapid convergence” for a sequence of operators and
study its relationship to the structure of the underlying space. Its relevance
for Schauder decompositions and the connection to mean ergodic operators
on Fréchet-Schwartz spaces is also investigated.

1. INTRODUCTION

A continuous linear operator T' acting in a Fréchet space X is called power
bounded (resp. mean ergodic, resp. uniformly mean ergodic) if the sequence
{T™}2°, of iterates (resp. the sequence of the Cesaro means {1 "0 | T*}>° ) is
equicontinuous (resp. convergent for the strong operator toplogy 7s, resp. conver-
gent for the uniform operator topology 7). J. von Neumann (1931) proved that
unitary operators in Hilbert spaces are mean ergodic. F. Riesz (1938) showed that
every power bounded operator in an LP-space (1 < p < 00) is mean ergodic. In
1939 E.R. Lorch extended this result to all reflexive Banach spaces. It quickly be-
came evident that there was an intimate connection between geometric properties
of the underlying Banach space X and mean ergodic operators on X. Concerning
the converse, in 1997 E.Yu.Emel’yanov showed that every Banach lattice with
the property that every power bounded operator on the space is mean ergodic is
necessarily reflexive, [13]. A major breakthrough came in 2001 when V.P. Fonf,
M. Lin and P. Wojtaszczyk, [14], established the following characterizations for
a Banach space X with a basis:

(i) X is finite-dimensional if and only if every power bounded operator on X
is uniformly mean ergodic.

(ii) X is reflexive if and only if every power bounded operator on X is mean
ergodic.

This paper initiated an immediate interest for analogous questions in the setting
of Fréchet spaces.
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The result of Emel’yanov was extended in [10], where it was shown that a
Fréchet lattice X is reflexive if and only if every power bounded operator on X
is mean ergodic. An analogue of (i) is also presented in [10]. Namely, a discrete
Fréchet lattice X is Montel (i.e., bounded sets are relatively compact) if and
only if every power bounded operator lying in the centre Z(X) of X is uniformly
mean ergodic. Concerning further results along the lines of (i) and (ii) above,
it is known that a Fréchet space X with a basis is Montel if and only if every
power bounded operator on X is uniformly mean ergodic, [1, Theorem 1.3|, and
that X is reflexive if and only if every power bounded operator on X is mean
ergodic, [1, Theorem 1.4|. For analogous results in the setting of locally convex
spaces we refer to [2]; see also [24], [25]. If the Fréchet space X is not assumed
to have a basis, then X is Montel if and only if every power bounded, mean
ergodic operator defined on any closed subspace of X is uniformly mean ergodic,
[1, Theorem 5.4], and X is reflexive if and only if every power bounded operator
defined on any closed subspace of X is mean ergodic, |1, Proposition 5.1].

In a conference in Trier (Germany) in 2008, where the above mentioned results
were presented for the first time, Prof. A. Pelczyniski suggested that there should
be similar criteria available which characterize Fréchet-Schwartz spaces. In order
to be able to distinguish between “Montel and Schwartz” it is necessary to find an
appropriate (and stronger) notion of operator convergence than 7,-convergence.
The aim of this paper is to present such a notion and to invoke it to address
Pelczynski’s suggestion.

Let {S}32, be a sequence of continuous linear operators on a Fréchet space X,
whose topology is generated by a fundamental, increasing sequence of seminorms
{gn}22,. Then {S;}22, is called rapidly convergent if there exists a continuous
linear operator S on X such that, for every n € N there exists m > n with

Jim sup{gn((Sk — 5)2): gm(2) <1} =0,

in which case we write S} (EQ S for k — oo. Whenever S (EQ S for k — oo,

then also 7p-limy_,o S = S. However, since there exist Fréchet-Montel spaces
which fail to be Schwartz, 7m-convergence of a sequence of operators need not
imply its rapid convergence: this follows from the fact that 7-convergence of a
sequence of operators in a Montel space implies its 7,-convergence and from the
characterization presented in Corollary 3.4. Namely, a Fréchet space X # {0} is
Schwartz if and only if every sequence of operators in X which is 75-convergent
is also rapidly convergent.

An adequate response to Pelczyniski’s suggestion, via the notion of rapid con-
vergence, is presented in the final two sections. In Section 4 we introduce the
new notion of an operator being rapidly mean ergodic. A deep result of S.F.
Bellenot, [3], stating that each Fréchet-Schwartz space is a closed subspace of a
Fréchet-Schwartz space with an unconditional basis, plays a role in establishing
the main result of this section; see Theorem 4.6. Namely, let X be a Fréchet
space which is a closed subspace of a Fréchet space with an unconditional basis.
Then X is Schwartz if and only if every closed subspace Y of X has the property
that every power bounded operator on Y is rapidly mean ergodic. In the final
Section b this result is refined (see Theorem 5.6) for the important class of Fréchet
spaces A\p(A), p € [1,00) U {0}, known as Kdthe echelon spaces, all of which have
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an unconditional basis. Indeed, it is shown that A,(A) is Schwartz if and only if
every power bounded operator on \,(A) is rapidly mean ergodic.

2. PRELIMINARIES

Our notation for locally convex Hausdroff spaces, briefly IcHs’, is standard;
we refer to [17], [18], [20], [22], [26]. More detailed information on Fréchet and
Kothe echelon spaces can be found in [6], [7], [22]. A standard reference for mean
ergodic operators is [19]. We begin with some definitions and notation which will
facilitate the reading of the paper.

Let X be a lcHs and 'y a system of continuous seminorms determining the
topology of X. The strong operator topology 7, in the space £(X) of all continu-
ous linear operators from X into itself is determined by the family of seminorms

%:(S> = Q(Sx)’ Se ﬁ(X),

for each x € X and ¢ € I'x, in which case we write L5(X). Denote by B(X) the
collection of all bounded subsets of X. The topology 7, of uniform convergence
on bounded sets is defined in £(X) via the seminorms
qB(8) :==supq(Sz), S € L(X),
zeB

for each B € B(X) and ¢ € I'x; in this case we write £,(X). For X a Banach
space, Ty is the operator norm topology in £(X). If X is metrizable and complete,
then X is called a Fréchet space. In this case I'x can be taken countable. The
identity operator on a lcHs X is denoted by I. Of course, for T' € £(X) we define
Ker T := T~1({0}).

By X, we denote X equipped with its weak topology o(X, X’), where X’ is
the topological dual space of X, and X/ denotes X’ equipped with its weak—star
topology o(X’, X). Given T € L(X), its dual operator T': X' — X' is defined
by (z,T'2z') = (Tz,2') for all z € X, 2/ € X'. Note that T" € L(X]), [18, p.134].

Recall that a Fréchet space X with a basis of decreasing, absolutely convex
0-neighbourhoods {U, }52 , is Schwartz if

Vn € N dm > n Ve > 0 dF, C X finite such that U,, C F; + €U, (2.1)
or, equivalently, if

Vn € N dm >n Ve >0 dL. C X relatively compact such that U, C L. 4 €U,,
(2.2)
[15, p.276]. Therefore, a Fréchet space X is Schwartz if and only if X can be
written as a projective limit via continuous linear linking operators S, : X411 —
X,, for n € N, with each X,, a Banach space, such that, for every n € N, there
exists m > n with (S;,,—10...08,): X;, = X,, a compact operator. Further
details about Schwartz lcHs’ can be found in [15], [20], [22].
The following characterization of Fréchet-Schwartz spaces, due to Bonet, Lind-
strom, Valdivia, [9], is a version of the Josefson-Nissenzweig theorem for Fréchet
spaces. See also [8], [21].

Theorem 2.1. A Fréchet space X is Schwartz if and only if for each sequence

{xz}zozl C X' which satisfies limy_, o x;c =0 in X/, there exists n € N such that
(oo}
(supseu, [{z: 7)) ,_; € co-
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A Schauder decomposition of a Fréchet space X is a sequence {P;}22; C L(X)
of operators in X satisfying the following properties:

(Sl) PP = Pmm{zj}, for all ¢, j € N,

(S2) 74- hmJHOOP =1, and

(S3) P # Pj it i # j;
see [11], [16]. According to (S1) each Pj, for j € N, is a projection. Condition
(52) implies that {P;}72, is an equicontinuous subset of £(X). If the range
Pj(X) is a finite-dimensional space for each j € N, then {P;}22, is said to be a
finite-dimensional Schauder decomposition of X.

By setting Q1 := Py and Q,, := P, — P,,_1 for n > 2 we arrive at a sequence
of pairwise orthogonal projections (i.e., Q,Qm = 0 if n # m). Moreover, (S2)
implies that ) 7, @, = I, with the series converging in L£4(X), and (S3) en-
sures that @, # 0 for each n € N. If the series > ° | @, = I is unconditionally
convergent in L4(X), then {P;}32, is called an unconditional Schauder decom-
position of X. The dual projections {P[}22; C L(X) always form a Schauder
decomposition of X/, [16, p.378].

Inspired by the Work of Benndorf, [5], Diaz introduced in [12]| the following
notion: a Schauder decomposition {P;}72, satisfies the property (S) if

Vn e N3m>n with lim sup{¢,(({ — Pj)x): gm(xz) <1} =0, (2.3)
j—o0

with {g,}>2, a fundamental, increasing sequence of continuous seminorms on X.
Let X be a Fréchet space. A sequence {e;}3°; C X is called a basis for
X if for every x € X there is a unique sequence (a;)72; of scalars such that
r =Y .2, a;z;. By setting (z,¢e}) := a; we obtain a linear form e¢/: X — C,
necessarily continuous, which is called the n-th coefficient functional associated
to {e;}22,. The functionals ¢, i € N, are uniquely determined by {e;}5°, and
{(ei,€))}2, is a blorthogonal sequence (i.e. (ej,e;) = d;; for i,j € N). The
sequence {e;}>°, C X' is called the dual basis of {e;}2;.
If {e;}3°, € X is a basis for a Fréchet space X, then the projections pPU) ¢
L(X), for j € N, defined by
‘ J
POy .= Z(x,e;)ei, z e X, (2.4)

=1

form a finite-dimensional Schauder decomposition of X (with PU)(X) = span{e;}]_;,
for j € N).

We conclude this section with a fact which is surely known. Since we could not
find a reference, a proof is included.

Lemma 2.2. Let E be a finite-dimensional lcHs and U be a closed, absolutely
convez 0-neighbourhood in E. Then there exist a subspace F of E with FF C U
and a bounded (hence, relatively compact) subset B C E such that U C F + B.

Proof. Define F' := Ny>oaU. It is routine to verify that F' is the largest subspace
of E which is contained in U. Of course, it may happen that F' = {0}, eg. if U is
bounded. Since F is finite-dimensional and F' is the largest subspace of E lying in
U, we can write £ = F @G with G a subspace of X such that B := (2U)NG does
not contain any non-zero subspace of E. The claim is that B is bounded (hence,
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relatively compact). Indeed, as B is a closed, absolutely convex 0-neighbourhood
of the finite dimensional space G, we may (and will) assume that E is normed
via a norm ||.||. Suppose that B is unbounded in E. Then there is a sequence
{w;}52, in B such that 1 < [Jwj|], for all j, with {||w;|[}52; increasing to oo as
Jj — 00. Set uj := wj/||wj||, for j € N. Since B is absolutely convex, u; € B for
each j € N. As the unit sphere of G is compact, there exists u € G, with ||u|| = 1,
which is the limit of some subsequence of {u;};—1. Denote this subsequence in
the same way. Suppose, for the moment, that A\u € B whenever A > 1. Since
B is absolutely convex, it would follow that the linear span of {u} (a non-trivial
subspace) is contained in B; a contradiction! So, fix A > 1. Select jo € N such
that A < ||wj|| for all j > jo. Thus, Auj = (A/||w;||)w; € B for each j > jo. On
the other hand, Au; — Au as j — oco. Therefore Au belongs to the closed set B.
This proves the claim.

It remains to show that U C F'+ B. Let x € U. Then x = f + g with f € F|
g€ Gandsog=xz—f € U—-U C 2U. Hence, g € B which shows that
r € F+B. 0

3. RAPID CONVERGENCE OF OPERATORS ON FRECHET-SCHWARTZ SPACES

Throughout this section, X is a Fréchet space with a fundamental, increas-
ing sequence of seminorms I'x = {¢,}72,. For each n € N, set U, := {x €
X: gqu(x) <1}

A sequence of operators {Si}7°; € L(X) is said to be rapidly convergent to
SeL(X)if

Vn € N3Im>n with lim sup ¢,((Sx — S)x) =0. (3.1)

k—o0 $6Um

In such a case we write S R 5 in L(X) as k — oo or (R)-limg_,00 S = 5. It is

routine to verify that Sy B 5 in L(X) as k — oo if and only if

Vn € N3Im >n Ja = (ag)r € co with ¢,((Sk —9)z) < aggm(x) Vo € X. (3.2)

Clearly, Sk (—>R) S as k — oo if and only if (S — 9) (—>R) 0 as k — oo.

R
Remark 3.1. If {S;}7°, C L(X) satisfies Sy, B S for k — 00, then it is routine
to check that necessarily 7p-limy_ o0 S = S. Hence, also 7s-limyg_ 00 S = S. In
particular, the limit of a rapidly convergent sequence in £(X) is unique.

Rapidly convergent sequences of operators are easy to exhibit.

Example 3.2. Let X be a Fréchet space which is the product of a sequence of
Fréchet spaces, i.e., X = [[;2; X; with each X; a Fréchet space. For each i € N,

let I'yx, = {qff ) 1 be a fundamental, increasing sequence of seminorms for X;.
Then the sequence of seminorms given by

pa(@) =Y gD (@), @ = (a)i € X,
=1

for each n € N, defines the lc-topology of X.
Consider the sequence of operators { P} | C £(X), where

PWg = (x1,...,2x,0,0,...), x=(z;); € X,



6 A.A. Albanese, J. Bonet and W. J. Ricker

i.e., P®) is the projection of X onto Hle X;. Then (R)-limj_,. P*) = I.
Indeed, for any fixed n € N, we have p, (I — P*®)z) = 0 for all 2 € X and k > n.

We proceed to analyze the relationship between the rapid convergence of se-
quences of operators on a Fréchet space X and the fact that X is Schwartz.

Proposition 3.3. Let X be a Fréchet-Schwartz space. If {Sp}2, C L(X) satis-
fies Ts-limg 00 S = S for some S € L(X), then also (R)-limg_,o0 Sk = S.

Proof. Tt suffices to consider the case when S = 0. Since {Sj}}2, converges to 0
in £,(X) and X is Fréchet, {S;}52, is equicontinuous in £(X). Let n € N. Then
there exists r(n) > n such that

Sk(Ur(n)) cU, kel (3.3)
As X is Schwartz, (2.1) implies that there exists m > r(n) satisfying

Ve >0 3z1,...,2,) € X such that Up C Uffl) <xz + %Ur(n)> . (3.4)
To prove that (R)-limy_o Sk = 0 we need to show that
lim sup ¢,(Skz) = 0. (3.5)
k—o0 CIJEUWL

To verify (3.5), let € > 0 and choose w1, ...,7,.) € X according to (3.4). For
eachi=1,...,p(e) we have Sgx; — 0in X as k — oo. Hence, there exists kg € N
such that

Spx; € %Un, k>ko, i=1,...,p(c). (3.6)

Let x € Up,. By (3.4) there exists some j € {1,...,p(¢)} such that z € z;+5U, ().
So, for every k > ko we deduce, via (3.3) and (3.6), that

g 9 g
Spr € S + §Sk(UT(n)) - §Un + iUn =eU,.

That is, sup,cy, qn(Spx) < € for all & > ky. This verifies (3.5) and completes
the proof. O

An immediate application is the following result.

Corollary 3.4. A Fréchet space X # {0} is Schwartz if and only if every Ts-
convergent sequence in L(X) is also rapidly convergent in L(X).

Proof. The necessity of the condition is clear from Proposition 3.3.

Conversely, assume that the stated condition holds. Fix a sequence {z}}72, C
X' satisfying limy_,oo ), = 0 in X/. Select any a € X \ {0} and choose n €
N such that g,(a) > 0. Define now a sequence {S;}7°,; C L(X) by setting
Spx := (x,2)a, for x € X and k € N. Clearly, 7,-limj_,oc Sy = 0. By assump-
tion also (R)-limy_,o Sy = 0 and hence, via (3.1), there is m > n such that
(SumeUm qn(Skw))k € co. But, SUPzcu,, qn(Skx) = QR(G’) SUPxeU,, ‘<x,$;€>|, for
each k € N, with gn(a) # 0, from which it follows that (sup,ep,, [(z,2})]), € co-
So, X is Schwartz by Theorem 2.1. O

Note that a Schauder decomposition {P;}72, of X satisfies the property (5) if

and only if P; S L(X) for j — oo; see (2.3) and (3.1).

The following result is essentially Lemma 1 of [5].
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Proposition 3.5. Let X be a Fréchet-Schwartz space and {P;}32, C L(X) be
any Schauder decomposition of X. Then each closed subspace Pj(X) of X is
Schwartz, j € N, and (R)-lim; oo P; = 1.

Proof. Every closed subspace of a Fréchet-Schwartz space is also a Fréchet-Schwartz
space, [15, §15, Proposition 6]. So, P;(X) is a Fréchet-Schwartz space, for each
Jj € N. Moreover, by (S3) we have that P; — I in £L4(X) as j — oo and so
Proposition 3.3 implies that (R)-lim;_,oc Pj = I. O

The converse of Proposition 3.5 holds for certain kinds of Schauder decompo-
sition (cf. the next result) but, not in general; see Example 5.1.

Proposition 3.6. Let X be a Fréchet space and {P;}32, C L(X) be a finite-
dimensional Schauder decomposition. If (R)-lim;_, P; = I, then X is Schwartz.

Proof. Since {PJ};‘il is equicontinuous, we can select a basis of decreasing, ab-
solutely convex 0-neighbourhoods {U,}22, of X such that P;(U,) C U, for each
j, n € N. To show that X is Schwartz, by (2.2) it suffices to verify that

Vn € N3m > nVe > 0 3L, C X relatively compact with U, C L. +¢cU,. (3.7)

So, fix n € N. Since P; (—>R) I for j — oo, by (3.1) there exists m > n such that
lim;j o0 SUpP,ep,, gn((I — Pj)z) = 0. Hence, given any € > 0, there exists jo € N
such that sup,cp gn((I — Pjy)x) < /2. It follows that

T — Pjox = (I_ Pjo)x € gUm z € Up,. (3.8)

Applying Lemma 2.2 with E := P;,(X) and U := U, N E we can conclude that
there exists a finite-dimensional subspace F' of P;,(X) contained in U, and a
relatively compact subset B of Pj,(X) such that

Un NPy (X) C F + B. (3.9)

Since F' C Uy, and F' is a subspace, we have %F =F CUp,ie., F C 5Upy and so
(3.9) yields Uy, N Pjy(X) € §Uy, + B. Hence, for each x € Uy, it follows from the
previous inclusion, from the inclusion Pj,(Uy,,) C Uy, € Uy, and from (3.8) that

€
xr = (l’ — PjO:E) + PjOZL‘ € §Un + PjO(Um)
C %Un + (U N Py (X)) C gUn + gUm +BCB+el,.
This establishes (3.7) with L. := B and completes the proof. O

The following fact is an immediate consequence of Propositions 3.5 and 3.6.

Corollary 3.7. Let X be a Fréchet space with basis {e;}2, and let PY) be the
projection defined via (2.4), for each j € N. Then X is Schwartz if and only if
(R)-limj_y0o PU) = 1.
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4. POWER BOUNDED OPERATORS ON FRECHET-SCHWARTZ SPACES

Let X be alcHs and T' € £(X), in which case we define Tjg := I and

k
1
T = — ™" keN. 4.1
W=7 mZ::l . ke (4.1)
The operator Tj) is the k-th Cesaro mean of T'. Observe that
1
(I =T)Ty = Tjy(I = T) = (T - T, keN, (4.2)
and that
Loph g, =Dy keN (4.3)
A = K] L [k—1]> : :

Suppose that Tjy) — P in Ls(X) as k — co. According to (4.3) we have that

Te-limy_y o0 T% = 0. Moreover, if X is a Fréchet space, then P is a projection
satisfying TP = PT =T with Ker P = (I — T)(X) and P(X) =Ker(/ —T). In
addition,
X=Ker(I-T)®o (I-T)(X), (4.4)

[1, Theorem 2.4], |27, Chap.VIII, §3, p.213]. Recall that T € L(X) is power
bounded if the sequence {T"}5° ; is equicontinuous in £(X) and that 7' € £(X)
is mean ergodic (resp. uniformly mean ergodic) if the sequence of Cesaro means
{Twy 132, is convergent in Lg(X) (resp. in Ly(X)); see [1], [19], for more details.
Finally, for X a Fréchet space, an operator T' € £(X) is said to be rapidly mean
ergodic, briefly (R)-mean ergodic, if the sequence {7} }72, is rapidly convergent
in £(X). Rapid mean ergodicity always implies uniform mean ergodicity; see
Remark 3.1.

Our purpose now is to investigate the connection between the power bounded-
ness of an operator on a Fréchet-Schwartz space and the rapid convergence of its
Cesaro means.

Proposition 4.1. Let X be a Fréchet-Schwartz space. If T € L(X) is power
bounded, then T is rapidly mean ergodic.

Proof. Since X is Montel, [22, Remark 24.24], and T is power bounded, we can
apply [1, Theorem 2.4 and Proposition 2.8] to conclude that there is a projection
P € L(X) such that Ty — P in Ly(X) for k — oo. By Proposition 3.3 it follows
that (R)-limg oo Tiy) = P- O

Remark 4.2. Let X be a Fréchet space with a basis. If X is not Montel,
then there exists a power bounded operator 7' € £(X) such that {7j}72, does
not converge in Ly(X), [1, Theorem 1.3]. Hence, {T};)}72, cannot be rapidly
convergent; see Remark 3.1.

The next result follows from a deep theorem of Bellenot, [4, Theorem 3.2].

Proposition 4.3. Let X be a Fréchet space which is a closed subspace of a Fréchet
space with an unconditional basis. If X is not Schwartz, then there exist a closed
subspace Y of X with an unconditional basis (say, {ei,j}g’;:l CY), an increas-
ing, fundamental sequence of seminorms {|| - ||x}7>, in X, and positive numbers
{bri: k < i, i € N} satisfying 1 < blleijlle < 2 for each k < i and j € N.
Moreover, Y is not Schwartz.
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Proof. We refer to [4, Theorem 3.2(II) and Corollary 3.4, together with the fol-
lowing comments.

In the notation of Definition 3.1 of [4], we use the partition {A4;}>°, of N given
there (with each A; infinite) to write N x N = U°, A; for the representation
A; ={(i,7): j € N}, for i € N. The obliquely normalized basic sequence {x,}5° ,
in [4, Definition 3.1] can then be written as {e;;}75_;. Since the basic sequence
{zn}pZ, is unconditional (cf. [4, Corollary 3.4]), the reordering {e;;}75_; of
{zp}2% is permissible.

That Y is not Schwartz is noted immediately prior to Theorem 3.2 in [4]. O

Let X be a Fréchet space with an unconditional basis {e;}5°, and corresponding
dual basis {e/}2°,. For each finite subset F' C N, define Pr: z — Ppz :=
Yicplz,ee;, for x € X and, for each j € N, set pPU) = Pg,. jy- Clearly,
Pr € L(X) is a finite-rank projection on X. Moreover, since the basis {e;}° is
unconditional, the family of operators {Pr: F C N finite} is a bounded subset of
Ls(X) and hence, is equicontinuous (as X is a Fréchet space). Furthermore, by
[20, Theorem 14.6.1] the set {Ppa: F' C N finite} is precompact in X, for each
reX.

Let {||-||x}32, be a fundamental, increasing sequence of continuous seminorms
for X. For fixed k € N, set

qr(z) = sup{|| Prz||x: F C N finite}, € X. (4.5)

The supremum is finite because {Prpx: F' C N finite} € B(X) for each z € X.
Clearly, g, is @ seminorm on X. Since z = lim;_, PUg for all z € X, it follows
that [|z|; = limj_ s [|[PY2|x < qu(z) for all z € X. On the other hand, as
{Pp: F C N finite} is equicontinuous, there exist I(k) > k and Cj > 0 such that

|Pealli < Chllzliey, @ € X, F C N finite,

and hence, gx(v) < Ckllx||jx), for € X. Since k € N is arbitrary, we deduce
that {gr}32, is also a fundamental, increasing sequence of seminorms in X. In
particular, for each i, k € N, observe that gx(e;) = ||e;||x because Ppe; = 0 if
1 € F and Ppe; =¢; if i € F.

Lemma 4.4. Let Y be a Fréchet space with an unconditional basis {e;}5°; and

corresponding dual basis {€;}52,. Let {\;}52, be a sequence of numbers satisfying
|Ai| <1, fori € N. Then the diagonal operator T\: Y —'Y given by

oo
Thx := Z iz, €e)ei, x €Y, (4.6)
i=1

belongs to L(Y') and is power bounded.
Moreover, T4-limy, 00 (T)"™ = 0 whenever |\;| < 1 for all i € N.

Proof. Let {|| - ||lx}72, be a fundamental, increasing sequence of seminorms on
Y. By the comments immediately prior to the lemma (keeping the same nota-
tion), the seminorms {qx}32; given by (4.5) also form a fundamental, increasing
sequence of seminorms on Y. Clearly,

ak(Prx) < qrp(z), ze€ X, keN, F CN finite. (4.7)

For x € Y, the series Y 2, (x, €})e; converges unconditionally to = in Y. So, by
[23, §4, Theorem]|, the series Y o2 p1i(x, €;)e; converges in Y for all = (p;); € £°°.



10 A. A. Albanese, J. Bonet and W.J. Ricker

Accordingly, the operator T): Y — Y specified by (4.6) is well defined and linear.
Moreover, as Th\z = limj_,00 Y 71 Ai(z, €5)e;, for & € Y, we can apply the Banach-
Steinhaus theorem to conclude that T\ € L(Y).

Fix n € N. Clearly, |A\}'| <1 for all ¢ € N. Hence, given j € N and k € N, we
can apply the inequality (I) on p.115 of [23] to obtain, for each x € Y, via (4.7),
that

qr (ZA?<$,€;>€Z‘> < 4 sup g (Z(w,ebei)
i=1

FC{li}  \icp

= 4 sup qp(Prz) < 4gi(w). (4.8)
FC{1,...j}

Since (Ty)"z = limj_00 25:1 Az, €})e;, for all x € Y, it follows from (4.8), for
every k € N, that

J
. ((T))"z) = lim g (Z ANz, eg)ei> <Adgy(z), ze€Y.
e i=1

By the arbitrariness of n € N, it follows that T) is power bounded.
Finally, assume that |\;| < 1 for each i € N. This ensures that (T))"e; =
Ale; — 0in Y for n — oo. Since {(T))"}5; is equicontinuous and span{e;: i €

N} is dense in Y, it follows that (T))"z — 0in Y asn — oo, foreach z € Y. O

Proposition 4.5. Let Y be a Fréchet space with a fundamental, increasing se-
quence of seminorms {|| - |lk}3Z, and an unconditional basis {e;;}75_, such that
there exist positive numbers {by;: k <1, i € N} satisfying 1 < by ;||ei |z <2 for
each k < i and j € N. Then there exists a power bounded operator T € L(Y)
such that 1s-lim, oo T™ = 0 but T is not rapidly mean ergodic.

Proof. By assumption the basis {ei,j}f"}zl is unconditional. In the notation of
the discussion prior to Lemma 4.4, via (4.5) we have that {g;}?2, is also a fun-
damental, increasing sequence of seminorms for Y and gx(e; ;) = ||e; ;|| for each
ke Nand (i,j) € NxN.

Set A := (X\ij)ijeny With A;j := 1—277 for i, j € N. By Lemma 4.4 the diagonal
operator T' € L(Y') given by

oo
Tr := Z )\ij<xae;,j>€i,j7 zEeY,
ij=1
is power bounded and 7-lim,, o, 7™ = 0. It remains to show that the sequence
{T}m) om=1 is not rapidly convergent to 0. For this, it suffices to show that the
sequence {sup,ep, q1(TjmT)}pr=1 fails to converge to 0 for each £ € N. So, fix
k € N. Then, for every m, j € N, we have

1 — 1 —
T o= T! N = | = Y. .
[m] Ck,j - ;:1 (ex.j) (m > (M) ) €k,j

=1

(1 T ()™
= (m)\kj I—Akj e/w.
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For m = 2%, j = s, with s € N, it follows that
1 o 1l=(1=275%
Tlos)€k,s = <25(1 —2 5)(2S)> €k,s
= (1-279[1—(1-2"%%]ers, s€N. (4.9)
Since gi(exrs/|leksllk) = 1, the element zj s := ex s/|l€r.sllx € Ug. Moreover, the

sequence {1 — (1 —27%)2"}2%, converges to (1 —e~!) for s — oo and so, via (4.9),
we obtain, for all s large enough, that

_ - —5y2° 1 1Y\ qi(er,s)
Tios =(1-2"%1—(1—27%)? >_(1=-Z= '
ai( [2 ]Zk,s) ( i ( ) ]QI(Zk,s) = < e) Hek,s!k

1 1 Hek 5’ 1
=—(1-—- . 4.10
(-8 e 10
But, |lexs||l1 > 1/b1x and |leg || < 2/bk for all s € N. So, from (4.10) it follows,
for all s € N large enough, that

1 1\ brk
Ti9s >—(1-—=) /7.
m““%”—4< €>%m

o0

Accordingly, {sup,cp, q1(Tjm)T) }r=1 cannot converge to 0. O

We can now establish one of the main results of this note.

Theorem 4.6. Let X be a Fréchet space which is a closed subspace of a Fréchet
space with an unconditional basis. Then X is Schwartz if and only if every closed
subspace Y of X has the property that every power bounded operator on Y is
rapidly mean ergodic.

Proof. Suppose that X is Schwartz and Y is any closed subspace of X. Then Y
is also Schwartz. Hence, every power bounded operator in £(Y") is rapidly mean
ergodic; see Proposition 4.1.

Conversely, assume that X is not Schwartz. By Proposition 4.3 there exists
a closed subspace Y of X with an unconditional basis {e;;}75_; satisfying the
assumptions of Proposition 4.5. So, by Proposition 4.5 there exists a power
bounded operator 7' € L£(Y') which is not rapidly mean ergodic. O

Remark 4.7. In |3] Bellenot exhibited Fréchet-Montel spaces which cannot be a
closed subspace of any Fréchet space with an unconditional basis. Moreover, he
proved that every Fréchet-Schwartz space is a closed subspace of some Fréchet-
Schwartz space with an unconditional basis.

5. POWER BOUNDED OPERATORS ON SCHWARTZ KOTHE ECHELON SPACES

The aim of this section is to present a refinement of Theorem 4.6 when X is a
Kéthe echelon space A,(A), for p € [1,00) U {0}. All members of this important
and classical class of Fréchet spaces possess an unconditional basis.

A sequence A = (ay), of functions a, : I — [0,00), with I a non-void set, is
called a Kdthe matriz on I if 0 < a,(i) < ap41(7), for all ¢ € I and n € N, and if
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for each ¢ € I there is n € N such that a, (i) > 0. To each p € [1,00) we associate
the linear space

1/
Mp(A, 1) = {:1: eCl:¢P(z):= (Z \an(i)mi|p> "< oo, Vne€ N}. (5.1)
i€l
We will also require the linear space
Aoo(A, 1) :={z € C': ¢/ (2) := sup a,(i)|zi| < o0, Vn € N} (5.2)
el
and its closed subspace (equipped with the relative topology)
Mo(A, 1) := {z € C :limay,(i)z; =0, Vn € N}.

The seminorms generating the topology of A\g(A, I) are, of course, the restrictions
qﬁf’) of qﬁf’o) to Ao(A,I), for n € N.

Elements x € C! are denoted by = = (z;);. The spaces \,(A, I), for p € [1, oc],
are called Kathe echelon spaces (of order p); they are all Fréchet spaces (separable

if I is countable and p # oo and reflexive if p & {0, 1, co}) relative to the increasing

sequence of seminorms qip ) < qép ) <...Incase I =Nor I =N x N, we simply

write A,(A). In this case A\,(A), for p # oo, has an unconditional basis. For the
theory of such spaces we refer to [6], 7], [17], |22].

We begin with an example showing that in Proposition 3.6 it is not possible to
remove the finite-dimensionality of the Schauder decomposition {F;}52,, even if
one replaces this condition with the requirement that each closed subspace Pj(X),
for j € N, is nuclear.

Example 5.1. Consider the Kéthe matrix A = (a,), on N x N with entries

an(iaj) = {
Then the Kothe echelon space A\1(A) is Fréchet-Montel but not Fréchet-Schwartz;
see [22, Example 27.21, p.338]. For each k € N, let P, € L(A1(A4)) be given
by Pk(xij)i,j = (yij)i,j where yij = a:ij if ¢ S k and yij = 01if ¢ > k‘, i.e.,
Py is the projection of A\;(A) onto its first k-rows. Then {P;}72, is a Schauder
decomposition of Aj(A) but, surely not finite-dimensional.

The claim is that Pi(A(A)) € A1(A) is a nuclear Fréchet space for each k£ € N.
To establish this it suffices to show that each sectional subspace

Qs(M(A) ={zeX(A): zy; =0if i #s}, seN,

is nuclear, because of the finite direct sum Pr(\1(A)) = @, Qs(M\(A)), [22,
Proposition 28.7].
So, fix s € N. If n > s, then ay(s,j) = (nj)", for each j € N, and hence,

(ng)™ ifi<n

n' ifi>n. (5.3)

o0 -n

(S .7) Z n" i n" oo 1
2 : anls,
j=1 an+2(8,j) ot (n -+ 2)n+2 jn+2 (Tl 2)n+2 j§ . j2 o0 ( )

Recalling that our Kéthe matrix A = (ay,), is on N x N (rather than on N as in
[22]) it follows from the Grothendieck-Pietsch criterion, |22, Proposition 28.16],
and (5.4) that Qs(A1(A)) is indeed nuclear. As already noted, the nuclearity of
Pi(A1(A)), for k € N, follows.
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It remains to prove that Py S L(A(A)) as k — oo. To see this, recall

that the n-th seminorm ¢, := qg) of A\ (A4), for n € N, is given by g,(z) =
doij=1an(i, j)|zijl, for x € Ai(A); see (5.1). Fix any n € N and set m := 2n.

Then, for any k > m, we have via (5.3) that

w((T=Pz) = D anli Dyl = D D n'layl

i>k+1j=1 i>k+1 j=1
o
= Y27y eyl < | YD 27 | gul(e),  (5.5)
i>k+1 j=1 i>k+1
because ¢ > k > 2n yields

oo o oo

@)yl = asni, gl <Y asa (i, 5) 25| = gm(2).

j=1 j=1 ij=1

It is then clear from (5.5) that

sup gu((I — Pr)a) < Y 27 =27% k>m,

which implies that limy o sup,ep, . gn((I — Pg)x) = 0. Since n is arbitrary, this

means precisely that Py B Iin L(A1(A)) as k — 0.

Our purpose is to characterize those Kéthe echelon spaces which are Schwartz,
in terms of the behaviour of the Cesaro means of power bounded operators defined
on them. This is obtained in Theorem 5.6 below, a result which improves Theorem
4.6 for the case of K6the echelon spaces. For characterizing the property of being
Schwartz, Theorem 4.6 also provides a version of analogous results characterizing
Montel and reflexive Fréchet spaces; see |1, Proposition 5.1 and Theorem 5.4].

We first require the following result, which is implicit in |26, pp.223-224|. We
include a proof for the sake of completeness.

Lemma 5.2. Let A = (ap)nen be a Kothe matriz on N which satisfies the fol-
lowing two conditions.

(M) For each n € N and each infinite subset H C N there exists m > n such
an(z‘) —0.

a'm(l)

(not-S) There exists ng € N such that 7= & co for every m > ng.

that infieH

Then there exist an infinite family {I;}5°, of pairwise disjoint, infinite subsets of
N, with each I; represented as I; = {(i,7): j € N}, and an increasing sequence
{m;}52; € N beginning with my = 2 satisfying:
(1) for each i > 2 there exists €; > 0 such that a1(i,j) > iam,(i,7) for all
(1,7) € I; with j € N, and
am (7).

(2) for each i € N we have lim,_, &
J ami+1 (ZJ)

Proof. Choose ng according to (not-S). Deleting finitely many n’s, if necessary, we
may assume that ng = 1 and that a,, > 0 on N for all n € N. Since Z—; & cg, there

1
exist 1 > 0 and an increasing sequence J; = {1112, C N such that Z;Eﬁig

> €1



14 A. A. Albanese, J. Bonet and W.J. Ricker

for all s € N. By condition (M) there exist ma > m; := 2 and an infinite
subset I; of Jy, which can be represented as Iy = {(1,75): 7 € N}, such that

im0 a2(1J) (), Since 0 < a; < az on N, we have 0 < -*- < %2~ on N and
am (173) mo amo

hence, also lim;_, aal((l 3) = 0. By (not-S), also -*-- € co- So, there exist g9 > 0

and an increasing sequence Jo = {I2}2°; C N\ I1 such that al(( )) > g9 for all

s € N. Then, by condition (M) there exist mg > ms and an infinite subset I5 of Ja,
Amgy (27]) _

ame @y =0
Note that 0 < aaTls < ;712 on I1 (as am, < am,) and 0 < aaTlS < ﬁ on I (as

which can be represented as Iy = {(2,7): j € N}, such that lim; o

a1 < am,). Since I; N Iy = §, with 2= — 0 on I; and 272 — 0 on Iy, it follows

that limy_ o re(r,um)
exist £3 > 0 and an increasing sequence J3 = {I3}32; C N\ (I1 U I) such that

7“1(’(“]1) = 0. Again by (not-S), also aa—l & co. So, there

amg

aal((l?),) > g3 for all s € N. Then, by condition (M) there exist m4 > mg and an
m3

infinite subset I3 of J3, which can be represented as Is = {(3,7): j € N}, such

that lim; e Z"’SEP)]% =0.
Proceeding by induction, the proof follows. O

Let us return to the spaces \p(A) with p € [1,00) U {0}.

Corollary 5.3. Let A = (an)nen be a Kothe matriz on N. If the Kithe echelon
space \p(A), with p € [1,00) U {0}, is Montel but not Schwartz, then there exists
a sectional subspace N\p(A,I) of \p(A), with I = {(i,7): i,j € N}, possessing the
following two properties.

(1) For each i > 2 there exists €; > 0 such that ay(i,j) > €;a;(i,j) for all

jeN.

(2) For each i € N we have lim;_,

Moreover, \p(A, ) is Montel.

Proof. Since Ap(A) is Montel but not Schwartz, the Kéthe matrix A satisfies the
condition (M), [22, Theorem 27.9], and the condition (not-S), [22, Proposition
27.10], given in Lemma 5.2. So, by Lemma 5.2 there exist an infinite family
{I;}32, of pairwise disjoint infinite subsets of N, where I; can be represented as
I = {(i,j): j € N}, and an increasing sequence {m;}3*; C N beginning with
m1 = 2 such that both conditions (1) and (2) of Lemma 5.2 are satisfied.

Set I := U2, I; = {(,j): 4,5 € N} and pass to the subsequence {am,}72; of
{an}y2 ;. Then the sectional subspace \,(A,I) of A\,(A) satisfies conditions (1)
and (2) in the statement of this corollary. O

0‘1(7'7.7) — 0

ai11(4,5)

Lemma 5.4. Let p € [1,00) U{0} and A = (an)nen be a Kithe matriz on N x N
such that the Kdthe echelon space \p(A) is Montel. If A satisfies

Vn>23e, >0Vj €N ai(n,j) > epan(n,y), (5.6)
then there exists a power bounded operator T € L(Ap(A)) satisfying Tp-limy, oo T" =
0 but {Tj}32, is not rapidly convergent to 0.

Proof. Set \j :=1—277 for j € N, and define Tx := (\jz;;)i , for x = (245)i; €
Ap(A). Then T: x — T belongs to L(A,(A)) and is power bounded. Indeed,
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given n € N, we have for each m € N and = € A\,(A), that g (Trzx) < g (x), as
0 < (A\j)" < 1forall j €N;jsee (5.1) and (5.2). So, {T"}5°, is equicontinuous.

For each i, j € N, set €;; := (04i0j)nk, where 6,3 = 0if r # s and 6,, = 1
if r = s. Then, for each n € N and (¢, j) € N x N, we have T"¢; ; = (\;)"e; ;.
In particular, lim, o T"€;; = 0 in A,(A) for each ¢, j € N. Since {T"}22,
is equicontinuous and span{e; j: i, j € N} is dense in A,(A), it follows that 7,-
limy, 0o T™ = 0. Since A\,(A) is Montel, we also have that 7-lim,, o T = 0.
Accordingly, also the arthmetic means {T[k]}k L of {T™}>2, converge to 0 in
Ly(Ap(A)), i.e., T is uniformly mean ergodic with limit projection P = 0.

It remains to show that {Tj;}72, is not rapidly convergent to 0 in L(A,(A)).

For this it suffices to show that the sequence {sup,cy, qg )(T[k]a:) , fails to

converge to 0 for each m > 2, where U, := {x € A\,(A): qﬁ,’f)( ) <1}
So, fix any m € N with m > 2. For each j, k € N, we have

tresif)-

1
k’
1-— A’f
= Aj T | ema: (5.7)

If we take k :=2° and j := s for each s € N, then from (5.7) it follows that

Tiem; =

T[Qs}emys = |:21s(1 — 2_5)1_(12_32_):| €m,s
= (1-2"9[1—(1-2"%]ems. (5.8)

(m,s) am(m,s)
the sequence {[1 — (1 —27%)%"]}2, converges to (1 — e ') for s — oo, it follows

Note that qm ( Sm,s ) =1and S0 2y s := —7=*~ € Uy, for every s € N. Since
1
via (5.8) and (5.6) that, for all s € N large enough, we have

1 . g
qu) (Tigs)2m,s) = 7am(m 3 1-2"91-(1-2 )2 ]qu) (Em,s)
1 _1, ai(m,s) 1
> “(1—e )R s T ,
- 4(1 € )am(m7s) 4(1 ¢ )em

This shows that the sequence {sup,cy q§p)(T[k]x)}2°:1 cannot converge to 0.

Since m > 2 is arbitrary, the proof is complete. O

Remark 5.5. Corollary 5.3 ensures that there erist Kéthe matrices A which
satisfy the assumptions required in Lemma 5.4. For explicit examples, see [17,
Ch. 31, §5], [22, Example 27.21].

Theorem 5.6. Let p € [1,00) U {0} and A = (an)nen be a Kéthe matriz on
N. Then the Kothe echelon space A\p(A) is Schwartz if and only if every power
bounded operator on \p(A) is rapidly mean ergodic.

Proof. If \j(A) is Schwartz, then the desired conclusion follows from Proposition
4.1.
Conversely, suppose that A,(A) is not Schwartz.



16 A. A. Albanese, J. Bonet and W.J. Ricker

Case (I). A\p(A) is not Montel. Then it follows from [1, Propositions 2.9 and
2.13| that there exists a power bounded operator T € L(\,(A)) which is not
uniformly mean ergodic and hence, by Remark 3.1, also not rapidly mean ergodic.

Case (II). A\,(A) is Montel. Then, by Corollary 5.3, there exists a sectional
subspace \p(A,I) of A\y(A), with I = N x N, satisfying condition (5.6). So,
by Lemma 5.4 there exists T" € L(\,(A,I)) which is power bounded, satisfies
Tp-limy, 00 T = 0 but, T is not rapidly mean ergodic.

Since Ap(A,I) is a sectional (hence, complemented) subspace of \,(A), using
the operator 7' it is routine to construct S € Ly(\,(A)) which is power bounded
but not rapidly mean ergodic. O

We conclude with some comments regarding the spaces Aoo(A). First, the
canonical unit vectors {e; }°; form an unconditional basis of Ao (A) if and only if
Aoo(A) is Montel if and only if Aoo(A) = Ag(A), [11, Proposition 2.3]. Moreover,
there exist K6the matrices A such that A (A) is Montel but not Schwartz, [22,
Example 27.21]. In this case, the projections {P(j)};?‘;l defined via (2.4) form
a finite-dimensional, unconditional Schauder decomposition of Ay (A) with 73-
lim; 0o PU) = T (as A (A) is Montel) but, {P(j)};?’;l is not rapidly convergent
to I in L(As)(A); see Corollary 3.7. It is also known that there exist Kéthe
matrices A such that Ao (A) is not Montel, non-normable and satisfies the den-
sity condition, [11, pp.90-91]. Then {e;};°, fails to be an unconditional basis of
Aoo(A). Nevertheless, for such A, the space A (A) admits a non-trivial, uncon-
ditional Schauder decomposition, |11, Proposition 4.4].

Even though {e;}7°, may not be a basis for Ao (A), in general, we can always
define a linear functional e}: A (A) — C via

(z,€¢5) =i, @ =(75)j € Aoo(A),

for each ¢+ € N. For a fixed n € N, we have for each i € N, that

z,€))] < { a5 () if an(i) =0, € Ao(A)
T (@n(0) 0 (@) i an(i) > 0, x € Ao(A)

from which it is clear that e} is continuous. Moreover, the finite-rank projections
{P(j)};";l C L(Ao(A)) as given by (2.4) are then well defined and satisfy both
(S1), (S3) in the definition of a Schauder decomposition. In relation to the next
result, see also |22, Proposition 27.10].

Proposition 5.7. The Kothe echelon space Aoo(A) is Schwartz if and only if
(R)-lim; 0, PU) =1,

Proof. If A\so(A) is Schwartz, then it is also Montel. By the comments prior to
the proposition we have Ao (A) = Ao(A) with {e;}3°; an unconditional basis. In
particular, {P(j)};’il is then a Schauder decomposition of As(A) and so (R)-
lim; oo PU) =T in £(Ax(A)); see Proposition 3.5.

Conversely, suppose that (R)-lim; o, PU) = I in £(Aso(A)). By Remark 3.1
also Te-lim;_,oo PY) = I and so {P(j)};‘il is a (finite-dimensional) Schauder de-
composition of Ao (A). Then Proposition 3.6 implies that Ao (A) is Schwartz. [0

We conclude with the following analogue of Theorem 5.6.
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Proposition 5.8. The Kothe echelon space Aoo(A) is Schwartz if and only if
every power bounded operator on \oo(A) is rapidly mean ergodic.

Proof. If A\so(A) is Schwartz, the desired conclusion follows from Proposition 4.1.

Conversely, suppose that Ay (A) is not Schwartz.

Case (I). Axo(A) is not Montel. By the equivalence (1) < (6) in [22, Theorem
27.9|, with p = oo, there is an infinite set J C N, a constant K > 0 and n € N
such that ap, (i) < Kay(i) for all i € J and m > n. Since the sequence {aj}72,
is increasing (pointwise on N), we also have a,(i) < an,(i) for all i € J and
m > n. So, the complemented, sectional subspace Ay (A, J) is isomorphic to
>®(ap|J) =~ £>°. The operator S € L({*°) defined by Sz := (z2,x3,24,...),
for © = (x;); € £°°, is power bounded but not uniformly mean ergodic. By
Remark 3.1, S is not rapidly mean ergodic. Using S it is routine to construct
T € L(Ax(A)) which is power bounded but not rapidly mean ergodic.

Case (II). Aoo(A) is Montel. Then Ao(A) = Ao(A4) with Ag(A) Montel. By
Case (II) in the proof of Theorem 5.6 (with p = 0) there exists a power bounded
operator in £(Ag(A)) = L(Aoc(A)) which is not rapidly mean ergodic. O
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