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ABSTRACT. The classical spaces /7, 1 < p < oo, and LP™, 1 < p < oo,
are countably normed, reflexive Fréchet spaces in which the Cesaro operator
C acts continuously. A detailed investigation is made of various operator
theoretic properties of C (e.g., spectrum, point spectrum, mean ergodicity)
as well as certain aspects concerning the dynamics of C (e.g., hypercyclic,
supercyclic, chaos). This complements the results of [3], [4], where C was
studied in the spaces C", L? (RT) for 1 < p < oo and C(R™), which belong

to a very different collection of Fréchet spaces, called quojections; these are
automatically Banach spaces whenever they admit a continuous norm.

1. INTRODUCTION

The Cesaro operator, whether acting on sequences or on functions, is based on
an averaging process. Many features of this classical operator (e.g., continuity,
spectrum, dynamics, mean ergodicity etc.) have been intensively studied in a
large variety of Banach spaces. Such investigations have also been extended
into the setting of Fréchet spaces, [11]. In [3] the Cesaro operator is analyzed

in the Fréchet sequence space w := CN and in [4] it is studied in the Fréchet
function spaces L} (RT), 1 < p < oo, and in C(R") when equipped with its

compact convergence topology in R := [0, 00). Each of the spaces w, C(R") and
Lfoc(]R*) is a quojection Fréchet space. In such spaces special features arise which
are not available for Fréchet spaces in general. Our aim is to analyze the Cesaro
operator in the classical reflexive Fréchet sequence spaces /#7, 1 < p < oo, and
in the reflexive Fréchet function spaces LP~ := LP~([0,1]), 1 < p < co. These are
(non—Montel) countably normed Fréchet spaces (i.e., which can be written as the
intersection of a decreasing sequence of Banach spaces with continuous inclusions)
and hence, they are “far way” from being quojections. For more features of /P
and LP~ see [19] and [8], respectively. It is time to be more precise.

The discrete Cesaro operator C is defined on the linear space w := CN (con-

sisting of all scalar sequences) by

1+ T2 Ttz +...+ 2
C(z) = (x1, 5 ; L), r=(2)R, €w. (1)
It is a linear (algebraic) isomorphism of w onto itself with C™': w — w given by
CHy) =Gy — G = Dyj—1)iZ1, v = ()52 €w, (1.2)

Key words and phrases. Cesaro operator, (uniformly) mean ergodic operator, hypercyclic oper-
ator, supercyclic operator, chaotic operator.
Mathematics Subject Classification 2010: Primary: 47A10, 47A16, 47A35; Secondary: 46A04,
47B34, 47B38.

1



2 ANGELA A. ALBANESE, JOSE BONET AND WERNERJ. RICKER

where we set yo := 0. The discrete Cesaro operator C is said to act in a vector
subspace X C w if it maps X into itself. If X has a locally convex Hausdorff
topology, then the continuity of C: X — X also needs to be addressed.

Let p € [1,00). Recall that /7 = N,5,¢" is a Fréchet space with respect to
the coarser locally convex topology on P+ for which the inclusion map P < ("
is continuous for all » > p. So, if p, | p (so that p, > p for all n € N), then
(Pt =N ¢Pn and its Fréchet topology is generated by the sequence of norms

o0 1/pn
z|ln = (Z |35i|p"> , et neN. (1.3)
i=1

Clearly the Banach space 7 C ¢P* continuously and ¢+ C CN. It turns out (see
Section 2) that C acts continuously in each Fréchet space P*, 1 < p < co, which
we denote by CP1) . gt — ¢t

Analogously, for 1 < p < oo the space LP~ = Ni<y<pL", which contains
LP := LP(]0,1]) continuously, is a Fréchet space with respect to the coarser locally
convex topology on LP~ for which the inclusion map LP~ < L" is continuous for
each 1 < r <p. So,if 1 < p, T p (sothat 1 < p, < p for all n € N), then
LP™ = N2 LP» and its Fréchet topology is generated by the sequence of norms

1 1/pn
1l = (/0 If(t)lp”dt> . feDr men. (1.4)

The Cesaro operator C is defined pointwise by
1 x
Ciw)i= [ f®de e 1) (15)
0

for each f € L'. Tt turns out (see Section 3) that C acts continuously in each
Fréchet space LP~, 1 < p < 0o, which we denote by C—). pp— — Lp—,

An analysis of the operator CP*) (resp., C?~)) is carried out in Section 2 (resp.,
Section 3). To explain this in more detail we require some further notation and
definitions. Let X be a locally convex Hausdorff space (briefly, lcHs) and I'x be
a system of continuous seminorms determining the topology of X. The strong
operator topology 7, in the space £(X) of all continuous linear operators from X
into itself is determined by the seminorms ¢, (5) := ¢(Sx), for S € L(X), for each
x € X and g € T'x, in which case we write L4(X). Denote by B(X) the collection
of all bounded subsets of X. The topology 7, of uniform convergence on bounded
sets is defined in £(X) via the seminorms ¢g(S) := sup,cp ¢(Sz), for S € L(X),
for each B € B(X) and ¢ € I'x; in this case we write £3(X). For X a Banach
space, T, is the operator norm topology in £(X). If I'x can be taken countable
and X is complete, then X is called a Fréchet space. The identity operator on
a IcHs X is denoted by I. Finally, the dual operator of T € £(X) is denoted by
T': X' — X', where X’ = £(X,C) is the topological dual space of X. The strong
topology in X (resp. X') is denoted by (X, X’) (resp. B(X’, X)) and we write
Xps (resp. X /6) If X is a Fréchet space, then X3 = X. As a general reference for
IcHs’ see [18].

We say that T € L£(X), with X a lcHs, is power bounded if {T™}>°, is an
equicontinuous subset of £(X). For a Banach space X, this means precisely that
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sup,en |77 ||op < 00. Given T' € L(X), we can consider its sequence of averages
1 m
T[n] = Z T ’ ne N> (16)

called the Cesaro means of T. Then T is called mean ergodic (resp., uniformly
mean ergodic) if {T},};72; is a convergent sequence in Ls(X) (resp., in L£(X)). It
follows from (1.6) that 7;; = Ty —”T_IT[H_”, for n > 2. Hence, 75-lim,, o0 % =0
whenever T" is mean ergodic. A relevant text is [13].

Concerning the dynamics of a continuous linear operator 7' defined on a sep-
arable IcHs X, recall that T is hypercyclic if there exists x € X whose or-
bit {T"z: n € Ny} is dense in X. If, for some = € X, the projective orbit
{NIMz: X € C, n € Ny} is dense in X, then T is called supercyclic. Fi-
nally, T" is called chaotic if it is hypercyclic and the set of its periodic points
{u e X:3n e N with T"u = u} is dense in X. As general references we refer to
5], [11].

For a Fréchet space X and T' € £(X), the resolvent set p(T') of T' consists of all
A € C such that R(A, T) := (A —T)~! exists in £(X). The set o(T) := C\ p(T)
is called the spectrum of T'. The point spectrum o, (T') of T consists of all A € C
such that (Al — T') is not injective. If we need to stress the space X, then we
also write o(T; X), op(T; X) and p(T; X). Whenever A\, u € p(T) we have the
resolvent identity R(A\,T) — R(u,T) = (L — N)R(X\, T)R(u, T). Unlike for Banach
spaces, it may happen that p(T") = () or that p(7T) is not open in C. This is why
some authors prefer the subset p*(T") of p(T') consisting of all A € C for which
there exists > 0 such that each p € B(X,0) := {z € C: |z — A] < §} belongs
to p(T') and the set {R(u,T): p € B(A,0)} is equicontinuous in £(X). If X
is a Fréchet space, then it is enough that this set is bounded in L£4(X). The
advantage of p*(T), whenever it is non—empty, is that it is open and the resolvent
map R: A — R(\,T) is holomorphic from p*(T') into £y(X), [2, Proposition 3.4].
Define o*(T') := C\ p*(T), which is a closed set containing o(T'). If T € L(X)
with X a Banach space, then o(T) = o*(T). In |2, Remark 3.5(vi), p.265] an
example of a continuous linear operator 1" on a Fréchet space X is presented such
that o(T) C o*(T) properly. For the Cesaro operator this turns out not to be
the case.

The mean ergodic properties and the dynamics of the Cesaro operators C(PH)
1 <p < oo (resp., C??7) 1 < p < 00) are presented in Section 2 (resp., Section 3)
as is the precise connection between the two notions of spectra o(-) and o*(-). Of
interest is the fact that both of the spectra o(C(**)) and ¢*(C(1*)) are unbounded
subsets of C, whereas the spectra of C?1) | 1 < p < 00, and C??7) | 1 < p < o, are
bounded subsets of C. For purposes of comparison, the final Section 4 is devoted
to an analysis of the two notions of spectra for the Cesaro operator acting in
the quojection spaces w, C(R*) and LY (R*), 1 < p < co. It turns out that
o(-) and o*(-) coincide for C: C(RT) — C(R™) and for C: L} (R*) — L} (R*),
which suggests that this may always be true whenever C acts in an appropriate
quojection Fréchet space. That this is not so is illustrated by C: w — w, for which
it is shown that o(C) C ¢*(C) properly.
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2. Tue CESARO OPERATOR ON THE SPACE /P71 < p < 0.

Fix 1 < p < oo. It is known that the discrete Cesaro operator maps the
Banach space /P continuously into itself, which we denote by C(?): 7 — (P and
that HC(p)HOp = q, where %—F é =1, [12, Theorem 326, p.239]. Consequently, the

Cesaro operator maps the Fréchet space /7,1 < p < oo, continuously into itself.
In fact, for a sequence p, | p (so that p, > p for all n € N), consider the norms
(1.3) and, for each n € N, let C,, := C(P») € L£(¢Pn). If we denote by i,,: P+ — (Pn
and iy pt1: £Pr+1 — (P the canonical inclusion maps (which clearly have dense
range), then i, o Ccrt) = C, 04, and also inn+10Cpy1 = Cpoippyr foralln € N
Hence, for every n € N, we have

IC" Dz, = [|8CP Pzl = |Crinalln = [|Cazlln < gllzlln, = € £F.

According to [14, p.123|, the dual operator (C®))’: ¢4 — ¢9 is given by

(C®)Y(z) = (Z 7) L ox=(z)2, €09, 1< p < oo (2.1)

h=i i=1
The following result will be useful to study the spectrum of C(?1).

Lemma 2.1. Let X = (\,cnXn be a Fréchet space which is the intersection
of a sequence of Banach spaces (X, ||.||n),n € N, satisfying Xpn41 C X, with
l|z]ln < ||z||lns1 for each n € N and each x € Xp41. Let T € L(X) salisfy the
following condition:

(A) For each n there exists T,, € L(X,,) such that the restriction of T, to X
(resp. of T), to Xpy1) coincides with T (resp. with Tp41).
Then o(T;X) C U,en0(Th; Xn) and R(N,T) coincides with the restriction of
R(A\,Ty) to X for each n € N and each X € (o p(Tn; Xn).

Moreover, if U, cn 0(Tn; X)) C o(T;X), then
o"(T;X) =0(T; X).
Proof. Let A € N2, p(T; X,,). To show that (A] —T): X — X is injective,
suppose that (A — T)z = 0 for some x € X. Then condition (A) yields (A —
T1)x =0 in X;. Since A € p(T1; X1), this implies that x = 0.

To check that (A —T'): X — X is surjective, fix y € X. For each n there is
xn € X, satisfying (A —T),)z, = y in X,,. By condition (A), for each n € N the
restriction of T}, to X, 41 is T41. Hence, y = (A — Ty)xy, = (M — T},) 241 with
the equality holding in X,,. Since A € p(Ty; X,,), this yields z,, = x,41 for each
n € N and so x1 € X with (A — T)xz1 =y . Consequently, A € p(T; X).

Since o(T;X) C o*(T; X) with o*(T; X) closed, we always have o(T;X) C

o*(T; X). Suppose now that |J,,cn 0(Th; Xp) € o(T5X). Let A€ C\ (T X) in
which case there exists € > 0 such that B(\,e)No(T; X) = 0. By our assumption
we also have B(\,e) C p(T,; X,,) for each n € N. Suppose there exists x € X
such that {R(u,T)x: p € B(\e)} is an unbounded subset of X. Then there
is ng € N such that the set {R(u,Ty,)x: n € B(\ e)} is unbounded in X, (as
X C X, and R(u,T) is the restriction of R(u,Ty,) to X for p € B(\¢)). This

is a contradiction as B(A, ) C p(Tyy; Xn,) with X, a Banach space. O
Theorem 2.2. Let 1 < p < 0o and q satisfy % + % =1. Then
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(i) o(CrH) ={reC: IA—1| <4} u{o}.
(i) 0 (CP7)) =0 and {A € C: |A—§| < 3} C op((CPD))).
(iii) o*(CPH) = {AeC: |A—§| < 4} =o(ClD).
Moreover, for every non-zero A € o(CP1)) the subspace (AN —CPH)(1P+) is closed
in (P with codim(A\I — CPH))(¢p+) = 1.

Proof. Fix p, | p. Then the conjugate indices satisfy ¢, 1 ¢ (with ¢, < ¢ for all
n € N). Moreover, for every n € N, it is known that

dn dn
7(Cn) = {)\ eC: ]A e 5} and  0,0(Co) = 0, (2.2)
and, if A € C satisfies |A — 4| < £ then (M — Cp,)(¢") is closed in P" with

codim(Al — C,,)(¢Pn) = 1; see [14, Theorem 1| and [10, Theorems 1& 2|, respec-
tively. Clearly o,:(C?PH)) C 0,4(C,,), for all n € N, and so the first statement in
part (ii) follows at once. Since ¢, < ¢ for all n € N, it is clear via (2.2) that

o4 4
a(Cn)C{)\EC. ‘A 2\<2}u{0}, neN.
According to Lemma 2.1, with X, := P and T,, := C,, for n € N, we have that
(r+) _ ) ‘ _ g‘ q
o(C#) | J o(Cp) {/\GC. A4 <2}u{0},

neN
and that R(\, C??1)) coincides with the restriction of R(\,C,) to £P* for each
n € N and each A € (), oy p(Cr).

Since C: w — w is a bicontinuous (algebraic) isomorphism, it is clear that
C(P+) is injective. Moreover, C?*) has dense range in /7T, which follows from the
identities e, = rC®P*) (e, — e,41), for r € N (as CPHe, = POy %ei, for r € N).
Here, e, € w is the element with 1 in the r-th coordinate and 0 elsewhere, for each
r € N, in which case {e,}32, C ¢ for all 1 < s < co. But, C?*) is not surjective
in #*. Indeed, y := > %, Tl_l)egi_l € (PT. However, by (1.2), the vector
C'y)=(,-1,1,-1,1,—1,...) € £\ ¢y. This establishes that 0 € o(C?1)),

Fix A € C with |[A— 4| < %. Since ¢, 1 ¢, it follows that |[A— 2| < &
for all n > ng and some ng € N. So, as noted above, for every n > ng the
operator (Al —C,,) is injective with range (A — C,,)(¢P™) closed in ¢P» and satisfies
codim(A — C,,)(#Pr) = 1. This yields that (A — C®H))(¢PT) is also a proper
closed subspace of P, Tndeed, let {y;}32; C (M — CPH))(P1) be a sequence
which converges to some y in ¢P*. For each j € N, let z; € ¢P* satisty y; =
(M — CPH))z;. So, for every j € N, it follows that

Yi = inyj = in(AM — CP )y = (AT = C)inazj = (M — Cp)aj € (M — Cp)(£P7),
with y; — y in P for each n > ng. The closedness of (A — C,,)(¢P) in £P»
implies that y € (Al — C,,)(¢P*), i.e., y = (A — C;,)z, for some z, € ¢P» and all
n > ng. As £Pntt C fPn we have 2,41 € P and so, for n > ng, it follows that
()\I - Cn)zn+1 = (/\I - Cn)in,n—l—lzn—l-l = in,n—l—l(AI - Cn—i—l)zn—i-l
= in,n—i—ly =Yy = (>\I - Cn)zn

The injectivity of the maps (Al — C,,) for n > ng, then yields that z,4; = 2, for
all n > ng. Setting z = z,,, it follows that z = 2, € ¢ for all n > ng and so
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z € P with (M — C?P1))z = . Thus, (A — CPH)(¢P1) is a closed subspace of
¢PF. Suppose that (A — CPH))(¢P+) = ¢P+ Then

P = (N — CPD) Pty C (AT — Crg) (£P70),

with (A — C,,,)(¢Pm0) closed in ¢Pmo. The density of /Pt in ¢Pro implies that
(A —Cpy ) (£Pr0) = £Pno; a contradiction. So, the closed subspace (AT —C®H))(¢P+)
of 7" is proper. In particular, A € o(CP1)). This establishes part (i).

Next, we prove that codim(A —CP))(¢PF) = 1, still assuming that [A — &| < &
and hence, ‘)\ — q%} < q”TO for some ng € N. Observe that the dual operator
(CPH)Y: ga= — 9= (with (9= := U2 ,¢% being the strong dual (PF)5 of £P7F)
is given by the same formula as in (2.1). So, if (C?P*))4u = Au for some u € €9~
with u # 0, then u;41 = uy H’}-L:l (1 — ﬁ) for all i € N, [14, p.125]. This
shows that each eigenvalue of (CP1)) (if it exists) is necessarily simple, i.e.,
dimKer(A — (CPH))) = 1. But, |A — %2| < %22 implies, via [14, Theorem 1(b)],
that there exists a non-zero vector u € %0 C (9~ such that (C,,)'u = Au and
so (CPH))'y = Au. Accordingly, since dim Ker(A — (CPH))) = 1 and (2 /(M —
Ceh))(p1)) ~ Ker(A — (CPH)) (algebraically; actually, also isomorphically), it
follows that codim (A\] — C®1))(¢P+) = 1. Along the way it has also been verified
that A € o ((CPD)Y), i, {A € C: [N —&| < £} C o ((CPH)Y). So part (ii) is
completely verified.

Finally, part (iii) follows from Lemma 2.1 as it was shown above in the proof
of part (i) that o(CPH)) =, .y (Cy). O

Theorem 2.3. The Cesaro operator CPT): P+ — P 1 < p < o0, is not mean
ergodic, not power bounded and not supercyclic.

Proof. By Theorem 2.2(ii) the number (1;”1) > 1 belongs to o, ((C?))") and so

there exists a non-zero vector u € £9~ satisfying (CP))'y = uzﬂu. Choose any
x € (P such that (z,u) # 0. Then

1 1 1 /(1+q)\"

Z(clphn - (PH) Yy = =

(€)= o (o =1 (B52) o, nen

and so the set {1(CPY))"z:n € N} is unbounded in ¢P*. In particular, the
sequence {%(C(pﬂ)”}zo:l does not converge to 0 in Ls(¢P1), thereby violating a
necessary condition for C?) to be mean ergodic; see Section 1. Since the power
boundedness of CP*) would imply that 1(CPH)" — 0 in L(P) for n — oo, it
also follows that C?1) is not power bounded.

Suppose that C?1) is supercyclic. As 7 is dense in the Fréchet space w (see
Section 4) and CP*) coincides with the restriction of C : w — w to £PF it follows
that C : w — w is supercyclic. This contradicts Proposition 4.3 below. g

Since the Cesaro operator fails to map ¢! into ¢! (e.g., Ce; = (%):;1 ¢ ) it
is to be expected that the situation is different for p = 1. Let p, | 1 and equip
' = N2, ¢" with the le-topology generated by the norms (1.3). Then ¢'F is
a reflexive Fréchet space with strong dual £°°7 := Ug>149. The same argument
given prior to Lemma 2.1 shows that the Cesaro operator C(1H): g1+ — g1+
is continuous. Unlike for p > 1, the spectra o(CH)) and ¢*(CIH)) are now
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unbounded subsets of C. The following result should be compared with Theorem
2.2.

Theorem 2.4. For p =1 the following assertions hold.
(i) o(COH)) ={X e C: Re) >0} U{0}.
(ii) ope(CH)) =0 and {\ € C: Re X > 0} C o ((CHHY).
(iif) o*(COH)) = g(CH),
Moreover, for every non-zero X € o(COH)) the subspace (N[ —CH))(£1%) is closed
in 01 with codim(A — COH))(01+) = 1.

Proof. Fix p, | 1. Then the conjugate indices satisfy ¢, 1 oo (with 1 < ¢, < o0
for all n € N). Moreover, for every n € N, the identities (2.2) hold. So, via
Lemma 2.1 with X, := /P~ and T}, := C,,, for n € N, we have that

o(CI) c | o(Ca) C{A € C: ReX > 0} U {0},
neN

and that R(\,C(')) coincides with the restriction of R(\,C,) to £'* for each
n € N and each A € (), oy P(Cr).

To prove the reverse containment let o € {A € C: ReA > 0}. Then there
exists n € N such that |o — 2| < 2. Hence, there exists u € ¢4 \ {0} (and so
u € (1) = °7) satisfying (C,)'u = au and hence, (C))'u = au. Then, for
each = € /', we have

(€M) —al)z,u) = (z, (CIDY —al)u) =0.

Hence, (y,u) = 0 for every y in the range of (C1!*) — o) with u # 0 and so

(C+) —aT) cannot be surjective. This shows that {\ € C: Re A > 0} C o(C1H).
Adapting the proof of Theorem 2.2 it can be shown that C1) is injective, not

surjective and C't) has dense range in ¢'*. Part (i) is thereby established.

Fix A € C with ReX > 0, i.e., A € o(CIH))\ {0}. Since ¢, 1 0, there exists
no € N such that ’)\ — %"’ < L for all n > ng. Then, arguing as in the proof of
Theorem 2.2, it can be shown that the subspace (A — C())(¢1F) is closed in
¢ with codim(A — CH)(¢1F) = 1. Actually, as in the proof of Theorem 2.2,
it is established along the way that also A € o ((CUH)Y).

Finally, part (iii) follows from Lemma 2.1 as it was shown above in the proof
of part (i) that o(CUH)) =, oy (Cp). O

Theorem 2.5. The Cesaro operator CA) . 1 5 ¢ is not mean ergodic, not
power bounded and not supercyclic.

Proof. Via the inclusion in Theorem 2.4(ii) it follows that 2 € o, ((C1+))’) and
so there exists u € £~ \ {0} satisfying (C('*))'u = 2u. Choose any z € £'* such
that (z,u) # 0. Then

1 1 1

- C(1+) n - C(1+) nn — —9n N

(- (C) 2, u) = — (2, (CT))"u) = ~2%(z,u), neN,

and so {1(C*))"z: n € N} is an unbounded subset of ¢'*. To complete the

proof it now suffices to argue as in the proof of Theorem 2.3. g
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Remark 2.6. (i) We point out that the range
(I — CPOY(PF) = spanfe, }rs0 = {x € P7: 2y = 0}.

Clearly (I — CPH)(pt) C {x € P+ 2y = 0}. Since {e,}°2, is a basis of £°F,
it is routine to check that span{e,},>o = {x € #T: z; = 0}. In view of this
observation and the fact that (I — C®H)(¢P%) is closed in P+ (by Theorem 2.2),
it remains to show that e, € (I — C®PH))(¢P), for » > 2. But, this follows from
the identities e, = (I — C®?H))y,, for r € N, with
1 T
Ypr i= €pp1 — — ep € P, reN.

A similar argument shows that also
(I — COY (') = spanfe, }rso = {z € £1F: 21 = 0},

(ii) We have seen that (I —C®H))(¢PT) is a (proper) closed subspace of #7*, but
CPT is not even mean ergodic. This fact should be compared with the equivalence
of uniform mean ergodicity of 7' € L£(X) with the closedness of the subspace
(I —T)(X) when X is a (pre)quojection Fréchet space and (1/n)T™ — 0 in
Ly(X) for n — oo, [3, Theorem 3.5]. Of course, PT is not a (pre)quojection.

3. THE CESARO OPERATOR ON THE SPACE LP~, 1 < p < 0.

We now consider the “continuous” Cesaro operator C defined pointwise by (1.5).
Hardy’s inequality, [12, p.240], ensures that C maps each Banach space LP, 1 <
p < 00, continuously into itself. We denote it by C®): LP — LP_ in which case
its operator norm satisfies |[C?)|,, = ¢ if 1 < p < oo (with %—l—% = 1) and
|C)||,, = 1. Accordingly, the Cesaro operator maps the Fréchet space LP~
continuously into itself. In fact, if 1 < p, 1 p (so that 1 < p,, < p for all n € N),
then LP~ = NS, LP and its Fréchet topology is generated by the sequence of
norms (1.4). For each n € N, let C,, :== C®»)_ If we denote by 4,: LP~ — LPr
and iy p41: LPr+1 — LP» the canonical inclusion maps (which clearly have dense
range), then i, o C(r-) = C,, 04, and also inn+10Cpyr = Cpoip pyr foralln € N
Accordingly, for every n € N, we have (with p% + qin = 1) that

ICP) 1l = 1inCP ) flln = IChinflln = ICaflln < @ullfllns  f € LP™.
Theorem 3.1. Let 1 < p < 0o and q satisfy % + % =1. Then
(i) o(CP))={reC: [A— 1| <1} =0%(Cl)),
(i) op(CPI)={reC: [x— g < 2}\ {o}.

Proof. Fix p, T p. If p% + q% = 1for all n € N, then ¢, | ¢ (so that ¢, > ¢ for all
n € N). Moreover, for every n € N, we have
dn }
< —_
2 7

U(Cn):{)\G(Q ’/\—ql Sqi} and Upt(Cn)Z{)\G(C: ’/\—q—n
{rec: ‘A—g)gg}ga(cn) and {1 € C: (A—g)<%}g%(cn).

2 2 2
[15], [16, Theorem 1|. Accordingly, for each n € N we have




THE CESARO OPERATOR IN THE FRECHET SPACES ¢+ AND LP— 9

Fix A\ € C with [A— 4| > 4. Then |X-
no € N (as g, | q) and hence, A € p(Cp,)
LP™ = Np>p P, Lemma 2.1 applied to T" := C? L(LP7) with X, := LP»
and T}, := Cyp, for n > nog, implies that (>, {zeC: L) >4l C p(CP))
and hence, A € p(CP7)). Accordingly, o(CP~)) C {)\ eC: |A-§| <}

Now suppose that A € C\ {0} satisﬁes ‘)\ ‘ < € or, equivalently, that
Re ( ) > 1 in which case Re ( ) > 1 i for all n € N. The claim is, for each
n € N, that the function fy(x) := ax belongs to LP» and is an eigenvector of
C,, associated to the eigenvalue A. To see this note that

for all n > ng and some

n n
7‘ 2

for all n > ngy. Since we also have
(r-) ¢

1 1
| frllor = /0 |(@)|Prde = /0 Pr(Re(3) gz < 00, neN,

as pn (Re (3) = 1) > po (& = 1) = =1. Thus, fi € N2, L7 = LV~ It is
routine to check that C,fy = Afx, for n € N, and hence, C??)fy = Afy as
in 0 CP7) = C,, 04, This shows that {A € C: [A— 4| < €} \ {0} C oy (CP)).

It follows from (1.5) that CP7) is injective on LP~. In particular, 0 & o, (CP7)).
Moreover, C?~) is not surjective, since the range of C(P=) contains only functions
which are continuous on (0, 1]. Thus, 0 € o(CP7))\ g,(CP7)). At this stage part
(ii) has been established, as has the first equality in part (i).

It remains to verify the statement in part (i) concerning o¢*(C*~)). From
the first equality in (i) and the fact that o(T) C o*(T') always holds we have
{ryeC: [A—g| <2} c o*(CP)). On the other hand, fix A € C such that
A= %] > 2. Then there exist ¢ > 0 and ng € N such that B(\,e) C p(C ), for
n > ng. Assume that there exists f € LP~ for which the set {R(u, C )f e

B(), )} is unbounded in LP~. Then there is n > ng such that {R(u, C?))f: p €

B(\,e)} is an unbounded subset of LP». Since R(u, C?P7)) coincides with the
restriction of R(u,C,) to LP» the set {R(u,Cn)f: p € B(\ €)} is unbounded
in LP». This contradicts the fact that A € p(C,) with LP» a Banach space.
Accordingly, {R(u,C??7)): € B(\,€)} is equicontinuous in £(LP~) and so \ €
o*(C)), 0

Proposition 3.2. Let 1 < p < co. The Cesaro operator CP~): LP~ — LP~ s
hypercyclic, not power bounded and not mean ergodic. Moreover, CP-) 4s chaotic
only if 1 < p < oo.

Proof. Let 1 < p < co. The operator C?): LP — LP is known to be hypercyclic
and chaotic, [17, Theorems 2.3 and 2.6|. Since LP is separable and dense in LP~
and the restriction of C%?~) to LP coincides with C(?)| it follows that C?—): LP— —
LP~ is also hypercyclic and chaotic, [11, Propositions 2.24 and 1.31].

Now let p = co. It is shown in [11, Example 12.20] that the Cesaro operator
C(>=) is hypercyclic on the separable Fréchet space L®7; see also [11, Corol-
lary 12.19]. But, C(*=) is not chaotic because, via Theorem 3.1, we know that
op(C) = {NeC: A= 3| <4} \ {0} which contains only one root of unity,
[11, Proposition 5.7].

Since C(P~) is hypercyclic, for 1 < p < oo, it cannot be power bounded.
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Assume that C?~) is mean ergodic in LP~. Then
LP~ = Ker(I — CP)) @ (I — Coo))(Lr-),
[1, Theorem 2.4]. This means precisely that
Ker(I — CPyn (I — Cv))(Lr—) = {0}

and that

Ker(I — CP7)) 4 (I — C-))(Lr—) = [P~
But, dimKer(I — C??~)) = 1 (as the constant function 1 € Ker(I — C?7)) C
Ker(I —C"), for any 1 < r < p, with dim Ker(I —C(")) = 1, [15, Theorem, p.28])
and (I — C?P2))(LP~) is dense in LP~ as C(P~) is hypercyclic, [11, Lemma 6.3].
So, we have a contradiction, i.e., C??~) is not mean ergodic. O

4. THE CESARO OPERATOR IN OTHER CLASSICAL FRECHET SPACES

The lc-topology of each Fréchet space /P, 1 < p < 0o, and LP~, 1 < p < oo, is
generated by a sequence of norms. This is not so for the classical Fréchet space
C(R™), equipped with the topology generated by the seminorms

4(f) == Jnax, |f(x)], feC(RT), jeN, (4.1)

nor for the Fréchet space LT (RT), 1 < p < oo, consisting of all C-valued,
measurable functions f on R* such that

= ([ : )P ds ) ", jen (42)

endowed with the topology generated by the seminorms {p;};en. In fact, C(RT)
and LY (R™), 1 < p < oo, belong to the class of quojection Fréchet spaces which,

!
whenexolgr they admit a continuous norm, are necessarily a Banach space, see [6],
[20].

The Cesaro operator C: C(R*) — C(R™") defined, for every f € C(R"), by
Cf(0) = f(0) and Cf(z) = L [ f(t)dt, for > 0, has been investigated in [4],
where it is shown that C is power bounded and mean ergodic but, not uniformly
mean ergodic and not supercyclic (hence, not hypercyclic). Moreover,

g(c;C(Rﬂ):{Ae«:: ‘)\—; g;} (4.3)

with 0 (C; C(RT)) = o(C; C(RT)) \ {0}, [4, Theorem 3.1]. It remains to clarify
the connection between the two notions of spectra.

Proposition 4.1. For the Cesaro operator C: C(RT) — C(R") we have
o(G;C(RT)) = o™ (G C(RY)).

Proof. Let \ € C satisfy ‘)\ — %‘ > % (equivalently, Re(%) < 1) and define £ := %
The linear operator Pr which maps f € C(R") to the function

1
ng:x€R+r—>/ s ¢ f(zs) ds,
0

is a continuous operator on C(RT) such that £ + €2 P is the inverse of (Al — C)
on C(RT). Indeed, applying the dominated convergence theorem to calculate
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limy, 00 Pe f(2r), whenever f € C(RT) and z,, — = in RT for n — oo, it follows
that Pef € C(RT). Moreover, the substitution s = e~ yields

1 e
ng(x):/o s_ff(a:s)ds:/o e~ =0 f(ge ) dt, x e RY,

which implies, for each j € N, that

> 1
(Pef) < [ R0 e | (o) dh € gy (f). [ € CRY),

Accordingly, Pr € L(C(RT)). That &I + &2 P is the inverse of (A\I —C) on C(R™)
follows as in [15, p.29] (or, see the proof of |7, Lemma 2(a)|).
So, for every A € C such that ‘)\ — %| > %, the operator

RO) = (A= O) ' =€l + &P, €=,

is the resolvent map of C at A on C'(R™) and satisfies the estimates

2
a(ROV) < (16 + (‘f' o) al) JEN feC®).
Fix \g € C satisfying ‘)\0 - §| > 3 (i.e, A € p(C;C(RT))), and set & := )\ . Via
the resolvent equation we have
R(A) = R(X0) + (Ao = MR(NE(Xo), A€ p(C;C(RT)).
Then (4.4) yields, for every j € N and f € C(R"), that

o’ < (1o + gl ) [t o= 1+ oo ) | (49)

Observe, with € := 1, that ®(\) 1= 1+ [Ag — A (\g| + i )) is defined and

continuous on C\ {u € C: ‘,u 3] =1}. Via (4.3) there is 7 > 0 such that
D(Xg,7) :={XA € C: |X—Xo| <7} C p(C;C(RT)). Then (4.5) yields that

. ’§0|2 ) . —+
g (RN f) < €0 ““7(1 &) qi(f), jeN, feCR"),

with M := maxycp(ry,r) P(A) < 00, e, {R(N): A € D(Ao,7)} is equicontinuous
in £(C(R™)). This shows that A\g € p*(C; C(R™)). By the arbitrariness of \g we
have p(C; C(R™)) C p*(C; C(R™)), by which the proof is complete. O

We now address the spectra of the Cesaro operator C: L} (R*) — LV (RT)
given by Cf(z) := % = o f(t)dt, for & > 0 and all f € L} (R1), which is well
defined as Lp([O :L‘]) C Ll([O z]) for each x > 0. By Hardy’s inequality, [12,
p.240], the linear operator C is continuous on LP (RT). It is known, for each
1 < p < oo, that C: L} (RT) — L} (R") is not power bounded and not mean

ergodic but7 it is hypercyclic, chaotic and satisfies

PR — 9
o(C; LE (R ))_{AEC. ‘)\ iE 2} (4.6)
with o (C; LY (RT)) = {A e C: |A— 2| < £}, [4, Theorem 4.2].

Proposition 4.2. For the Cesaro operator C: L} (RT) — LV

I (RT) we have
o(C Ly, (RT)) = 0" (G L, (RT)).
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Proof. Let A € C satisfy |A — 4| > £ (equivalently, Re(}) < %) and set £ := 1.
The linear operator Q¢ which maps f € L} (R") to the function

1
Qef: xER+l—>/ s™¢f(xs)ds,
0

is a continuous operator on L7 (R™) such that £I+£2Qy is the inverse of (A —C)
on Ly (RT). Indeed, fix f € Ly (R"). For j € Nset g := fxjo, - Then

loc loc

g € LP(RT) and hence, by |7, Lemma 1(a)], the function Q¢g € LP(R™") and

. 00 1 -1 .
satisfies [|Qeglly == (J;* 1Qeg()Pdt)"” < (L~ Re€) g, Since f(x) = g(x)
and Q¢ f(x) = Qeg(x) whenever x € [0, j], it follows (with p; given by (4.2)) that

-1 —1
Pi(Qef) = p;(Qeg) < |Qeglly < (; - Re£> lglly = CI - Re§> pi(f).

Since j € N is arbitrary, we have Q¢ € L(L} (RT)). That E1+&%Q¢ is the inverse
of (A\I —C) on L} (RT) follows as in the proof of [7, Lemma 2(a)].

Therefore, for every A € C satisfying |A — 4| > Z, the operator
1

RO) = (-0 =l +6Qc, €=+,
is the resolvent map of C at A on L} (R™) and satisfies the estimates

-1
pi(R(A)f) < <|€| + ¢l (; - Reé) )Pj(f)a JEN, fe Ly, (RT). (47)

Fix A\ € C satisfying ‘)\0 - %‘ > 1 (ie, XA € p(C; LY (RT))), and set & := %.
Via the resolvent equation we have

R(\) = R(M) + (do — VRA)R(No), A€ p(CLP (RY)).
It follows from (4.7), for every j € N and f € L} (R'), that

pi(R(N)f) < (4.8)

1 -1
(m el (5 - Reto ) ) L+ A= (m +1ef (5 - Ret) )] pi()).
Observe, with £ := 1, that U(X) := 1+ [Ag — A <]£| + €2 (l - Re§> 1) is

defined and continuous on C\ {u € C: |u— 4| =4}. According to (4.6) there
exists r > 0 such that D(\o,r) C p(C; LY R+) It then follows from (4.8) that

loc

pi(R(A)f) <L (\ﬁo! + !50|2 ~ — Reo )pg , JEN, fe L, (RT),

with L := max)\eD()\o’r) U(A) < oo, e, {R(A): X € D(Xo,7)} is equicontinuous
in L(L? (RT)). This shows that A\ € p*(C; Lp (RT)). By the arbitrariness of Ao

loc loc

we have p(C; L} (R*1)) C p*(C; LY (R™)), by which the proof is complete. O

Consider now the Cesaro operator C: w — w as given by (1.1). As an increasing
sequence of seminorms defining the Fréchet topology in w = CN we take r1,: w —
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[0,00), k € N, where r,(x) = maxi<j<i|z;|, for z = (2;)72; € w. Clearly,
C € L(w). In fact,

re(C"z) <rp(x), z€w, k,neN. (4.9)

Its dual operator C': ¢ — ¢ is continuous on ¢ := (w)}; and is given by

00 o0
Ty,
Cla) = (Z h) =@ e (4.10)
h=i i=1

The linear operator C is a bicontinuous (topological) isomorphism of w onto itself
with C™!: w — w given by (1.2). Denote by 1 the constant sequence (1,1,...) €
w. The following result, with the exception of the statement about supercyclicity,
occurs in [3, Proposition 4.1]. The supercyclicity can be deduced from [9, Lema
11]; we include a direct proof.

Proposition 4.3. The Cesaro operator C: w — w 1is power bounded (hence,
satisfies %n — 0 in Lp(w) as n — oo) and uniformly mean ergodic but, it is not
supercyclic. Moreover, Ker(I — C) = span{1} and the range (I — C)(w) = {x €
w: x1 = 0} =Span{e, },>2 is closed.

Proof. To show that C: w — w is not supercyclic we proceed by contradiction.
So, assume the existence of x = (7;)%2; € w such that {\C'z: A\ € C,i € Ny}
is dense in w. Since the 1-st coordinate (C'x); = x1, for every i € N, it follows
that 1 # 0. On the other hand, there exists a set {ux: ¥ € N} € C and
a strictly increasing sequence (jx)r C Np such that pupCi*z — eg as k — oo.
Considering the 1-st coordinate and recalling that x1 # 0, we may conclude that
ur — 0 as k — oo. Consequently, for all k& € N, the inequality (4.9) implies that
0 < ro(upCox) < |ug|r2(z) — 0 as k — oco. But, ro(urCo*z) — ra(e2) = 1 as
k — oo, which is a contradiction. O

Proposition 4.4. The spectra of the Cesaro operator C: w — w are given by
0(C) =op(C) ={1/k: k € N}

and

o*(C) = {0} Uo(C) = (C).

Proof. As observed above, 0 € p(C). Moreover, 1 € 0,,(C) C o(C) by Proposition
4.3. For A € C\ {0} the claim is that (A — C) is injective if and only if \ ¢
{1/k: k € N}.

To establish the claim, fix A € C\ {0} and consider the equation (A —C)z =0
with © = (zp)nen € w. Then 21 = Azy and (2A — 1)ze = 21 and (RA — 1)z, =
A(n — Daxy,—q for all n > 3. If m € N denotes the smallest positive integer
satisfying x,,, # 0, then it follows that A\ = % and so xz, = ::r}qxn—l for all
n > m. This implies that

Tp =T = (n_l)! x n>m
m et em) T D (= m)l ™ '

Then x = <0, ey 0, 2, My, m(WQLH)xm, .. ) € w satisfies Cz = %x with x # 0

for any choice of z,, # 0. This proves the claim.
According to the established claim we have o, (C) = {1/k: k € N} C ¢(C) C
o0*(C) with 0*(C) closed, and so 0 € o*(C).
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It remains to show that every A ¢ {0} U {1/k: k € N} belongs to p*(C). To
see this, fix A\ ¢ {0} U {1/k: k € N}. The formula for the resolvent operator
(C — X)~!:w — w is a matrix which has the entries in its i-th row given by

-1 — it
iX2 HZ:j(l - %) in:j(/\_ %)7
aij =1/(1/i=X), i=3j,
with all the other entries being 0, |21, p.266]. Select § > 0 such that the distance
e of B(\,0) to the compact set {0} U {1/k: k € N} is strictly positive. Using the
form (4.11) of the matrix for the resolvent operator it follows, for each k € N,
that there is My > 0 such that rp((C — ul)~tz) < Myry(z) for each u € B()\,6)
and each z € w. This implies that {(C — ul)~': u € B(),d)} is equicontinuous
in £(w) and so A € p*(C). O

a;j = 1<7 <, (4.11)
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