SPECTRUM AND COMPACTNESS OF THE CESARO
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ABSTRACT. An investigation is made of the continuity, the compactness and
the spectrum of the Cesaro operator C when acting on the weighted Banach
sequence spaces £, (w), 1 < p < oo, for a positive, decreasing weight w, thereby
extending known results for C when acting on the classical spaces /).

1. INTRODUCTION

The discrete Cesaro operator C is defined on the linear space CN (consisting of
all scalar sequences) by

Cz:= <x1,w1—;m,...,xl_‘_'ﬁ'—i_a:n,...), z = (Zn)ney € CN. (1.1)

The operator C is said to act in a vector subspace X C CN if it maps X into
itself. Of particular interest is the situation when X is a Banach space. The
fundamental questions in this case are: Is C: X — X continuous and, if so, what
is the spectrum of C: X — X7 Amongst the classical Banach spaces X C CN
where answers are known we mention ¢, (1 < p < 00), [6], [14], and co, [14], [18],
and both ¢, l, [1], [14], as well as ces,, p € {0} U (1,00), [8], and the spaces of
bounded variation bvg, [17], and bvy,, 1 < p < oo, [2]|. There is no claim that this
list of spaces (and references) is complete.

The aim of this paper is to investigate the two questions mentioned above for
C acting on the weighted Banach spaces ¢,(w). To be precise, let w = (w(n))>2,;
be a bounded sequence, always assumed to be strictly positive. Define the space

o0 1/p
ly(w) == 2 = (n)neny € CV: || 2)lpw = (Z \xnpw(n)> <00y,
n=1

for each 1 < p < o0, equipped with the norm || - ||,,. Observe that £,(w) is
isometric to £, via the linear multiplication operator

Dy : gp(w) - Ep? T = (xn)neN — CI)w(:U) = (w(n)l/p$n)neN'

Therefore, the ¢,(w) are Banach spaces. The dual space (¢,(w))" of £y(w) is

the Banach space £, (v), where % + [% = 1 (i.e., p' is the conjugate exponent

of p) and v(n) = w(n)"?/? for n € N. In particular, £,(w) is reflexive and
separable for 1 < p < co. Moreover, the canonical unit vectors ey := (Jgn )nen, for
k € N, form an unconditional basis in £,(w) for 1 < p < co. If inf,,eyw(n) > 0,
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then £,(w) = ¢, with equivalent norms and we are in the standard situation.
Accordingly, we are mainly interested in the case when inf, cyw(n) = 0.

By Hardy’s inequality, [13, Theorem 326, p.239|, for every 1 < p < oo the
restriction of the Cesaro operator C: CN — CY as given in (1.1) defines a bounded
linear operator from £, into itself with operator norm equal to p’. Denote these
operators by C(P) so that ||CP)|| = p/. In Section 2, where the papers [5], [10], [11]
are relevant, we discuss various aspects of the continuity of C when restricted to
lp(w), 1 < p < oo; denote this operator by C(Pw) whenever it is continuous.

For any Banach space X, let I denote the identity operator on X and £(X) de-
note the space of all continuous linear operators from X into itself. The spectrum
and the resolvent set of T' € L(X) are denoted by o(T") and p(T'), respectively; see
[9, Ch. VII], for example. The set of all eigenvalues of T', also called the point spec-
trum of T, is denoted by oy (T"). The spectral radius v(T') := sup{|A|: A € o(T")}
of T always satisfies r(T") < ||T||, |9, p.567].

Section 3 is devoted to an analysis of the spectrum of C when acting in £,(w).
The main result is Theorem 3.3; it is complemented by Examples 3.5 which clarify
the scope of this theorem. Unlike for C®), it can happen that apt(C(p’w)) # 0.
Actually, C?»®) can even have infinitely many eigenvalues; see Proposition 3.6.
The final section deals with the compactness of C?»%). Relevant is how fast w
decreases to 0; see Proposition 4.1, Theorem 4.2, Corollary 4.3 and Proposition
4.6.

2. CONTINUITY OF C IN WEIGHTED £, SPACES

Some of the concepts and results from [11] that are quoted in this section
actually have their origins in the paper [10]. We begin with the following fact.

Lemma 2.1. Let w = (w(n))>2, be a positive sequence and 1 < p < co. Then
the Cesaro operator C maps £,(w) continuously into itself if, and only if,

m -1 m n p
sup <Z w(k‘)_p//p) <Z L(:) <Z w(k:)_p'/p> ) < o0,
meN \ k=1 =1 " k=

i.e., if, and only if, there exists K > 0 such that

i U;S;L) <Zn:w(k)p’/p> <K (i w(k;)p//p> , meN. (2.1)
n=1 k=1 k=1

Moreover, if the constant K satisfying (2.1) is chosen as small as possible, then
the operator norm of C is at most p/ K'V/P.

Proof. Let Ty,: CN — CN denote the linear operator defined by

(e, _ :
Typx = Zw(k) Ty , = (xn)nen € C. (2.2)
neN

n
k=1

Then ¢,,C = T3, ®,,. Since ®,, is isometric from ¢,(w) onto £, it follows that
C maps ¢,(w) continuously into itself if, and only if, T}, maps ¢, continuously
into itself. But, the matrix of T}, is factorable (cf. [5, §4] with a, = w(n)'/?/n
and by = w(k)~Y/? for 1 < k < n) and so it follows from [5, Theorem 2| that
T, € L(¢P) if, and only if, (2.1) holds.
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The proof of Theorem 2 in [5] yields that the operator norm of C is at most
pK/P. O

Proposition 2.2. Let w = (w(n))>2, be a decreasing, positive sequence and
1 < p < oo. Then the Cesaro operator CP™) € L(£,(w)) and satisfies

1 00 1/p
1< <w<1> > ”éj}’) < C <. (2.3)

n=1

Proof. Fix m € N. Because w is decreasing, we have

m n p m p N p
Z wé:) <Z w(k:)p’/p> — Z (w(tz)l/ w(k:)P’/p>

n=1 k=1 n=1 k=1
m 1/p n p m )
<3 (M ) - e
=1 n=1

which is precisely (2. 1) with K = 1. So, Lemma 2.1 implies that C is continuous
on £, (w) with ||[CP®)|| < p.

For an alternate proof of the continuity of C?%) based directly on Hardy’s
inequality in ¢, see [11, Proposition 5.1].

Since T, = ®,CP®)® 1 with ®,, mapping the closed unit ball of £,(w) onto
that of £, and ®,' mapping the closed unit ball of £, onto that of £,(w), it follows
that || T, || = [|CP®)||. Of course,

<I>*1x = (w(n)*l/pxn)neN, x € b

Substituting « = e; into (2.2) it follows that

1 > w(n
[CPON = || T > || Twerlly = | —~
»= o &

See also |11, Proposition 5.5]. O

Some comments regarding Proposition 2.2 are in order. As noted above, for
each 1 < p < oo we have ||C?)|| = p/ and, for a positive, decreasing weight w,
that (2.3) holds. These estimates are not the best possible in general. Denote by
dp(w) the set of all decreasing, non-negative sequences in £,(w) and define

Ay (CP)) = sup{[|CP |2 2 € Gy(w), [[2llpw = 1} < CP].
The following result follows from Propositions 6.3, 6.5 and 6.6 of [11].

Proposition 2.3. Let 1 < p < o0 and w(n) = 1/n%, n € N, for a fivzed o > 0.
Then

max{mi,ma} < Ay (CP)) <[ICP | < My(r) := [r¢(r +)]/?,  (24)

for 1 <r <p, where my := p/(p+a—1) and my := (p+ )P, with ¢ denoting
the Riemann zeta function. Moreover, for 1 < r < p, it is also the case that

- N . o\
P < M. = —- 14—+ — . 2.
e < ) = () (14 54 %) (25)

We provide some relevant examples.
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Example 2.4. (i) For w(n) = 1/n%, if @ = 0.9 and p = 1.1, then max{m;, ma} ~
1.572 and M>(1) = M3(0.9) ~ 1.663 (see pp.15-16 of [11]) and so Proposition 2.3
shows that
1.572 < [|CP®)|| < 1.663.
On the other hand, p’ = 11 and so Proposition 2.2 only yields ||C?®)|| < 11.
(ii) Still for w(n) = 1/n%, but now with a = 0.5 and p = 2, we have m; = 4/3
and M3(3/4) ~ 1.593 (see p.16 of [11]) so that Proposition 2.3 reveals that

4
3 < |[CPw)|| < 1.593.

In this case, p’ = 2 and so Proposition 2.2 only yields ||C?%)|| < 2.
(iii) Again for w(n) = 1/n®, with a > 0, it follows (in the notation of Propo-
sition 2.3) that

1 <= w(n) Yp o 1\
(szng ) - (Z np+a> = ((p+ )P =my.
n=1

n=1

Hence, the lower bound in (2.3) reduces to my < ||CP%)|| whereas (2.4) yields
max{my,ma} < |[CP®)||. Of course, (2.3) applies to more general weights w.

The following example is not a consequence of Proposition 2.3.

Example 2.5. Let p = 2 and set w(n) = 27" for n € N. The proof of Proposition
2.2 yields that ||C>%)|| = ||T,,||. Recall, via (2.2), that

1 n
Ty = (nzn/Q > 2k/2$k> , @ = (Tnp)nen € bo.
k=1

neN
For every x € {5, it follows via the Cauchy-Schwarz inequality and the identity
Sh_yrk=(r -t /(1 —r), for r # 1, that

[e.e]

1
1Tl = >

n=1

n

o0 n n
22’“/2% Zmn Z?’“ Z\ﬂfk\
k=1 n=1 k=1

=1
< By 22n<2"“—2>=”x”22(1m)-

n=1 n=1
Accordingly, [Ty < ( 202" ) . Observe that
91y 2 12 _oo(1 — ¢

I R B A e

n=1 0
because of the fact that % =iy L and the identity

0 t 0 =0 (n + 1) — n22” '

The function f(t) = _l%u_t) for t € (0, 1], with f(0) := 1, is positive, continuous

and increasing on [0, 1) and so

L= F0) < J(t) < f (;) “2log2, te[0,1/2],
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which implies that —log2 < — f01/2 _l%(l_t) dt < —%. Consequently,

~2(1—27" 21
Zg gz(%—i):z.zsgs

2
n
n=1

and so
2
ICE| = 1T < <7; — 1> ~ 1513 <p =2

Direct calculation yields

0o 1 1/2 3 1/2
| Twerllz = (22 mﬂ) ( > 22n) ~1.073
n=1

n=1

and so we have
2
1.073 < ||C?W)| < (7; - 1> ~ 1.513;
see also Proposition 2.2.

3. SPECTRUM OF C(Pw)

The aim of this section is to provide some detailed knowledge of the spectrum
of CPw), Unlike for the classical Cesaro operators CP) € £(£,), for 1 < p < oo,
it can now happen that eigenvalues appear.

Given a (strictly) positive, bounded sequence w = (w(n))pey and 1 < p < oo,
let Su(p) == {s € R: > 1 p/p < oo}. In case Sy(p) # 0 we define

sp :=inf Sy, (p). We point out that p == 1, for every 1 < p < co. Moreover, let
wi={teR: Y nlw(n) < oo}. In case Ry, # R we define tg := sup R,,.
Fix 1 < p < oo and let w(n) = 27"7/?' for n € N. Then S, (p) = 0, i.e., it can
happen that Sy, (p) is empty. However, in the event that Sy, (p) # 0, then s, > 1.
Indeed, for any fixed s € R we have

[e.9] o0

1
Yoo 2wl Py (3.1)
nsw p/p ns’
n=1 n=1
So, whenever s € Sy (p) it follows that > o°, L < oo, that is, s > 1. Hence,

Sw(p) € (1,00) which implies that s, > 1. Moreover, for any r > s € Sy (p) we

have
oo o0

1 1
I [
TLZ::l nrw(n)p//p nz::l nsw(n)p//p

and so also r € Sy (p). Accordingly, whenever S, (p) # 0, then it is an infinite
interval, i.e., Sy (p) = [sp, 00) or Sy (p) = (sp, 00) with s, > 1. It is a consequence
of (3.1) that 1 € Sy, (p), for all 1 < p < oo and all positive, bounded sequences w.

In the event that a,, := inf,eyw(n) > 0 it follows that necessarily s, = 1.

Indeed, in this case w(n)P/P < a;p//p, n € N, which implies that

—p’/p ;
@, for all n € N and s € R. Hence, (1,00) C Sy(p) and so s, < 1. Since we

are assuming that Sy, (p) # 0, we already know that s, > 1. Accordingly, s, = 1.

1
<
nsw(n)P,/P -
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Let 1 < p < oo and fix o > 0. Forw( ) = 1/n°?/? and any s € R it
follows that » >, erb)z’/z’ S oo | ==+ < oo precisely when s > (1 + «) and
so s, = 1 + . Hence, given any 8 > 1 and 1 < p < oo, there exists a positive,
decreasing weight w | 0 such that S,,(p) = (5,0), i.e., s, = f.

Concerning the set Ry, a similar discussion applies. For w(n) = 27" it turns
out that R, = R with {5 = oco. However, if R, # R, then %, is finite with
to > —1 and Ry, = (—o0,tg) or Ry = (—00, tg]. Moreover, R,, = () is not possible
as > oo nfw(n) < |Jwllee Yomeqnt < oo whenever t < —1. If a,, > 0, then
necessarily to = —1 but, =1 € Ry, as Y oo nfw(n) > ay Yy peqn' for all t € R,

The following result clarlﬁes the connection between s, and #.

Proposition 3.1. Let w = (w(n))pen be a bounded, strictly positive sequence.
(i) For each 1 < p < 0o such that S, (p) # 0 we have
SpP
to < % =(p—1)sp.

In particular, Ry, # R whenever there exists p € (1,00) with Sy (p) # 0.
(i) If Ry # R, then Sy (p) C[1+ (pt_iol),oo), for every 1 < p < oo.
(iii) Suppose that 1 < p < oo satisfies Sy (p) # 0. Then

Sw(p) € Suw(q), q € [p,00).

In particular, Sy, (q) # 0 and sq < s, whenever q > p.
(iv) If Sw(p) =0 for some 1 < p < oo, then Sy(q) =0 for all 1 < q < p.

Proof. (i) Suppose that S, (p) # 0. Fix s > s,. Since 3.°°, —1—— < oo,

n=1 nsfw(n)p//p
there exists N € N such that W < 1for n > N and hence, n*?/?'w(n) > 1

for n > N. So, the series Y 2 n sp/Py(n) diverges which yields that to < ;—1,”.
Accordingly, tg < %p. In particular, R,, # R.
(ii) Fix p € (1,00) and any t < to, in which case Y o n‘w(n) < oo. Hence,

there exists K € N such that nt < ﬁ for n > K, that is, nt?'/P < m for

n > K. So, for any s € R we have (as == > 0 for n € N) that
1 nt?'/p 1

= < > K.
s—(tp' /p) ns - nsw(n)P//P7 = K

%

Choose now s < 1+ tp . It follows from the previous mequahty that 02

diverges. Hence, > °° diverges whenever s <1 —|— , for some t < o,

1
n= lnw(n)P/
that is, whenever s € (—o0, 1+t0p) So Sw(p )_[1—|-t°pp oo) [1+(ptf°1)700)-

(ifi) Fix s € Sw(p), i-e., Y202 - < o00. For every 1 < ¢ < oo we have

w n)P /P

o0 ’ / /

1 o _d > 1
§ E - - . < P E - -
nsw(n q/q nsw(n)r'/p wn) e < flwll nsw(n)r'/p’
n=1 n=1

which is finite provided that % > %/. This is equivalent to (p' — 1) > (¢’ — 1),
that is, to ¢ > p. Hence, whenever ¢ > p we have S,,(p) C Sy, (q) which clearly
implies Sy, (q) # 0 and s < sp,.

(iv) Follows immediately from part (iii). O
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Define ¥ := {1:n € N} and let 3¢ := {0} U{2: n € N} be its closure. The
following inequalities will be needed later.

Lemma 3.2. (i) Let A € C\ X¢ and set o := Re (5). Then there exist constants
d >0 and D > 0 (depending on «) such that

d _ 1 1| _D
— < 1—— < — . .
na_H x| S e n eN (3.2)
k=1
(ii) For each m € N we have that
- 1!
(oDt ~n™ ' for all large n € N. (3.3)

(n —m)!
(i1i) Let 1 < p < oo and w = (w(n))nen be a positive, decreasing sequence.
Then
(n"w(n))nen € €y, VYm €N, (3.4)
if and only if
(n™w(n)P) ey € £y, ¥Ym €N, (3.5)

Proof. (i) The inequalities in (3.2) follow as in the proof of Lemma 7 in [18],
where the restriction o < 1 is assumed. Indeed, with = a +if (for a, B € R)
and using 1 + 2 < e” for x > 0, we have

1 n 9 2 o\ 1/2
1-—1=]] e a7 tp

kA k k2

D

ne’

. C
<exp) (—Z + l€2> < exp (—alog(n) +v) <
k=1

An application of Taylor’s formula for x — (1 + x)’l/z, for z > —1, yields
-1 n 2 2\ —1/2 n '
20 a4+ a C

= 1—— < 1+—+—

g « C/ -1 «
gexpz <k+k:2> < exp (alog(n) +v') = d~'n.

(ii) Fix m € N. Then, for all large n > m, we have

=Dt 1) nemet) :nm1.<1_ 1>-....<1— m_1> ~ ML,

(n —m)! n n

(iii) Suppose that (3.4) holds. Fix m € N. Let k € N satisfy k£ > (2 4+ mp). Since
(nFw(n))nen € £y, there exists N € N such that

It follows that
o) N 00 1
anpw(n) < anpw(n) + Z nmP <n2+mp> < 00,
n=1 n=1 n=N-+1

that is, (n™w(n)"P)nen € £,. Accordingly, (3.5) is satisfied.
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Conversely, suppose that (3.5) holds. Since (nw(n)'/P),cn € £,, there exists
K € N such that w(n) < 1 for n > K and hence, w(n) < w(n)'/? for n > K. Fix
m € N. Then n™w(n) < n™w(n)/? for n > K. Since (n™w(n)"/?),en € £, we
can conclude that also (n™w(n))nen € £p. Hence, (3.4) is satisfied. O

If Sy(p) # 0, then s, > 1 and so % < ” which is relevant for the following

2
results. Also relevant is that ||C(P"|| < p’ is possible; see Section 2.

We now come to the main result of this section.

Theorem 3.3. Let w = (w(n))pen be a positive, decreasing sequence.
(1) Suppose that Sy (p) # 0 for some 1 < p < co. Then for the dual operator
(CPw)Y € L((£y(w))") of CP) we have

AeC: |N— v < . U Cap((CP®)Y) (3.6)
2sy 25y = F
and
Pw))\ D CIAeC: |\ £<LI (3.7)
opt((C ) S : 25, = 25, [ .
For the Cesaro operator CP%) jtself we have
Y Y (p,w)
D e C Pw .
{/\GC ‘)\ 25, _2SP}UE_U(C ) (3.8)
and
/ /
o (CPw)y C {/\ e C: ’)\ - % < 7;} N {/\ eC: | < \|C<W>\|} . (3.9

(ii) Suppose that R, # R, i.e., tg < co. Then, for every 1 < p < 0o, we have

m b m b
(3.10)

1 t 1 t
{:mEN, 1§m<0+1}§apt(c(p’w))g{:mEN, 1§m§—0+1

If Ry, =R, then
op(CPY) =% V1<p<oo. (3.11)

Proof. The proof is via a series of steps.
(i) By Proposition 2.2 we have C?P%) € £(£,(w)) with ||CP®)|| < p/. The dual
operator A := (CP¥) € L(£,(w™P/P)) also satisfies || A|| < p’ and is given by

o
k=n neN

Step 1. 0 € opi(A).

Observe that Ay = 0, for some y € Bp/(w*p//p), implies that z, ==Y 72 % =0
for all n € N. Hence, y, = n(zn, — zn41) =0, for n € N, and so A is injective.

Step 2. ¥ C op(A).

Let A € X, ie, A = % for some m € N. Via (3.13) below, the non-zero
vector ¥ = (yn)nen defined via y; € C\ {0} arbitrary, y, := n1 Z;i (1- le)
for 1 < n < m and y, := 0 for n > m, which belongs to £, (w*p//p), satisfies
Ay = Ay.

Step 3. {A eC: ‘)\— £z

< g’—} C op(A).
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Let A € C\{0}. Then Ay = Ay for some non-zero y € £,y (w™?'"/P) if, and only if,
Mn = D pey, Y for all n € N. This yields, for every n € N, that Ay, —yns1) = 2=
and s0 yp4+1 = (1 — %) Yn. It follows that

. 1
Yn+1 :yll_[ <1_)\]€> , mEN, (313)

with y; # 0. In particular, each eigenvalue of A is simple.

Let now A € C\ ¥ satisfy ‘)\— ? < % (equivalently, o := Re (%) > 2—’,’,

ie., ap’ = Re (7> > s,). For such a A the vector y = (yn)nen € CN defined

by (3.13) actually belongs to €p/(w_p//p). Indeed, via Lemma 3.2(i) there exists
¢ = c(A) > 0 such that

1 — —Re(p'/2)

<cn n € N.

-

It then follows from (3.13) that

D gl wn) PP =y Pw(1) p““+@ﬂp§:ll
n=1

n=2k=1

1——| w(n)™P/P

< P 1)+ el YR (),
n=2

where the series Y200, n =R/ Nay(n) =P'/P converges because Re(p'/\) € Su(p),
that is, y € £, (w™?'/P). Hence, \ € apt(A)

Step 4. op( )\EOC{)\GC h-£| <&

Fix XA € opt(A) \ Eo. According to (3.2) there exists § = B(\) > 0 such that

1

But, as argued in Step 2 (for any y; € C\ {0}) the eigenvector y = (Yn)nen
corresponding to the eigenvalue A of A, which necessarily belongs to £,/ (w‘p,/ P,
ie, 0% yaP'w(n)P'/P < oo, is given by (3.13). Then (3.14) implies that
also 3% ————1——— < oo, ie., Re (%l) € Sw(p) and so Re (%) > $p.

nRe(p’/A)w(n)p /p

/

> B.n Re@/N - peN. (3.14)

Equivalently, Re (3) > oo le, A€ {N eC: ‘:“ 23p = %

It is clear that Steps 1-4 establish the two containments in (3.6) and (3.7).
For every T € £(X) with X a Banach space, it is known that o, (7") C o(T),
[9, p.581], with o(T') a closed subset of C. Accordingly, (3.8) follows from (3.6).

Step 5. o(ClPw)) C {/\EC: ‘)\_%/‘ S%/}

It suffices to show that every A € C with ‘)\ - %/’ % belongs to p(CP®)).

To do this we argue as in [7]. We recall the formula for (C — A\I)~*: CN — CN
whenever \ ¢ o, [18, p.266]. For n € N the n—th row of the matrix for (C—AI)~*
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has the entries

-1
, 1<m<n
n X [Tk (1= 3)
n 1
= m=mn
L—nx 1)\ ’
and all the other entries in row n are equal to 0. So, we can write
1
(C—A)"'=D, — 2B (3.15)
where the diagonal operator Dy = (dpm)nmen is given by dn, = T L_ and

Y
dnm = 0 if n # m. The operator E) = (€nm)nmen is then the lower triangular

matrix with ey, = 0 for all m € N, and for every n > 2 with ey, := %
nTi—m (1= 35)
if 1<m < nand ey, :=0if m > n.

If X\ € ¥, then d()) := dist(A, ¥o) > 0 and |dpn| < 5753 y for n € N. Hence, for
every x € {,(w), we have

1/p 1 o0 1/p
pw — (Z ‘dnnxn| 'LU ) < M (Z |xn|pw(n)> = ||$||p’w.

n=1

| D (x

This means that Dy € L(¢,(w)). So, by (3.15)
L(¢y(w)) whenever A € C satisfies ’)\ - 5’ > % To this end, we note that if
A € C\ X then, with o := Re (}), it follows from (3.2) that

—1

lent] < e n > 2,

=D’
‘enm|§m, 2<m<n,

it remains to show that E) €

for some constants d > 0 and D’ > 0 depending on . So, for every A € C\ X
there exists ¢ = ¢(\) > 0 such that

(B(@)al < e(Ga(lz]))n, z€CY, neN, (3.16)

where (G () =Y j_ -7+ with o := Re (5) and for all z € CY and n € N.
Then (3.16) implies that Ey € L({p(w)) whenever Gy € L({,(w)).
Claim: G) € L({y(w)) whenever A € C satisfies ‘)\ - p—/‘ > p—,,

To establish this claim fix A € C with ‘)\ — —’ > L. Then necessarily \ € ¥

with a := Re (}) < p, and so (1 — a)p > 1. This 1mphes that a < 1. Observe
that Gy € L(£,(w)) if, and only if, the operator G: CN — CN given by

- 1/;0
(Gx(2))n l/pz n1 aka zeCN, neN,

defines a continuous linear operator on ¢, (the proof of this is along the lines of
that of Lemma 2.1). To prove that indeed G € L(¢,) we need to distinguish
the three cases; a) @« = 0; b) @ < 0 and ¢) 0 < a < 1 and establish relevant
inequalities in each case.
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Case a). Since w is decreasing, we have, for every n € N, that

3
3

1 1 n
= <
1/(p—1) pap/(p—1 1/(p—1) = 1/(p—1
S (k)Y =D ker/ =) (k) =1 = w(n) /=D
and hence, for every m € N, that
in: w(n)t/P i 517
n=1 n k=1 U}( )1/(17 1 n=1 w 1/ P 1 ‘

Case b). Observe, for every n € N, that

M:

1 n+1
~ap/(p-1)
w(k) - 1>kap/<p 0 = w(m) /e /1 v da

k=1
a (1-a)-—1
N (CR Iatt RNt VR G
w(n)t/ 1) —]% +1 T (pQl-a)—1) wn)V/eE-1
Setting ¢ := # > 0 it follows, for every m € N, that

m n m M
w(n)'/P 1 p=1
Z ( nl—o Z w(k)l/(p 1) ap/(p—1 ) Z 1/ p—1)p(1—a)p

1
p— P §
S 2 ' ¢ 1 w(n)l/(P—l)nap/(P_l) ' (318)

Case ¢). We have, for every n € N, still with ¢ = ﬁ that

3

1
w(R) T D er/-1) = () /D) /1 /o) 1
C p(l—a)—1

= wme ™ T D

k=2
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Since (1 —a)p > 1 (ie., (1 —a)p—1 > 0) and ap > 0 with ﬁ < ﬁ, this
implies, for every n € N, that
(w(n)l/p E": 1 )P
l—a 1/(p—1) L.oe 1
n — w(k) /(p=1) pap/(p—1)
S |5 w(n)l/p w(n)l/PC np(l_ifl)_l -1) ’
nl=a(1)/(P=1) * pl-ay(n)t/(p=1)
[ 1/ 1/ s P
< |- w(n)/? w(n)Pe (n% )
ni=ew(n)t/P=1) = pl-ay(n)l/e-1)
[ P
B P Ol w)'re | scas
nl=cw(n)l/(P=1) = pl-ay(n)t/(-1)
—ap w(n)'/ w(n)/PP-De pa-a-1)”
— n -
p(1 — @) — 1 nl-ay(n)l/(P-1) nl—a
(w(n)_l/p(p_l)c P(la>1>p
s\
n

= Pw(n)~ Y P Dpep/(=1),

Hence, for every m € N, we have that

n

() 1 ’ <oy ! 3.19
Zl nl—o ;w(k)l/(pl)kap/(pl) =€ le(n)l/(pl)nap/(pl)' (3.19)

The inequalities (3.17), (3.18) and (3.19) imply that G € £(f,); indeed, in each
case, suitable choices of a,, and by (with p = ¢) allow us to apply Theorem 2(ii)
of [5]. This establishes the claim and hence, also Step 5.

Step 6. o(CP®)) C {\ e C: || < ||[CPw)|].

This is well known, [9, Ch.VII Lemma 3.4].

Steps 5 and 6 clearly yield (3.9). The proof of part (i) is thereby complete.

(ii) Suppose first that R, # R. Fix any 1 < p < o0.

Step 7. Both of the inclusions in (3.10) are valid.

The Cesaro operator CP%) is clearly injective. So, 0 ¢ th(C(p’w)). Let A\ €
C\ {0}. Consider the equation (A] — C)z = 0 with z = (z,)neny € CY. Then
x1 = Ary and (2A — 1)ze = z1 and (nA — 1)z, = A(n — 1)z for all n > 3.
If m € N denotes the smallest positive integer such that z,, # 0, then it follows
that A = % and so x, = %xn,l for all n > m. Thus, we deduce that

(n—1)!

Ty = Ty (n—m) = (m = 1)i(n m)!:cm, n>m. (3.20)

(n—1)! ~ 1 .
m—1)!(n—m)! — (m-1)!

x € Ly(w) if, and only if, the series > >° ., n(m=DPy(n) converges. But, the
series ) >0 n(m=1Py(n) converges precisely when (m—1)p € R,,. In this case,
(m—1)p <to, e, m <L 4 1. S0, 0 (CPW) C {L:meN, 1 <m< 41},

n™~1, for each m € N. So,

According to (3.3) we have i
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Conversely, if m < %’4—1 for some m € N, i.e., (m—1)p < tg, then (m—1)p € Ry,
as top = sup R,. Then the vector x € CN defined according to (3.20), with
1 =...= Zm—1 = 0 and for any arbitrary z,, # 0, belongs to ¢,(w). Therefore,
L gp(Clrw)),

Step 8. Assume now that R,, = R. Then (3.11) is valid.

Fix 1 < p < oo. As argued in Step 7, the point % € th(C(p’w)) if and only
if (m —1)p € Ry,. But, for R, = R, this is satisfied for every m € N and so
¥ C th(C(p’w)). On the other hand, it is also shown in the proof of Step 7 that
every eigenvalue X of C: CN — CN must have the form \ = % for some m € N.
Since every eigenvalue of CP%) is also an eigenvalue of C (as £,(w) C CV), it
follows that o, (CP)) C . O

Remark 3.4. (i) If s, & S, (p), for some 1 < p < oo, then the argument of Step
4 in the proof of Theorem 3.3 implies that (3.6) reduces to the equality

/
<p}uz.
2sp

/

o ((CPm)Y) = {)\ € C: ’/\ - %
p

Also, if tg € Ry, then (3.10) reduces to the equality
1 t
th(C(p’w)):{:mEN, 1<m<0+1}, 1 <p<oo.
m p

(i) For w(n) =1 for all n € N, in which case ¢,(w) = ¢, and s, = 1, we have
that CP»®) = CP) for all 1 < p < oo with ||[CP®)|| = ||CP)|| = p/. Then (3.8) and
(3.9) imply the known fact that

/

o (CP)) = {/\ €C: ’)\ .

< p,}. (3.21)

2|7 2
Since tg = —1, we also recover from (3.10) the known fact that o, (C?)) = 0.
(iii) According to (3.8), for w positive, decreasing and with S, (p) # 0 we have
/
max{1, gi} < |CP)| < . (3.22)
P

In particular, whenever s, = 1 (see e.g., Example 3.5(i) below), the inequalities
in (3.22) imply that necessarily |C?»%)|| = o/ is as large as possible.

For the special case when w(n) = n%, n € N, for some a > 0, direct calculation
yields that s, =1+ an’ and so Sy, (p) # 0 for all 1 < p < co. It follows that

/

r__r _
sp at+p-—1
where m; occurs in the lower bound for ||[C?%)|| as given in (2.4); see Proposition

2.3. Hence, (3.22) yields that m; < ||CP*)||. Combined with Example 2.4(iii) we
can conclude that

max{my,my} < ||[CP).

This provides an alternate proof, to that in [11], of the same estimate in (2.4).
(iv) An examination of the argument for Step 2 in the proof of Theorem 3.3(i)
shows that the assumption Sy, (p) # () is not used there, i.e., we always have

£ C op((CP)Y)
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for every 1 < p < 0o and every positive, decreasing weight w.
We now present some relevant examples.

Examples 3.5. (i) Suppose that w(n) = m for n € N with v > 0.

Then >, —1—— < oo if and only if s > 1 and hence, s, = 1 for every

n=1 psy(n)r’'/p
1 < p < oo. In view of Remark 3.4(iii) we have that ||[C?»®)|| = p/. Moreover,
Yoo nfw(n) < oo if and only if t < —1 or t < —1 in case v > 1. Hence, tp = —1.
According to Theorem 3.3 we have, for each 1 < p < oo, that

/

= I;} ot (CP)) = 0.

VP

o(CPw)) = {)\ e C: 5

In particular, equality may occur in (3.9). For the case when v = 0 (so that
w(n) = 1 for n € N), we recover the known result about the spectrum of C(?) ¢
L(Ly), for 1 < p < oo, (6], [14].

(ii) Suppose that w(n) = m for n € N with 8 > 0 and 7 > 0. Then

S — 1 < oo if and only if s > B%—Fl and so s, :B%—Fl for every

n=1 psy(n)r'/p
1 < p < co. Moreover, Y > n'w(n) < coif and only if ¢ < (B—1) or ¢t < (8—1)
in case 7 > 1. Hence, tg = 8 — 1. According to Theorem 3.3 we have, for each
1 < p < o0, that

/ /

b a(CPw)
2((8p'/p) + 1)‘ = 2B /p) + 1)} UXCo(C?)

{/\G(C: ‘)\—

and

o (CPW)) = {Tln meN, 1<m< B;—i—l}

In particular, o, (CP®)) = () whenever 8 € [0,1]. We claim that actually
p p
AeC: |A— <
{ ’ 2((8p'/p) +1) ’ 2((Pp'/p) +1)

which shows that equality may occur in (3.8).
Keeping in mind the argument for Step 5 in the proof of Theorem 3.3, to verify

this identity it suffices to prove that every A € C\{0} satisfying ‘)\ — >

/ /

} U = o(CPw)y,

p/
2((Bp' /p)+1)

W belongs to p(C®»®)), i.e., that the operator Gy € L(ly). So, fix such a

A and note that o := Re (X) < (ﬂ% + 1) /v = % + ]7. We also observe, for our

particular w, that the operator G, is given by

n

~ 1 Tk N
G n — , T = (Tn)n e C".
( A(ZC)) nl—a+(B/p) IOgW/p(n + 1) ; ka—(8/p) log_Wp(k 4 1) ( ) eN

So, G is given by the factorable matrix with a, := n —(1—a+(5/p)) log_V/p(n +1)
and by, := k=@~ B/P) 10g"/P(k 4 1), where o < 5 + ﬁ +1-— 5 implies that

1—- oz—é—ﬁ I;andwehavethat (1—044— ) ( %): :7+—,andalsothat

<%> + (—5> = 0. According to Corollary 9(ii) of [5] it follows that G € L(¢,)

and the claim is proved.
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It is clear from (3.10) that C(*®) has at most finitely many eigenvalues whenever
to € R. The following result characterizes when o, (CP™)) is an infinite set; see
also Remark 3.8(i) below. Recall that a sequence u = (up)nen € CV is rapidly
decreasing if (n™uy,)nen € ¢ for every m € N. The space of all rapidly decreasing,
C-valued sequences is usually denoted by s.

Proposition 3.6. Let w = (w(n))nen be a positive, decreasing sequence.
(i) The following assertions are equivalent.

) Ry =R.

) (N w(n))pen € €1 for all m € N.

) (N w(n))nen € co for all m € N.

) wE s.

(6) (n™w(n))nen € £p for all m € N.

(iii) Any one of the equivalent assertions (1)-(4) implies that both (5) and (6)
are valid, for every 1 < p < oo.
(iv) If (6) holds for some 1 < p < oo, then each assertion (1)-(4) is satisfied.

Proof. (i) (1)<(2) follows from the definition of R,,.

(2)<(3). That (2)=(3) is immediate from ¢; C cg.

Assume (3). Fix t € N and set m =t 4+ 2. Then (n™w(n))peny € ¢o implies
that sup,,cyn™w(n) < co. Accordingly,

Zntw(n) = Z —n"w(n) < —supn"w(n) < oo.
n=1 n=1 " neN

Since t is arbitrary, we can conclude that (2) holds.

(2)<(4). Clear from the definition of the space s.

(i) Since CP¥) is injective, 0 & o, (CP™)). By (3.3) and (3.20), A € C\ {0} is
an eigenvalue of CP%) if and only if A\ = % for some m € N with the corresponding

1-dimensional eigenspace generated by a vector 2™ = (xZ” })neN € CN satisfying
2™~ =1 S0, 8 C 0,y (CP)) if and only if ("™ 1)pey € £,(w) for all m € N,
that is, if and only if (n™w(n)"/P),en € £, for all m € N, which is equivalent to
(6) via Lemma 3.2(ii).

(iii) Follows immediately from parts (i) and (ii) and the fact that (2)=(6) since
ly C 4y for every 1 < p < 0.

(iv) Immediate from ¢, C ¢q for every 1 < p < oo. O

Given a decreasing sequence w = (w(n))nen of positive real numbers, set ay, :=
—logw(n), for n € N. Then w(n) = e~ for n € N. Moreover, «,, — oo for
n — oo if and only if w(n) — 0 for n — oco.

Corollary 3.7. Let w = (w(n))nen be a decreasing, positive sequence.
(i) If w € s, then limy, logn _ ),

Qn

(i) If limp oo h;gn" =0 and w(N) <1 for some N, then w € s.
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Proof. (i) Since w € s, condition (3) in Proposition 3.6 implies that

nm

Vm € N Iny, € NVn > ny: n™w(n) = <1,

edn
i.e., that
VYm e N 3dn,, e NVn >n,,: n™ <e*".
It follows that
Ym e N dn,, e NVn > n,: mlogn < ay.

This implies that necessarily «a,, > 0 for all n > n,, and so

1 1
Vm e N dn,,, € NVn > n,,: ogn < —.
an m
This means precisely that lim,, .o hfn” =0.
(ii) Fix m € N. Then there is ng € N with ny > N such that % < ﬁ for
all n > ng. Since w(N) < 1 implies that a,, = —logw(n) > 0 for all n > ny,

we can conclude that (m + 1)logn < ay, i.e., "™ w(n) < 1 for all n > ng. So,
sup,eny P w(n) < oo. It follows that

n™w(n) < —supr™w(r), neN,

T reN
with & sup,ey 7™ w(r) — 0 as n — co. By (3)<»(4) in Proposition 3.6(i) it
follows that w € s. O

Remark 3.8. (i) Concerning condition (5) in Proposition 3.6 (for any given
1 < p < 00), we claim that the entire set . C 0, (CP®)) whenever o, (CP®))
is an infinite set. To see this, suppose that % € apt(C(p’“’)) for some m € N.
According to the argument in Step 7 of the proof of Theorem 3.3, we can conclude
that (n™ 1),en € €y(w). So, for all 1 < k < m, it follows that

> (FPw(n) <Y (0™ HPw(n) < oo
n=1 n=1

and hence, via (3.3), that the vector (z,)nen € CN given by (3.20), with k in
place of m, also belongs to ¢,(w), i.e., it is an eigenvector of Cclpw) corresponding
to A = 4. This shows that {%}?:1 C 0t (CP®)) whenever L € ¢, (CP®)), which
clearly implies the stated claim.

(ii) Let 1 < pp < co. The constant vector 1 := (1,1,...) € CN satisfies C1 = 1
and 50 1 € g, (CPo®)) if and only if, 1 € £,,(w), i.e., if, and only if, w € ;. In
this case, 1 € 0, (CP®)) for every 1 < p < oo. Then Theorem 3.3(ii) implies
that necessarily ¢y € (0, o0].

(iii) Let w(n) = =, for all n € N and some o > 0. Then Y o>, n‘w(n) < oo
if, and only if, ¢t < (« — 1) and so ty = (aw—1). In particular, R,, # R. Moreover,
for any 1 < p < oo, we have

1 ' 1 ~1
{:meN, 1§m<0+1}={:meN, 1§m<(0‘)+1}.

So, given any 1 < p < o0, it is possible to choose an appropriate o > 0 such that
apt(C(p’w)) is a finite set with any pre-assigned cardinality; see (3.10).
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(iv) Condition (1) of Proposition 3.6, i.e., R,, = R, implies that necessarily
Sw(p) = 0 for every 1 < p < oo; see Proposition 3.1(i).

Let w = (w(n))nen be any decreasing, (strictly) positive sequence and let 1 <
p < 0o. The Cesaro operator CP%) is similar (via an isometry) to a continuous
linear operator Ty, acting on ¢, which is defined by the factorable matrix A(w) =

(Gnk)nken With entries an, = apbe = 27 (k)=YP for 1 < k < n and

ank = 0 for k > n (see the proof of Lemma 2.1). In particular, o(CP%)) = o(T,).
Moreover, the matrix A(w) satisfies the following two conditions:

. 1/ _
(1) SupnGN Zl?;l |ank‘ = SupnGN w(ng ’ ZZ:I w(k) l/p S la
because w decreasing implies that S"7_, w(k)™"/? < nw(n)~Y/? n € N,
and
(i) fr:=limp oo pg = w(k)’l/p lim,, 00
because w € l.

w(n)/P

=0, keN,

If, in addition, the matrix A(w) also satisfies the condition

(iil) o :=limpy 00 Y poyq Gnk = liMp o0 w("rzl/p v w(k) TP exists,
then the linear operator corresponding to A(w) is a selfmap of ¢, the space of all
convergent sequences, that is, A(w) is conservative, [19, p.112].

Suppose now that the matrix A(w) satisfies condition (iii) with a = 1. Then
A(w) is regular and the linear operator corresponding to A(w) is limit preserving
over ¢, 19, p.114]. Define n := limsup,,_,,, anb,. For the operator T, (which is
similar to the Cesaro operator CP®)) it turns out that 7 = 0 and so a result of
Rhoades and Yildirim [19, Theorem 3| yields that

{)\E(C:

after noting that S := {a,b,: n € N} =3 C {)\ e C: })\ — %‘ < %}
It is worthwhile to compare (3.8) with (3.23). So, let 1 < p < oo and w be a
positive, decreasing sequence such that Sy, (p) # 0. Then

/
{)\E(C: g;}g{/\ec: ‘)\—p

23,
with the first inclusion holding if and only if s, < p’. Observe that if (M) N S
ne

1 1
— < = (p,’LU) .
A 2’ 2} Co(C ), (3.23)

1
A — —
2

v C o(CPw)
< pw
23p} o (CPW))

¢y, then s, < p' is valid and conversely, if s, < p/, then (W) N €ly. In
ne
this case, (3.8) is a better inclusion than (3.23). For instance, if w(n) := X for

all n € N and some r > 0, then (%’””) €y i, and only if, 7 < 1. On the
ne

other hand, the reverse inclusion
/
P 1 1
<—7CeAeC: A= <2
- 23p} B { ‘ 2‘ B 2}

/
{A eC: ')\ -
. . / . w(n)fl/p / .
holds if and only if p’ < s,. Observe that if (T) N &y, then p’ < sp, s
ne

2sp

. . -1/ .
valid and conversely, if p’ < s,, then (W) N ¢ £y. In this case, modulo
ne
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the additional requirement that o = 1 (see condition (iii)), in which case (3.23)
is actually valid, we see that (3.23) is a better inclusion than (3.8).

The following example shows that condition (iii) above and the property Sy, (p) #
() can be compatible.

Example 3.9. Fix 1 < p < co. For each n € N set w(n) = in which

case w(n) | 0. Then Sy, (p) = (1,00) and

{AEC: ‘)\ Pl <

1
(log(n+1))P?

/

p} = U(C(p’w)) with Upt(C(p’w)) =0

2 2

see Example 3.5(i) with v = p. Moreover, concerning condition (iii) observe that

w(v;)l/p zn:w(k)—l/p _

k=1

log(k + 1), N.
nlog ] Z og(k + n e
Then the inequalities
n
[(n+1)log(n+1)—n] < log(k+1) < [(n+2)log(n+2)—n—2log2], n €N,
k=1
imply that

1/p 2
a= lim w(n) Zw(k:)—l/P =1.

n—o0 n
k=1

We also note that (M) = (M) € Ly
neN neN

n

We conclude this section with some comments about the mean ergodicity and
the linear dynamics of C®%). For X a Banach space, recall that T € L(X) is
mean ergodic if its sequence of Cesaro averages T, := %Z%ﬁ ™, for n € N,
converges to some operator P € L(X) for the strong operator topology, i.e.,
limy o0 T}z = P for each € X, [9, Ch.VIII|. Since 1T = Ty, — “=LT},_y,
for n € N (with Tjg) := I), a necessary condition for 7" to be mean ergodic is that
limy, o0 %T” = 0 (in the strong operator topology).

Let w be a positive, decreasing sequence and 1 < p < co with S,(w) # 0. If
sp < p/, then it follows from (3.6) that p := 3 (1 + %) € o, ((CP®)Y) and so

there exists a non-zero vector 2’ € £, (w™?/?) such that (CP*))z’ = pa’. Choose
any = € lp(w) \ {0} satisfying (z,z’) # 0. Then
1

1 n
Z(clewhng, N\ — = (pw)yynty — H /
((CPW) 2y = (o, (CP))a') = g, a!), neN,

with ¢ > 1 and so the set {%(C(p’w))"az: n € N} is unbounded in £,(w). In
particular, the sequence {%(C(p’w))"}neN cannot converge to 0 for the strong op-
erator topology in L(¢,(w)). Accordingly, CPw) fails to be mean ergodic whenever
sp < p/. This is the case when w(n) = 1, for all n € N, in which case s, = 1, and
we recover the known fact that the classical Cesaro operator C®) fails to be mean
ergodic for every 1 < p < oo; see |3, Section 4], where it is also shown that the
Cesaro operator fails to be mean ergodic in the classical Banach sequence spaces
co, ¢, £p (1 < p < 00), bug and bu but, that it is mean ergodic in bu, (1 < p < 00).
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Concerning the dynamics of a continuous linear operator 1" defined on a sep-
arable Banach space X, recall that T is hypercyclic if there exists x € X such
that the orbit {T"xz: n € Ny} is dense in X. If, for some = € X, the projective
orbit {\T"z: A € C, n € Ng} is dense in X, then X is called supercyclic. Clearly,
hypercyclicity always implies supercyclicity.

Let now w be a positive, decreasing sequence and 1 < p < oo. According to
Remark 3.4(iv) the infinite set $ C 0, ((C®™))"). Then, by a result of Ansari and

Bourdon [4, Theorem 3.2], CPw) s not supercyclic and hence, also not hypercyclic.

4. COMPACTNESS OF C(Pw)

According to (3.21), for each 1 < p < oo the classical Cesaro operator C(P) €
L(£p) is surely not compact. However, in the presence of a positive weight w | 0,
this may no longer be the case for C®%) acting on lp(w). We begin with the
following fact.

Proposition 4.1. Let w be a positive, decreasing weight.

(i) For every 1 < p < co we have ¥ C o(CP)),
(ii) Suppose that CPw) s a compact operator, for some 1 < p < oco. Then

o(CP)) =34 and o, (CPW) =3 (4.1)
Moreover, w € s and T(C(pﬂ”)) < ||C(P7w)||‘

Proof. (i) According to Remark 3.4(iv) we have ¥ C o,,((C?»™))). But, always
opt((CPW)Y) C o(CPw)) (9, p. 581], and so ¥ C o(CPW)).

(ii) Since CP®) is injective, 0 ¢ o (CP®)). The compactness of CP®) then
implies that o, (CP®)) = o(CP®))\ {0}, [15, Theorem 3.4.23]. According to the
proof of Step 8 for Theorem 3.3 we also have that o, (C?»®)) C ¥. In view of
part (i), the equalities in (4.1) follow.

By Theorem 3.3(ii) we must have R,, = R (if not, then ¢( is finite and so (3.10)
would imply that o, (C”*)) is finite which is a contradiction to (4.1)). Then, via
Proposition 3.6(i), we can conclude that w € s.

It follows from (2.3) and the equality r(CP®)) =1 (see (4.1)) that r(CP®)) <
[, 0

To decide when C®P%) is compact, first observe that C®®) = O, 1T, P,y (see
Lemma 2.1 and its proof), where Tp, € L(¢,) is given by (2.2). Given any x €
By, :={z € {,: ||z|| <1} and n € N, it follows from Hélder’s inequality that

> = w(n 1
2|l = 2 o 2 i

e’} n p/p
w(n) 1
Z np (Z w(k‘)P’/P> ’

n=1

p

IN

So, Ty, (hence, also C(?®)) will be compact whenever w satisfies the following

oo n p/p
Compactness criterion: Z w(:) (Z (kl)p,/p> < 00. (4.2)
n w
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Indeed, (4.2) implies that lim, o0 Y oo, [(Twx)i|P = 0 uniformly with respect to
x € By, from which the relative compactness in £, of the bounded set T3, (By) C ¢,
follows, |9, pp.338-339].

We introduce some notation. Let w be a positive, decreasing sequence. Define

An(p,w) : p/pz p/p neN 1<p<oo.

The compactness criterion (4.2) then states that C?®%) is a compact operator if
>y (An(p,w) PP [P < oo

Theorem 4.2. Suppose, for some 1 < p < 0o, that there exist constants M > 0
and 0 < o < 1 such that

An(p,w) < Mn*, neN. (4.3)
Then C(4%) 45 q compact operator for every 1 < q < p. In particular, w € s.
Proof. Observe, for fixed 1 < g < p, that
N S W TV T
¢ p q-1 p-1 (¢-1)p-1)

For each n € N we have
n

1 1 _
Z w(k;)q’/q - Z w(k;)p’/p ~w(k)™.

k=1 k=1
Accordingly, for each n € N,

An(qw) = 2R -w<n>P’/pZ L w(k)

Since w is decreasing, E ; <lforalll<k<mnandso

An<q7 p/pz p/p (pa w) < Mn®.
Accordingly,
. (An(q,w)) Q/q Md nod/d q/d S 1 _
Zl nd Z =M Zl nd—(aq/q’)"

But, q—%:q—a(q—l)zq(l—a)+a>(1—a)+a:1andso

‘1/‘]

Z < 0.

Then the compactness criterion yields that C(%%) is a compact operator.
That w € s is a consequence of Proposition 4.1(ii). O

The following consequence of Theorem 4.2 leads to a rich supply of weights w
for which C**) is compact.
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Corollary 4.3. Let w be a positive weight with w | 0. If the limat

[:= lim w(n)
n—oo w(n — 1)

(4.4)

exists in R\ {1}, then CP%) is compact for every 1 < p < co.

Proof. Fix 1 < p < oo. According to Theorem 4.2 (with o = 0) it suffices to
prove that sup,cy An(p, w) < 0o. Set a, = S p_; w(k) /P and b, := w(n)~P/?
for n € N. Since w | 0, we have b, 1 co. Moreover, the limit

. Gnp — An—1 . w(n>fp//p
lim — = lim ; -
n—oo b, — by,_1 n—00 w(n)*l’ /P_w(n_ 1)*10 /p
) 1 1
= lim

" oo 1 — (w(n)/w(n — V)P/p 1— o/

exists in R as [ # 1. According to the Stolz-Cesaro criterion, [16, Theorem 1.22],
it follows that also limnﬁoo‘;—z =1/(1 - lp//p) € R, ie., lim,oo An(p,w) =
1/(1 —1¥'/P) € R. In particular, sup,,cy An(p, w) < oo is indeed satisfied. O

Remark 4.4. (i) Let w be a positive, decreasing weight.

(a) According to (3.8), if C?®®) is a compact operator for some 1 < p < oo,
then Sy, (p) = 0.

(b) The condition w } 0 by itself need not imply that S, (p) = 0 (see Examples
3.5, for instance).

(ii) Suppose Sy (p) # 0 for some 1 < p < oo. Then Cl@®) fails to be compact
for every q € [p,00). This follows from part (i)(a) and Proposition 3.1(iii).

(iii) The following examples (a)-(c) all fall within the scope of Corollary 4.3.
So, in each case w € s and the identities in (4.1) hold; see Proposition 4.1.

(a) For any fixed @ > 1 and r > 0 set w(n) :=n"/a™ for n € N. Then

. win)
um-1 ¢ T
(b) For any fixed a > 1, the weight w(n) := a™/n! for n € N satisfies
lim )
n—oo w(n — 1)

(¢) The weight w(n) := 1/n" for n € N also satisfies (4.5).

=0+#1. (4.5)

We point out, since w is decreasing, that wl(ifﬁ)l) € (0,1] for all n € N. Hence,

whenever the limit (4.4) exists, then necessarily [ € [0, 1].

As an application, suppose that the positive, decreasing weight w has the
property that [ := lim, o % exists in [0,1). Then, for each r > 0, the
w(n)"

positive, decreasing weight w”: n +— w(n)", for n € N, satisfies lim,, ¢ =G

" €10,1). Hence, C(Pw") is a compact operator for every 1 < p < oc.

(iv) The following criterion is sufficient to ensure that the limit (4.4) exists in
R\ {1}. Hence, both Proposition 4.1 and Corollary 4.3 are applicable to such a
weight w. In particular, w € s.
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Let B = (Bn)nen be a positive, increasing sequence with B T oo such that
limy, o0 (B — Bu_1) = 00. Then the weight w(n) := e P, for n € N, satisfies
= Timy oo iy = 0 # 1.

It is routine to verify that lim,, .o % =0.

For the weight w(n) := a™™ for n € N (with a > 1) we have that 5, :=
—logw(n) = nlog(a) 1 oo but, (B, — Bn-1)log(a) 4 oo for n — oo. So, the
above criterion is not applicable to this weight. However, according to part
(iii)(a) of this remark (with » = 0) the weight w is admissible for Corollary 4.3.

The following examples illustrate that Theorem 4.2 is more general than Corol-
lary 4.3.

Examples 4.5. (i) Fix 0 < # < 1 and set wg(n) := e for n € N, in which
case w | 0, but

lim ws(n) — Jim -1’ -nf _
n—00 wﬁ(n — 1) n—o00 n—00

as (n—l)ﬁ—nﬁ =nP [(l—l)ﬁ—l} = nP [1—%—1—0(1)—1} ~ —nl% for

n n

n — o0o. So, Corollary 4.3 is not applicable. We show that Theorem 4.2 does
apply. /
Fix 1 < p < 0o and set v := %. Then, for each n € N, we have that

n 1
o P —nf et -
Ap(p,w) = e E et <e e’ dx
k=1 1

e—'ynfe (n+1)#

1 1 e_’YnB (n+1)6
= =3 BT dt < 3 / Y™ dt,
1 1
1_

where m € N is chosen minimal such that (m — 1) < 5 —1 < m. An integration

by parts (m + 1)-times yields that

(n+1)8
/ ™ dt < agtay(n+1)P T Lay(n4 1) L g (np1) e (D)’
1
for positive constants ag, ai,..., am,. It follows that
(n+1)# 5
/ M dt < M(1+4n)"Pe’1H)” - p e N,
1
for some constant M > 0. Accordingly,

M
An(p,w) < ﬁ(l + n)mﬂe“’((H”)B_"ﬁ), n € N.
Since (n+1)° —nf ~ nli_ﬁ and (1 +n)™ ~n™ for n — oo, there exists K > 0
(independent of n) such that
Ap(p,w) < Kn™P, ieN.
Since (m — 1) < % — 1 implies that a := mf € (0,1), Theorem 4.2 yields that

C(Pws) i compact.
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For B > 1 the compactness of C®%s) follows from Corollary 4.3. Indeed,
if 5 =1, then w(n) = e ™ for n € N and so Remark 4.4(iii)(a) implies the
compactness of C?s) For 3 > 1, observe from above that

1

lim M — lim e D" — Jim AT — 0
n—00 wﬁ(n — 1) n—00 n—00

and so the compactness of C(?%5) follows again from Corollary 4.3.

(ii) There also exist positive, decreasing weights w € s such that the sequence
{%}n@\; fails to converge at all, yet CP®) is a compact operator for every
1<p<oo.

Define w(n) := j—lj, n = 2j—1, and w(n) := %, n = 2j, for each 57 € N.
Then w is (strictly) decreasing to 0. For nj = 2j, j € N, we have % = %
w(ng)

for all j € N and so limjﬁoo whereas for n, := 2r + 1, r € N,

w(n; —1) - 2’
}neN converges to 0. Accordingly, the

sequence {m}neN is not convergent and so Corollary 4.3 is not applicable.

Fix 1 < p < o0 and set v := % > 0. To establish the compactness of C(P®)
observe, for every j € N, that

J J
1+ 27
Asi(p, w) (Z (K5 + ) " (2k") > 7 Z (K*)Y,  (4.6)
k=1 k=1

k=1
and that
2(j-1) . i1
1 B j— 1)1
Azj1(pyw) =1+ Gy Z w(k)™" =1+ ((.]?)VAQ(j—l)(P,w)a (4.7)
) = j

with limy oo U0 = 0. Set aj == ), (k)7 and by = (j7)7 for j € N.
Then b; T co. Moreover,
. aj—aj ()7 - 1
jl{go bj - bj,1 ji{go (jJ)V — ((] — 1)3_1)7 ]iglo 1— (j_(lyF;71)7
]‘7 Y
According to the Stolz-Cesaro criterion, [16, Theorem 1.22], it follows that also
im0 Z—; = 1. So, via (4.6) and (4.7) we can conclude that lim;_, Ag;j(p, w) =

1+27
27

Theorem 4.2 applies (with o = 0). Hence, C?®) is compact and w € s.

and limj_,o A2j—1(p,w) = 1. In particular, sup;cy Ai(p,w) < oo and so

The following result is a comparison type criterion for compactness. One knows
something about the compactness of CP%) for a certain weight w and 1 < p < 0o
and one has a second weight v whose growth relative to w is controlled. Then
also C(?) is compact.

Proposition 4.6. Let w be a positive, decreasing sequence. Suppose, for some
1 < p < o0, that there exists 0 < a < 1 such that

An(p,w) < Mn®, neN, (4.8)

for some constant M > 0.
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Let v be any positive, decreasing sequence such that { }neN € U and satis-
fying
w(n) < KnPv(n), neN, (4.9)

for some 0 < B < (p—1)(1 — a) and some constant K > 0. Then C) s q
compact operator for every 1 < g < p.

Proof. Let L := sup,cy Z;((:?) Then, for each n € N, we have via (4.8) and(4.9)

that
B B v(n) p'/p p/p w(k) p'/p
Anlpt) = (oer) Z i (ot
- 1 ,
p'/p p/p By\p'/p p'/p p'/p B /p
< LY Pw(n Z o) p/p (KEPY' P < (LK) /Pw(n) ;w(k)p,/pn

= (LK) /P » ”An(p, w) < M(LK)P Prot(89'/p),
Moreover, o + ’Bil = a-+ ﬁ < 1 because 0 < 8 < (p — 1)(1 — «) implies

(p’%l) <(l-a) Wthh implies a + = B n <1l So, Theorem 4.2 applied to v (with

o+ (pfl) in place of a) implies that C@v) is compact for all 1 < ¢ < p. 0

Example 4.7. Let v(n) := m for n € N, where 0 < 8 < 1 and v > 0.
" log

Then CP) g compact for every 1 < p < oo. Observe that lim, % =1

and so Corollary 4.3 is not applicable.
So, fix 1 < p < 0o. Define w(n) := e for n € N. According to Example
4.5(i), there exist constants M > 0 and 0 < o < 1 such that
Ap(p,w) < Mn®, neN.

v(n)
w(n)

Since v(n) < w(n) for n € N, it is clear that {
r € (0,(p—1)(1 —«)). Then
w(n)

v(n)

} € l. Choose any
neN

log” 1
:logV(n—l—l):%i_)-nr
n

log" (n+1)

o 0). According to Proposition 4.6, we can

for some K > 0 (as limy,
conclude that C?) is compact.
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