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Abstract

We describe the proper closed invariant subspaces of the integration operator when
it acts continuously on countable intersections and countable unions of weighted Ba-
nach spaces of holomorphic functions on the unit disc or the complex plane. Appli-
cations are given to the case of Korenblum type spaces and Hormander algebras of
entire functions.

1 Introduction.

Let G be the open unit disc D or the whole complex plane C. We denote by H(G)
the Fréchet space of holomorphic functions on G, endowed with the topology of uniform
convergence on compact subsets of G. A space E of holomorphic functions on the domain
G is a Hausdorff locally convex space that is a subset of H(G), such that the inclusion
map E C H(G) is continuous and E contains the polynomials. If E' is a Fréchet space or
a countable inductive limit of Banach spaces, by the closed graph theorem, the inclusion
map E C H(G) is continuous if and only if the point evaluations £ — C, f — f(z) at
all the points z € G are continuous on E. We are mainly interested in the case when the
polynomials are dense in E. In this case then E is separable.

Banach spaces of holomorphic functions on the unit disc D and on the complex plane
C have been thoroughly investigated. We refer the reader for example to the books
[23], [34] and [35]. Hormander algebras of entire functions [1], [10], [11], [17], [28], as
well as Koremblum space and other intersections and unions of growth Banach spaces
of holomorphic functions on the unit disc [6], [18], [23], are natural examples of (locally
convex) spaces of holomorphic functions. Vogt [32] proved that there are Fréchet spaces
E which are contained in H(G) such that the inclusion £ C H(G) is not continuous.

In this note we study the set of proper closed invariant subspaces of the integration
operator

i) = /0 fQ)de, ze@, feH@),

when it acts continuously on Fréchet spaces or countable inductive limits of Banach spaces
(called (LB)-spaces) E, which appear as countable intersections or unions of weighted
Banach spaces of holomorphic functions on the unit disc or the complex plane. Recall
that a subspace M of a locally convex space F is called invariant of a continuous linear
operator T : E — Eif T'(M) C M. Our main results are Theorem 4.1 and its Corollary 4.2,
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which describe the invariant subspaces when the integration operator acts on Korenblum
type spaces, and Theorem 5.1, which explains the situation in case of some Hérmander
algebras of entire functions. The proofs of these results depend on some abstract Theorems
3.2 and 3.3 and they rely heavily on Theorems 3.8 and 3.16 due to Abanin and Tien [4]. A
different method permits us to handle the (LB)-algebra of entire functions of exponential
type in Theorem 5.3. An open question about the invariant subspaces of the integration
operator on certain Hormander algebras is mentioned in Remark 5.4.

Abanin and Tien describe in [4] the closed invariant subspaces of the integration oper-
ator on various scales of weighted Banach spaces of holomorphic functions. As mentioned
above, some of their results are very important for our theorems below. We refer the reader
to the introduction of [4] for classical results about invariant subspaces of the integration
operators and more recent ones in [7], [19] and [20]. The continuity of the integration
operator on weighted Banach spaces of holomorphic functions was investigated by Haru-
tyunyan and Lusky [22]; see also [2] and [5]. Other aspects, like spectrum and ergodic or
dynamical properties, were considered by Beltran, Ferndndez and the first author in [8].
Similar questions for operators defined on Hérmander algebras were investigated in [9].

Our notation for functional analysis, in particular for locally convex spaces, Fréchet
spaces and (LB)-spaces, is standard. We refer the reader to [12], [24], [29] and [31]. If E is
a locally convex space, its topological dual is denoted by E’. The linear span of a subset
A of E is denoted by span(A). The closure of a subset A in E is denoted by A, and A"
in case the space in which the closure is taken must be emphasized. A subspace M of E
is called proper if {0} # M # E. In what follows, we set Ny := NU {0}.

2 Results about subspaces of Fréchet or (LB)-spaces.

Lemma 2.1 Let X := proj, X, be a Fréchet space such that X = (), ,cy Xn with each
(Xn, || - lln) @ Banach space. Moreover, it is assumed that X is dense in X, and that
Xnt1 C X, with a continuous inclusion for eachn € N. Let M be a subspace of X. Then

L ==X — X,
(i) M™ =,>1 M
(ii) If M is proper and closed, then there is n(0) € N such that M s proper in X, for
each n > n(0).

Proof. () Since the inclusions X C Xn+1 C X, are continuous for each n € N, we clearly

have M C Nysm M e =N, >1M for each m € N. Now, given z € ﬂn>1M

we have = € ﬂn>1 X, = X. Moreover, for each n € N there is y(n) € M such that
|z —y(n)||n < 1/n. Then z = lim, s y(n) in X and z € mr

(ii) First of all, since {0} # M, we get {0} # M for each n € N. Proceeding by
contradiction, suppose that there is an increasing sequence (n(k)); of natural numbers

such that M~ "® = X (k) for each k € N. Since X := proj;, X,,(), we could apply part (i)

to conclude M = X. Since M is closed by assumption, we have M = X, and M would
not be a proper subspace. a

Lemma 2.2 Let X = ind, X,, be an (LB)-space with increasing union of Banach spaces
X = Upen Xn- If M is a proper closed subspace of X, then there is n(0) € N such that
M N X, is a proper closed subspace of X,, for each n > n(0).



Proof. Since the inclusion X,, C X is continuous for each n € N, the set M N X, is closed
in X, for each n € N. As M is proper, there is z € M, x # 0. There is n(1) € N such that
r € M N X,). On the other hand, since M # X, there is y € X \ M. Select n(0) > n(1)
such that y € X,g). Then, if n > n(0), we have x € M N X,, and y € X,, \ M. Thus,
M N X,, is a proper subspace of X, a

3 Abstract results about invariant subspaces of the integra-
tion operator on spaces of holomorphic functions.

Our first Lemma is stated in page 412 of [4]. We include a proof for the sake of complete-
ness, because it is very relevant in our considerations below. As in [4], given a space of
holomorphic functions £ on the open unit disc D or the complex plane C, and N € N, we
set

AV = {feE| f90)=0,0<j < N}.

Lemma 3.1 Let E be a space of holomorphic functions on the open domain G = D or
G = C, such that the polynomials are dense in E. For each N € N we have

A% = span({=7 | j = N)).

Proof. Fix n € N. Since the inclusion £ C H(G) is continuous, the evaluations £ —
Cf—f (j)(O) are continuous for each 7 € N and the set Aﬁ is closed. Moreover, it clearly
contains 27 for each j > N. Hence, span({zJ | j > N}) C A%.

The Taylor expansion at the origin of a holomorphic function f € H(G) is denoted
by f(z) = Z;io a;j(f)z?, for each z € G. Fix f € AE. Since the polynomials are dense
in F by assumption, there is a sequence of polynomials (gx)x such that limy_,. gx = f in
E. This implies that limj_. gx = f in H(G). Therefore, limj_,o0 >N aj(gx)# = 0 in
H(G). The span of {1, 2, ..., 2N "1} is finite dimensional, hence limy,_, . Z;V:_Ol aj(ge)z? =0

in E. Consequently, (g — Z;y:_ol a;j(gr)2?)) is a sequence of elements of span({z7 | j > N})

which converges in the topology of E to f. Thus, f € span({z7 | j > N}). O

Theorem 3.2 Let I' := proj, Fy, be a Fréchet space such that F' = (), . I with each F,
a Banach space of holomorphic functions on the open domain G =D or G = C, such that
the polynomials are contained in F and dense in F,, for each n € N.

Assume that the integration operator J : F, — F, is continuous for each n € N, and

that, for each n € N, every proper closed invariant subspace of J on Fy, is of the form Af("
for some K € N. Then

(i) J: F — F is continuous, and
(i) Every proper closed invariant subspace for J on F' is of the form
A ={feF | f90)=0,0<j< K}
for some K € N.

Proof. (i) The continuity of J : F,, — F,, for each n € N clearly implies J(F') C F and
that J : F' — F is continuous, because F' is the projective limit of the sequence of Banach
spaces (Fp,)n.



(ii) It is easy to see that AL is a closed invariant subspace of the integration operator
J on F; see for example Lemma 3.1. Since 1 ¢ Af; and 2K € AL it follows Aﬂ is a
proper subspace of E.

Now, let M be a proper closed subspace of ' which is invariant for the integration
operator J. By Lemma 2.1 (ii) there is n(0) € N such that M s proper (and closed) in
F,, for each n > n(0). Moreover, it is invariant for J, since

JO™y c T0n™ < M

By assumption, for each n > n(0), there is k(n) € N such that

—F, — Fy
M = Al = span((27 [ = kD)

Take, for each n € N, k(n) as the minimum of those j's such that z/ € M Clearly
1 < k(n) for each n > n(0). This selection implies, in particular, that zF("-1 ¢ M
Since M M'™ for each n € N, we have 1 < k(n(0)) < k(n) < k(n + 1) for each
n > n(0).

We claim that the sequence (k(n)), of natural numbers must be bounded. If this is
not the case, lim,_,o k(n) = co. For each n > n(0) we have

M M"™ = span({z7 | j = k(m)}) " C {f € H(G) | f9(0) =0,0 < j < k(n)}.

Therefore, the Taylor coefficients (a;(f))52, of each f € M must vanish; that is, M = {0},
which is a contradiction, as M is proper.

As a consequence of the claim that we have just proved, there are K € N and n(1) >
n(0) such that k(n) = K for each n > n(1). This implies

M™ ={f € F | f90)=0,0<j < K}

for each n > n(1). Thus, we may apply Lemma 2.1 (i) to get

M= (| M™"={feF|f90)=0,0<j<K}.
n>n(1)

This completes the proof. a

Theorem 3.3 Let E = ind, E,, be an (LB)-space which is the increasing union of Banach
spaces E, of holomorphic functions on the open domain G =D or G = C, such that the
polynomials are contained and dense in E, for each n € N.

Assume that the integration operator J : E, — FE, is continuous for each n € N, and
that, for each n € N, every proper closed invariant subspace of J on E, is of the form
A}E{” for some K € N. Then

(i) J: E — E is continuous, and

(ii) Ewvery proper closed invariant subspace of J on E is of the form
A ={f€E|f90)=00<j <K}

for some K € N.



Proof. (i) Clearly J(E) C E and J : E — E is continuous since E = ind, E,, and J is
stepwise continuous by assumption.

(ii) The assumptions imply that the polynomials are dense in E. The subspaces AIE{
are proper closed subspaces of E which are invariant for the integration operator J.

We fix a proper closed subspace M of E which is invariant for .J. By Lemma 2.2 there
is n(0) € N such that M N E,, is a proper closed subspace of E,, for each n > n(0). It
is also invariant for J, since J(M) C M and J(E,) C E,. By our assumptions, for each
n > n(0) there is k(n) € N such that

—— Fn
M N E, = Ay = span({27 | j > k(n)})

(n
We select, for each n € N, k(n) as the minimum of those j's such that 2/ € M N E,,. Since
MNE, C MnNE,; for each n € N, we have 1 < k(n+ 1) < k(n) < k(n(0)) for each
n > n(0). Then there are L € N and n(1) > n(0) such that k(n) = L for each n > n(1).
This yields, for each n > n(1),

MNE,={f€E,| f90)=0,0<j<L}

Therefore ‘
M= |J MnE)={feE|fP0)=00<j<L},
n>n(1)
and the proof is complete. O

4 Invariant subspaces of the integration operator on Fréchet
or (LB)-spaces of holomorphic functions on the disc.

Let us introduce some notation. We set R = 1 (for the case of holomorphic functions on
D) and R = +oo (for the case of entire functions). A weight v is a continuous function
v : [0, R[—]0, oco[, which is decreasing on [0, R| and satisfies lim,_, g r"v(r) = 0 for each
n € N. We extend v radially to D if R = 1 and to C if R = 400 by v(2) := v(|z]).
For such a weight v, we define the Banach space H>° of holomorphic functions f on the
disc D (if R = 1) or on the whole complex plane C (if R = +o0) such that || f|, =
sup|.|<g v(2)|f(2)| < co. For a holomorphic function f € H({z € C;|z| < R}) and r < R,
we denote M (f,r) := max{|f(z)| ; |z2| = r}. Using the notation O and o of Landau,
f € HX if and only if M(f,r) = O(1/v(r)),r — R. It is known that the closure of
the polynomials in HZ° coincides with the Banach space H? of all those holomorphic
functions on {z € C;|z| < R} such that M(f,r) = o(1/v(r)),r — R, see e.g. [14]. Spaces
of type H:° appear in the study of growth conditions of holomorphic functions and have
been investigated in various articles since the work of Shields and Williams, see e.g. [14],
[26] and the references therein. When we must specify the domain of definition of the
holomorphic functions, we write H2(D) or H)(C).

We recall some examples of weights: For R = 1, (i) va(r) = (1 — r)® with a >
0, which are the standard weights on the disc, (ii) v(r) = exp(—(1 —r)~1), and (iii)
v(z) = (log %)™, a > 0. For R = +oo, (i) v(r) = exp(—rP) with p > 0, (ii) v(r) =
exp(—expr), and (iii) v(r) = exp ( — (log™ r)?), where p > 2 and log™ r = max(log , 0).

A systematic study of inductive and projective limits of weighted Banach spaces of
type HS® and HY was initiated by Bierstedt, Meise and Summers in [15]. If V = (vy,), is a
decreasing sequence of weights on G = ID or G = C, we define the weighted inductive limit
by VoH(G) := ind, H) (G). These (LB)-spaces have been investigated by many authors;



see e.g. [5], [13] and [14] and the references therein. On the other hand, if A = (ay)n
is an increasing sequence of weights on G = D or G = C, the weighted Fréchet space of
holomorphic functions on G is defined by AgH(G) := proj,H_ (G). Fréchet spaces of
this type were studied by E. Wolf [33]. Concrete examples of spaces of this type in the
case of entire functions appear in Section 5. The most relevant examples in the case of
holomorphic functions on the disc are Koremblum type spaces, which we define now.

For each p > 0, the growth Banach spaces of holomorphic functions are defined as
A7H = Hp® and Aj" = HSH for the standard weight v,(r) = (1 — r)*. These Banach
spaces play a relevant role in connection with interpolation and sampling of holomorphic
functions; see [23, Section 4.3]. The spaces of holomorphic functions of Korenblum type
are defined as follows.

AT = N AT = {f € H(D): sup(1 — |2))"[f(2)| < 00 ¥ > 7},

in which case also
- _ —p
AT =Ny Ag "

for each v > 0. And

ATV i=Uyey AT ={f € HD): su]g(l — |2)*| f(2)] < oo for some p < v}
zE

in which case also
- _ —p
AT =UAg",

for each 0 < v < oo.
The space A:’ is a Fréchet space when endowed with the locally convex topology

generated by the increasing sequence of norms || f||; := sup,cp(1 — ]z\)wr% |f(2)|, for f €
A:Y and each k € N. Clearly, A;V is a Fréchet space of holomorphic functions of type
AoH (D) for an increasing sequence A = (ap)n.

Each space A_” is endowed with the finest locally convex topology such that all the
natural inclusion maps A7 C A_7, for u < ~, are continuous. In particular, A7 :=
indy, A% = indy AO_(W_%) is an (LB)-space. Of course, the inductive limit is taken
over all k € N such that (y — 1) > 0. The Korenblum space (see [25]) AZ*°, denoted
A7 is A= =ind,, A~". All these (LB)-spaces are weighted inductive limits of the form
VoH (G) for a decreasing sequence V = (v, ).

Theorem 4.1 (1) If A = (an)n is an increasing sequence of weights on the unit disc
D, then the integration operator J : AgH(D) — AgH (D) is continuous and every proper
closed invariant subspace of J on the weighted Fréchet space AgH (D) is of the form

{f € AHD) | f9(0)=0,0<j < K}

for some K € N.

(2) If V = (vn)n is a decreasing sequence of weights on the unit disc D, then the inte-
gration operator J : VoH(D) — VoH(D) is continuous and every proper closed invariant
subspace of J on the weighted (LB)-space VoH (D) is of the form

{f e VHD) | f9(0)=0,0 <j < K}

for some K € N.



Proof. For each weight v on the unit disc D, it follows from [4, proposition 3.1 and
Theorem 3.8] (see also [2]), that the integration operator J : H(D) — H?(DD) is continuous
(even compact), and that every proper closed invariant subspace of J on HO(D) is of the
form

{f € H)D) | f9(0)=0,0<j < K}

for some K € N.
(1) The integration operator on the Fréchet space AqH (D) = proj, H. (D) satisfies all
the hypothesis of Theorem 3.2. The conclusion follows from this result.
(2) Similarly, J : VoH (D) — Vo H (D) satisfies the assumptions of Theorem 3.3, which
permits to complete the proof.
O

We have the following consequence of Theorem 4.1.

Corollary 4.2 The integration operator J is continuous on the Korenblum type spaces
E=A"7, v>0and E=A_", 0 <~y < o0, and every proper closed invariant subspace
of J on E is of the form AL = {f e E | f9(0)=0,0<j < K} for some K € N.

5 Invariant subspaces of the integration operator on Hor-
mander algebras.

A function p : C —]0,00] is called a weight exponent function if it satisfies the following
properties: (wl) p is continuous and subharmonic, (w2) p is radial, p(z) = p(|z]), 2 € C,
(w3) log(1 + |2|?) = o(p(2)) as |z| — oo; and (w4) p is doubling, i.e. p(22) = O(p(z)) as
|z| = oo.

Given a weight p, we define the following weighted spaces of entire functions:

Ap(C):={f € H(C) : thereis A >0 :sup|f(z)|exp(—Ap(z)) < oo},
zeC
endowed with the inductive limit topology, for which it is an (LB)-space and

Ag((C) ={feH(C): foralle >0: sgg |f(2)] exp(—ep(z)) < oo},
z
endowed with the projective limit topology, for which it is a Fréchet space.

These spaces are topological algebras. They are called Hérmander algebras of entire
functions. Clearly A%(C) C A,(C). Condition (w3) implies that A)(C) contains the
polynomials, and condition (w4) implies that the spaces are stable under differentiation.
Weighted algebras of entire functions of this type have been considered by many authors.
See e.g. [1], [10], [11], [27] and [28] and the references therein.

Here are some examples: When p(z) = |2]°, s > 0, then A,(C) consists of all entire
functions of order s and finite type or order less than s; and Ag(C) is the space of all entire
functions of order at most s and type 0. For s = 1, A,(C) is the space of all entire functions
of exponential type Exp(C), and Ag((C) is the space of entire functions of infraexponential
type.

It was proved by Beltrédn, Ferndndez and the author in [9, Lemma 4.1] that the inte-
gration operator J is continuous on E = A,(C) and E = A)(C) for every weight exponent
p. Concerning invariant subspaces we have the following result.



Theorem 5.1 Let p be a differentiable weight exponent such that lim, . p'(r) = oo.
Then every proper closed invariant subspace of J on E = Ag((C) or E = A,(C) is of the
form

AR ={feE|fD0)=00<j <K}

for some K € N. This holds in particular for p(z) = «|z|®, a > 0,s > 1, and for
p(z) = el

Proof. Define, for 8 > 0, the weight vg(z) := exp(—Bp(z)). The polynomials are dense
in HSB and, by [3, Theorem 3.8], the operator J : HSB — HgB is continuous. Indeed,
wg(r) = 1/vg(r) = exp(Bp(r)), r > 0, satisfies

lim inf, o —— = liminf, .. 4p'(r) > 1,
w’(r)
w(r)
of) [4, Theorem 3.16] that every proper closed invariant subspace of J on Hgﬂ has the
form {f € HBB | f9)(0) =0,0 < j < K} for some K € N.

We have Ag((C) = pI‘Ojan(l /.y @0d the conclusion follows from Theorem 3.2 since all
the hypothesis of this result hold.

Similarly, since 4,(C) = ind, HY the result follows from Theorem 3.3 in this case. O

since lim, oo = lim, o Bp'(r) = 0o0. Moreover, the latter fact implies by (the proof

A different approach enables us to treat the case of the integration operator on the
(LB)-algebra Exp(C) of entire functions of exponential type.

Let (Bf) (z) = M denote the backward shift on H(C). We recall that the norm
in the Hardy space H? is given by

N|=

1 [ it 2
[fll2 = sup (2/ |f(re')|” dt)2.
0<r<1 4T Jo
In what follows we denote
9:(2) == g(e2).

Lemma 5.2 Any transcendent function f € H(C) is a cyclic vector for B.

Proof. According to [21, Theorem 2.2.4], the restriction of any transcendent function to
the unit circle is a cyclic vector for the backward shift on the Hardy space H?. We now
fix a compact set K C C and g € H(C). Take r > 0 so that |z| < r for all z € K and put
R = 2r. Since Bf is also a transcendent function and

B (fr) = R" (B"f)g

we have
gr € Span ((Bn(Bf))R T ne No)

=span ((B"f),: neN),

where the closure is taken in H?. So, for every ¢ > 0 we can find coeflicients a1, ...ay

such that
N

lgr =" ax (B N)r) a2 <.

k=1



For every z € K we have

N R 27 g(Relt) - Z{gvzl ag (ka) (Relt)‘
k
9(2) = ;ak (B f) G <o ), | Rett — 2| :
2 2 R it al Bk: R it dt

Son ), g(Re )_;ak< f)( e”)
N

< 2llgr =Y ax (B N)x) 2 < 2.
k=1

Theorem 5.3 Every proper closed invariant subspace of J on E = Exp (C) has the form
AE ={feE: fi(0)=0, 0<j< K} for some K € N.

Proof. We consider the topological isomorphism (see for instance [31, p.94])
®: Exp (C) ~ H (C)y. (®(9), f) = ) axbikl,
k=0

where

f(z)= Zakzk, g(z) = Zbkzk.
k=0

k=0
We identify f € H(C) with Ty € H(C)", T¢(u) := u(f). Then

®': H(C) — Exp (C), (9(Ty),g) = (T1, (9)) = ®(9)(f)-

Let us assume that M is a proper closed subspace of Exp (C) satisfying J(M) C M.
Obviously we also have J(M°) C M°. We now check that

Jtod' = ' o B. (5.1)
For f € H(C), f(z) = Y30 yaxz* and g € Exp (C), g(2) = 372, brz", we have

<(‘]t © (bt) (f))g> = <f7(1)(']g)> = Zak%k' = Zakbk’—l(k - 1)‘
k=1 k=1

Also
(20 B) (£).9) = (B(), 2(9)) = 3 arsabih.
k=0

Identity (5.1) is proved. Consequently
Fo= (0 (M°)

is a proper closed subspace of H(C) and satisfies B(F') C F. According to Lemma 5.2, F'
cannot contain transcendent functions. Since F' is a closed subspace of the Fréchet space
H(C) and it consists only of polynomials then an application of Baire’s theorem permits
us to conclude that F' is finite dimensional. Let fo(2) = Zév:_ol arz® + 2" be an element of

9



F with the largest possible degree N. We observe that (B fy)(z) = fo:—(f apy12 + 2N
Then the polynomials

fO?Bf07B2f07"'7BNf0
are linearly independent and we conclude
span{fo,Bfo,B2fg,...,BNfo} :span{l,z,z2,...,zN} =F.
Finally
M =M ={geExp (C) (®'(f),9) =0Vf e F}
= {g€ Bap (©)] (", 2(9)) =0, 0< k< N

= {9 € Bop (©)1 gP(0) =0, 0 <k < N

Remark 5.4 The integration operator is continuous on all the Hérmander algebras de-
fined above A)(C) and A,(C) by [9, Lemma 4.1]. However, we do not know whether the
conclusion of Theorem 5.1 holds if the condition lim,_, p(r) = oo fails, in particular for
the weight exponents p(z) = |z|%,0 < s < 1, except in the case covered by Theorem 5.3.
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