OPERATORS ACTING IN SEQUENCE SPACES GENERATED BY DUAL
BANACH SPACES OF DISCRETE CESARO SPACES

JOSE BONET AND WERNER J. RICKER

AsstrACT. The dual spaces d(p),1 < p < oo, of the discrete Cesaro (Banach) spaces
ces(q), 1 < g < oo, were studied by G. Bennett, A. Jagers and others. These (reflexive)
dual Banach spaces induce the non-normable Fréchet spaces d(p+) := (., d(r), for
1 < p < oo, and the (LB)-spaces d(p—) := U, d(r), for 1 < p < oo, recently
introduced and investigated in [11]. Here a detailed study is made of various aspects,
such as the spectrum, continuity, compactness, mean ergodicity and supercyclicity of
the Cesaro operator, multiplication operators and inclusion operators when they act on
(and between) such spaces.

1. INTRODUCTION

Given an element x = (x,), of CN let |x| := (|x,|), and write x > 0 if x = |x|. By x < 7
we mean that (z—x) > 0. The sequence space CN is a Fréchet space for the locally convex
topology of coordinatewise convergence. The Cesaro operator C : CN —s CN, defined
by

X1 + Xp X1 +XxXo+ ...+ X,

(1.1) C(x) := (xy, T - ..., x=(x), €CN,

satisfies 0 < |C(x)| < C(|x]), for x € CN, and is a linear and topological isomorphism of
CN onto itself. Clearly C(x) > 0 whenever x > 0 in CN. It is known that C : £, — £, is
continuous for every 1 < p < oo, [18, Theorem 326]. G. Bennett thoroughly investigated
the spaces

(1.2) ces(p) :={xeCV:C(x) € ¢,), 1<p<oo,

which are reflexive Banach spaces relative to the norm

(1.3) lIxlleesipy == ICUxDIlp, — x € ces(p),

where || - ||, denotes the usual norm in £,; see, for example, [9], as well as [8], [14],

[16], [24] and the references therein. The dual Banach spaces (ces(p))’, 1 < p < oo, are
somewhat complicated, [19]. A more transparent isomorphic identification of (ces(p))’
is presented in Corollary 12.17 of [9]. It is shown there that

(1.4) d(p) ={x €l : X := (SUps, IXn €€}, 1< p<oo,
is a Banach space for the norm
(1.5) lIxllacpy == lIXll,,  x € d(p),
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which is isomorphic to (ces(p’))’, where % -+ [% = 1. The duality is given by

w, x) := Z WX, weces(p), xedpp).

n=1

The family of Banach spaces ces(p), 1 < p < oo, induces the Fréchet spaces ces(p+) :=
Ngp ces(q) for 1 < p < oo and induces the (LB)-spaces ces(p—) := [J;,4<, ces(q) for
1 < p < 0. These non-normable sequence spaces in CN were introduced and studied
in [3], [7], as well as the properties of various linear operators acting in them, [5], [7].
Similarly, the family of Banach spaces d(p),1 < p < oo, which were investigated in
some detail in [10], generate the corresponding Fréchet spaces d(p+) := ()., d(g) for
1 < p < oo and the (LB)-spaces d(p—) := <4<, d(q) for 1 < p < co. The spaces d(p+)
and d(p—) were introduced and studied in [11], where it is shown that they are rather
different to their counterparts ces(p+) and ces(p—), respectively.

The purpose of this paper is to undertake an investigation of certain natural linear op-
erators (e.g., the Cesaro operator, inclusion maps, multiplication operators) acting in the
spaces d(p+),p € [1,0), and d(p—),1 < p < oo, and to determine various properties
of such operators, e.g. their spectrum, compactness, mean ergodicity, etc. We point out
that a detailed investigation of the Cesaro operator C acting on the Banach spaces ces(p),
resp. d(p), for 1 < p < oo, was carried out in [6], [14], resp. [10], and on the Fréchet
spaces ces(p+) for 1 < p < coin [5]. For the (LB)-spaces ces(p—),1 < p < oo, see [7].
Here we treat C when it is acting in the spaces d(p+), p € [1, ), and d(p—),1 < p < oo.
Its spectrum is determined in Theorem 3.2 for d(p+) and in Theorem 3.6 for d(p—). For
the mean ergodic properties of C, see Proposition 3.5 (for d(p+)) and Proposition 3.8
(for d(p—)). The properties of multiplication operators on ces(p+), resp. ces(p—), can be
found in [5], resp. [7]. Here we are concerned with such operators when they act in the
spaces d(p+) and d(p—), especially their spectrum, compactness and mean ergodicity;
see Section 4. For a characterization of multiplication operators in d(p+), resp. d(p—),
we refer to Theorem 4.8, resp. Theorem 4.7. Curiously, when acting in d(p+), the space
of multipliers is independent of p; see Remark 4.9. Theorem 4.13 identifies precisely
which multiplication operators, both in d(p+) and in d(p—), are compact; in both cases
the space of such operators is “independent” of p. The spectra of multiplication operators
in d(p+), resp. d(p—), are identified in Theorem 4.16, resp. Theorem 4.17. The mean
ergodic properties of multiplication operators are recorded in Theorem 4.20 and Theo-
rem 4.21. An interesting feature (see Theorem 4.10) is that algebra of all multiplication
operators, both in d(p+) and in d(p—), is maximal abelian, that is, it coincides with its
commutant algebra. The final section 5 is devoted to analyzing various operators acting
between different spaces. As a sample, we mention that C maps d(p+) continuously into
d(g+) if and only if 1 < p < g < oo (see Theorem 5.8), whereas it is a compact oper-
ator if and only if p < ¢ (cf. Theorem 5.11). Moreover, C maps ces(p—) continuously
into d(g-) if and only if p < g (see Theorem 5.9), whereas it is compact if and only
if p < g (cf. Theorem 5.12). Such results rely on a detailed knowledge of the conti-
nuity/compactness properties of inclusion maps between members within the family of
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spaces {{).,ces(g+),d(r+) : 1 < p,g,r < oo} and also between members within the fam-
ily of spaces {{,_,ces(g—),d(r—) : 1 < p,q,r < oo}; see, for example, Theorem 5.3 and
Theorem 5.6.

2. PRELIMINARIES

Let X, Y be locally convex Hausdorff spaces (briefly, IcHs’). The identity operator on
X is denoted by 7 and L(X, Y) is the space of all continuous linear operators from X into
Y; briefly £(X) if X = Y. The null space and the range of T € £L(X) are denoted by Ker(7)
and Im(T), respectively. Let I'y be any system of continuous seminorms generating the
topology of X. Then L (X) denotes L(X) equipped with the strong operator topology 7
which is given by the family of seminorms ¢, : T +— q(T x), for every x € X and g € I'yx.
Furthermore, £,(X) denotes £(X) endowed with the topology 7, of uniform convergence
on the bounded subsets of X, i.e., generated by the seminorms g : T + sup, .z q(Tx),
for every g € I'y and every bounded set B C X. If I'x can be taken to be countable and
X is complete, then X is called a Fréchet space. The dual operator of T € L(X,Y) is
denoted by 77 : Y/ — X', where X’ = L(X, C) is the topological dual space of X. The
strong topology in X (resp. in X’) is denoted by B(X, X”) (resp. by B(X’, X)) and we write
Xp (resp. Xé). If X is a barrelled space, then Xz = X, [25, Remark p. 271]. Given IcHs’
X, Yand T € L(X,Y), its dual operator 7’ € L(Y, ’,X,,;), [25, Proposition 23.30(b)]. Our
basic references for functional analysis and operators in IcHs’ are [15], [20], [21], [22],
[25].

Recall that an operator T € L(X, Y), with X, Y IcHs’, is called bounded (resp. compact)
if there exists a neighbourhood U of 0 € X such that T(U) is a bounded (resp. a relatively
compact) subset of Y. If Y is Montel (i.e., each bounded set is relatively compact), then
T € L(X,Y)is compact if and only if it is bounded. All of the Fréchet spaces considered
in this paper are of the type described in the following result, [5, Lemma 25].

Lemma 2.1. Let X := proj, Xy and Y := proj,,Y, be Fréchet spaces such that X =
(Mien Xk With each (X, || - |lk) a Banach space (resp. Y = (\,en Y With each (Y, || - )
a Banach space). Moreover; it is assumed that X is dense in X, and that X, C X; with
a continuous inclusion for each k € N (resp. Y11 C Y,, with a continuous inclusion for
eachm e N). Let T : X — Y be a linear operator.

(1) T is continuous if and only if for each m € N there exists k € N such that T has a
unique continuous linear extension Ty, : Xy — Y.

(i1) Assume that T € L(X,Y). Then T is bounded if and only if there exists ky € N
such that, for every m € N, the operator T has a unique continuous linear extension

Tko,m . Xko — Ym

Let Y = ind,,Y,, be a regular (LB)-space, [20, p. 83]. Then a set B C Y is bounded if
and only if there exists m € N such that B C Y,, and B is bounded in the Banach space Y,,,.
All of the (LB)-spaces considered in this paper are of the type described in the following
result, [7, Lemma 17].

Lemma 2.2. Let X = ind X, and Y = ind,,Y,, be two (LB)-spaces with increasing unions
of Banach spaces X = | Jgen Xk and Y = \U,pen Y- Let T : X — Y be a linear operator.
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(1) T is continuous if and only if for each k € N there exists m € N such that T(X;) C
Y., and the restriction T : X; — Y, is continuous.

(i1) Assume that Y is regular. Then T is bounded if and only if there exists m € N such
that T(X;) C Y, and T : X; — Y, is continuous for all k > m.

The following result, [22, §42.1(6), p. 202], is a version of Schauder’s theorem in the
Banach space setting.

Lemma 2.3. Let X,Y be Montel spaces. Then T € L(X,Y) is compact if and only if
T € L(Y], X[’;) is compact.

For T € £(X), with X a IcHs, the resolvent set p(T) of T consists of all A € C such that
R(A, T) := (AI — T) ! exists in L(X). The set o<(T) := C \ p(T) is called the spectrum of
T. The point spectrum o ,,(T) of T consists of all 1 € C such that (A1 —T) is not injective.
If the space X needs to be stressed, then we also write o(T'; X), 0, (T; X) and p(T'; X).
Unlike for Banach spaces, it may happen that p(7") = @ or that p(T') is not open in C. This
is why some authors (eg. [28]) prefer the subset p*(T) of p(T') consisting of all A € C for
which there exists ¢ > 0 such that the open disc B(1,0) :={z € C:|z— A <} C p(T)
and {R(u, T) : u € B(4,0)} is an equicontinuous subset of L(X). If X is a Fréchet space
or an (LB)-space, then it suffices that such sets are bounded in £ (X). Define 0*(T) :=
C N\ p*(T), which is a closed set containing o(T). If X happens to be a Banach space,
then 0*(T) = o(T). An advantage of p*(T), if it is non-empty, is that it is open and the
resolvent map A — R(4,T) is analytic from p*(7T') into £,(X), [1, Proposition 3.4]. In
[1, Remark 3.5(vi), p. 265] an example of an operator T € L(X), with X a Fréchet space,
is presented which satisfies o<(T) C o*(T') properly.

The following two facts are important for determining the spectra of operators in cer-
tain Fréchet spaces and (LB)-spaces. The first result occurs in [2, Lemma 2.1] .

Lemma 2.4. Let X = (),en X be a Fréchet space which is the intersection of a sequence
of Banach spaces (X, || - ||.), for n € N, satisfying X, € X,, with ||x||,, < ||x||,+1 for each
neNandxe X, Let T € L(X) satisfy the following condition:

(A) Foreachn € N there exists T, € L(X,) such that the restriction of T, to X (resp.

of T, to X,,+1) coincides with T (resp. with T,.1).

Then o(T; X) C U,en 0(Tw; X)) and R(A, T) coincides with the restriction of R(4,T),) to
X foreachn € N and A € (,,en (T X,0)-

Moreover, if | J,en 0(Ty; X)) € 0(T; X), then

o (T, X) = o(T; X).

Concerning (LB)-spaces, the following result is Lemma 5.2 of [4].

Lemma 2.5. Let X = ind, X, be a Hausdorff inductive limit of a sequence of Banach
spaces (X, || - |I.), forn € N. Let T € L(X) satisfy the following condition:
(A) For each n € N the restriction T, of T to X, maps X, into itself and T,, € L(X,).
Then the following properties are satisfied.
(1) Upt(T; X) = UneN Upt(Tn,Xn)
(i) o(T;X) € Nimen(Use, 0(T; X)). Moreover, if A € (o, 0(Tn; X,,) for some m €
N, then R(A, T,) coincides with the restriction of R(A,T) to X,, for each n > m.
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i) If U, o(Tw; X)) € (T, X) for some m € N, then
o (T:X) = o(T; X).
We conclude this section with the following useful result.

Proposition 2.6. Let X be a reflexive IcHs and T € L(X).
@) o(T; X) = o(T"; Xp).
(i) o*(T:X) = o*(T"; Xp).

Proof. (1) We will require the following
Fact. If S € L(X) is an isomorphism, then S’ € .E(X[;) is also an isomorphism.

By assumption there exists R € £(X) such that SR = RS = Ix (the identity operator on
X). Noting that both R, S" € L(X}) it follows that 'R’ = R'S’ = IX/;’ thatis, S € L(Xp)
is an isomorphism. This proves the Fact.

Since X is reflexive, also X[’g is reflexive, [21, §23.5(5), p. 303]. Moreover T = T.
Accordingly, it suffices to show that o(T”; Xé) C o(T; X) as the reverse containment will
follow by “the same” argument via duality. But, if A ¢ o(T; X), then (Alx — T) € L(X)
is an isomorphism. By the above Fact, (A1ly — T) = (/UX[; — T") is also an isomorphism,
that is, A ¢ O'(T’;Xé).

(i) By the reflexivity of X it suffices to show that 0'*(T’;X[’3) C o' (T;X). If A ¢
o*(T; X), then there exists ¢ > 0 such that B(1,8) € p(T;X) and {(ulx — T)™' : u €
B(4,0)} € L(X) is equicontinuous. Since reflexive spaces are barrelled, [25, Proposition
23.22], it follows from [22, §39.3(6), p. 138] that {((ulx — T)~') : u € B(4,6)} C L(X;)
is equicontinuous. But, it was shown in the proof of part (i) that

(2.1) (ulx =T = (ulx, = T
and so {(,uIXA—T/)‘l : i € B(4,9)} is equicontinuous in L(Xé). Thatis, A ¢ a*(T’;Xé). |

3. THE CESARO OPERATOR IN d(p+) AND d(p—)

The aim of this section is to investigate the spectrum and certain operator theoretic
aspects of the Cesaro operator when it acts in the Fréchet spaces d(p+),1 < p < oo, and
in the (LB)-spaces d(p—), 1 < p < co. We begin with the Fréchet space setting.

The reflexive Banach spaces d(p) for 1 < p < oo satisfy d(r) C d(s) with [|-las) < [I“llacr)
on d(r) whenever 1 < r < s < oo; see (1.4), (1.5) and [10, Proposition 2.7(1)]. Given
1 < p < oo, consider any strictly decreasing sequence {py}ien C (p, 00) satisfying py | p,
in which case d(pi,1) C d(py) for all k € N. Then d(p+) := (s, d(q) = Mken d(pi)
is a Fréchet space relative to the increasing sequence of norms on d(p+) defined by
Il - llx : x = [Ixlla(p, for k € N; see (1.5). Since each Banach space d(g),1 < g < oo, is
solid in CN (i.e., if x € d(g) and y € CN satisfy [y| < |x|, then y € d(g)), it is clear that
d(p+) is also solid in CN. The space d(p+) is actually a Fréchet-Schwartz space (but, it is
not nuclear) in which the canonical vectors e, := (8,x), for n € N, form an unconditional
basis. In particular, d(p+) is dense in d(py) for all k € N. Moreover, with continuous
inclusions, it is the case that d(p) C d(p+) € CN for 1 < p < oo (also d(1+) € CN) and
that d(p+) C d(g+) whenever 1 < p < g < o0. As a consequence of Lemma 2.1, for each
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1 < p < g < oo the Cesaro operator C € L(d(p+),d(g+)). All of the above facts, and
more, can be found in Sections 3, 4 of [11].

In order to determine the spectra of C acting in d(p+) we first recall the Banach space
case. The following facts are recorded in [10]; see Proposition 3.2 (and its proof), Re-
mark 3.3 and Corollary 3.5.

Proposition 3.1. Let 1 < p < co. Then C € L(d(p)) satisfies ||Cllo, = p’ and its spectra
are given by

(3.1) o(C;d(p)) ={1€C: 1= L] < &} and 0,(C;d(p)) = 0.
Moreover,
3.2) (AeC: |- LI <2} Cau(C;d(p))

and Im(C — Al) # d(p) whenever |A — % < %.

The spectra of C acting in d(p+), p > 1, can now be determined. They should be
compared with the case of C when it acts in the spaces ces(p+), p > 1, [5, Theorem 3].

Theorem 3.2. (i) Let 1 < p < oo. The following statements are valid.
(al) opu(Cid(p+)) = 0.
(a2) o(C;d(p+)) ={1eC:|1- L] < Z}u{o).
(a3) o*(C;d(p+)) = o(C;d(p+)) ={1eC:]A-F| < 5}
(i) For p =1 the following statements are valid.
(bl) o ,(C;d(1+)) = 0.
(b2) o(C;d(1+)) = {1 € C: Re(d) > 0} U {0}.
(b3) o*(C;d(14)) = 0(C;d(1+)) = {1 € C: Re(1) = 0}.

Proof. By using Lemma 2.4 above, together with Proposition 3.1 above in place of [5,
Theorem 1], a careful examination of the proof of Theorem 3 given in [5] for C acting in
the spaces ces(p+), shows that it can be adapted to also apply to C acting in the spaces
d(p+).

However, there is one point which needs to be clarified. For the proof of the fact
that 0 € o(C;ces(p+)), as given on p. 1537 of [5] it is important that the vector y :=
> ﬁezl-_ | defined there belongs to ces(p+). Fortunately, the same vector y also be-
longs to the smaller space d(p+) C ces(p+). Indeed, since y = (1, %, %, %, %, %, %, .l)
belongs to £, for all 1 < g < oo, it follows that y € d(r) for all 1 < r < oo (cf. (1.4))
and hence, that y € d(p+), p > 1. Moreover, for each ¢ > 1, the vector x := C™'(y) =
(=)™, satisfies |x|] = (1), € d(g) as d(q) C ¢,. Accordingly, x ¢ d(p+) for p > 1. With
these observations the proof that 0 € o(C;d(p+)) follows the lines of that given in [5]
for proving that 0 € o(C; ces(p+)). O

Since d(p+) is isomorphic to the power series Fréchet space Aj'(a) foreach 1 < p <
oo, with @ := (log(n)),, [11, Corollary 4.5(ii)], its strong dual (d(p+))23 (which is the
(DFS)-space ces(p’—), [11, Remark 4.4]) is a sequence space [25, p. 357]. It is then
routine to verify that the dual operator C’ € L((d( p+))/'3) is given by the formula

(3.3) C'») = (X2 s Y = Oudn € (d(pH))p.
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Using this observation and Proposition 3.1 above, the proof of Proposition 4 in [5] can
be modified to yield the following result.

Proposition 3.3. (i) Foreach 1 < p < oo it is the case that
(A€ C: =L < B} Cop(C:(d(p+))y.
(1) If p=1, then
{1 € C:Re(1) > 0} € 0p(C': (d(14))p).
Remark 3.4. Since the spectrum of a compact operator acting in a Fréchet space is
necessarily a compact subset of C, [15, Theorem 9.10.2], it follows from parts (a2) and
(b2) of Theorem 3.2 that the operator C € L(d(p+)) fails to be compact for every p > 1.

Since d(p+) is a Fréchet-Schwartz space, it is also Montel, [25, Remark 24.24(b)], and
hence, there is no distinction between compact and bounded operators in d(p+); see

Section 2. O
Let X be a IcHs. An operator T € L(X) is called power bounded if {T" : n € N}
is an equicontinuous subset of L(X). Given T € L(X), the averages T|, := %2221 T",

for n € N, are called the Cesaro means of 7. It is straight-forward to check that T7 =

T — (”;l)T[,,_l] for n > 2. The operator T is called mean ergodic (resp. uniformly mean
ergodic) if {Tj,}uen 18 @ convergent sequence in L (X) (resp. in Ly(X)), [23]. If X
is separable, then T € L(X) is called supercyclic if there exists x € X such that the
projective orbit {17"x : 1 € C,n € Ny} is dense in X, where Ny := {0} U N.

By replacing the use of Proposition 4 in [5] with Proposition 3.3 above, an analogous
proof to that of Proposition 5 in [5] for the spaces ces(p+) yields a proof of the following

result for the spaces d(p+).

Proposition 3.5. The Cesaro operator C € L(d(p+)), for p > 1, is not power bounded,
not mean ergodic and not supercyclic.

We now turn our attention to C acting in the (LB)-spaces d(p—). Given 1 < p <
oo, for the remainder of this section let {pi}ien € (1, p) be any strictly increasing se-
quence satisfying px T p, in which case d(py) C d(pis1) for all k € N. Then d(p-) =
Ui<g<p d(q@) = indid(py) is an (LB)-space, that is, a countable inductive limit of Banach
spaces, [25, pp. 290-291]. Clearly d(p-) is solid in CN. Since the (inclusion) linking
maps d(r) C d(s) are compact whenever 1 < r < s < oo, [10, Proposition 5.2(iii)], it
follows that d(p—), p € (1, 0], is actually a (DFS)-space, [25, p. 304], (but, it is not nu-
clear) which is isomorphic to the strong dual (ces(p’+));3 of the Fréchet-Schwartz space
ces(p’+), [11, Proposition 4.3(i)]. We note that each space ces(g+),1 < g < oo, is iso-
morphic to the fixed power series Fréchet space A(a), with @ = (log(n)),, of type 0 and
order 1, [3, Corollary 3.2]. The canonical vectors {e, : n € N} form an unconditional
basis for each space d(p—), p € (1, 0], [11, Theorem 4.6]. As a consequence of Lemma
2.2, foreach 1 < p < g < oo the Cesaro operator C € L(d(p—),d(q-)), [11, Proposition
4.8(i1)(a)]. For further properties of the spaces d(p—),1 < p < oo, see Section 4 of [11].
Since d(p—) = ind; d(p;) with 1 < p; T p, we point out that C € L(d(p—)) satisfies all of
the assumptions of Lemma 2.5 with T, := Cly,,, € L(d(p,)) forn € N.

The spectra of C acting in d(p—), p € (1, o], can now be identified. They should be
compared with C when it acts in the spaces ces(p—), p € (1, o], [7, Section 3].
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Theorem 3.6. Let p € (1, 0].

(i) op(Cid(p-) =0. o
(i) {0ju{1eC:1-E|<Z}Co(Cid(p-)C{aeC:a-L|<E}
(iii) o*(C;d(p-)) ={1eC:|a-L| <L)

(iv) {1eC:lA-5|<E}Cop(C:(@d(p-)y), 1<p<c.

Proof. (i) This follows from Lemma 2.5(1) and Proposition 3.1.

(i1) An analogous proof as that given for Proposition 8 in [7] applies here. The use of
Lemma 5 and Theorem 6 in [7] needs to be replaced, respectively, with Lemma 2.5 and
Proposition 3.1 above.

Again one point needs to be clarified. For the proof that 0 € o(C;ces(p—)), given
on p. 10 in Proposition 8 of [7], it was required that the vector y := (1_(2;1)" ), should
belong to ces(p—) for each p € (1, 0] and satisfy C~'(y) = ((-1)"*1), ¢ ces(p-). The
analoguous argument can be applied here after noting that y also belongs to the smaller
space d(p—),1 < p < co. Indeed, this is the same y as that in the proof of Proposition
3.2 above, where it was shown that y € d(r) for all 1 < r < oo and hence, in particular,
y € d(p—) = U<, d(r). Moreover, since d(p—) < ces(p—) and C(y) ¢ ces(p-), also
C'(y) ¢ d(p-).

(iii)) The proof of Proposition 10 given in [7] can be adapted to apply here. The use of
Theorem 6 and Proposition 8 in [7] need to be replaced, respectively, with Proposition
3.1 above and part (ii) of this theorem.

(iv) Fix 1 < p < oo and note that the natural inclusion d(p—) C d(p) is continuous, as
a consequence of Lemma 2.2(1). It follows that (d(p))’ € (d(p—)); c CN. Moreover, C’
as given by (3.3) is the “same” operator in each of these three spaces. Hence,

(3.4) op(C5(d(p))) € o p(C'5 (d(p-))p).

But, it is shown in the proof of [10, Proposition 3.2(iii)] (see (3.7) there) that {1 € C :
|I1-5| < &} € 0,(C’; (d(p))’). Combining this containment with (3.4) yields the desired
result. =

Remark 3.7. Theorem 3.6(ii) shows that each spectrum o(C;d(p—)),1 < p < oo, is an
uncountable set. Accordingly, C € L(d(p-)) is not a compact operator, [15, Theorem
9.10.2], [17, p. 204]. As noted above, d(p—) is the strong dual of a Fréchet-Schwartz
space and hence, d(p—) is a Montel space, [25, Proposition 24.25]. So, C : d(p—) —
d(p—) also fails to be a bounded operator.

Proposition 3.8. Let p € (1,00]. The Cesaro operator C € L(d(p—)) is not power
bounded, not mean ergodic and not supercyclic.

Proof. That C is not mean ergodic and not power bounded in d(p—) can be established
along the lines of the proof of Proposition 11 in [7] by simply replacing the space ces(p—)
there with the space d(p—) and noting that any vector of the form x := y(1, 1, 1,...), with
¥ € C, belongs to d(p—) = <4<, d(@) € Uj<4<p €y [10, Proposition 2.7(iii)], if and only
ify=0.

Again by replacing ces(p—) with d(p—), the proof of Proposition 14 (or Remark 15) in
[7] can be routinely modified to yield that C € L(d(p—)) is not supercyclic. |
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4. MULTIPLICATION OPERATORS IN d(p+) AND d(p—).

Given an element a = (a,), € CV, the multiplication (or diagonal) operator M :
CN —s CN is defined coordinatewise by

4.1) M%(x) := (a,x,),, x€CN.

Clearly M* € L£(CN) and M*M> = M’ M* for all a,b € CN. Such operators acting on
certain Banach spaces X C CN, interpreted to mean that M“(X) C X, are investigated in
[9], for example; see also [6], [10]. The classical Banach spaces X such as £,,1 < p <
00, ¢o and c are treated in [27]. For X being one of the Fréchet spaces £,,, or ces(p+) see
[5] (also [13], [26] are relevant) and for the (LB)-spaces £, or ces(p—) we refer to [7].
Our aim in this section is to study the case when X is one of the spaces d(p+), p € [1, ),
ord(p—),1 < p < oo.

Given any pair 1 < p,q < oo, an element a € CN is called a (d(p), d(q))-multiplier
if M*(d(p)) € d(q), where M“ is given by (4.1). The closed graph theorem implies
that the associated linear multiplication operator Mg, ;@ x —> M¢(x) is then neces-

sarily continuous from d(p) into d(g), that is, Mg(p)’ dl(]; (qe) L(d(p),d(q)). If p = g, then
we denote My, ;. simply by Mj - The vector subspace of CN consisting of all the
(d(p), d(g)-multipliers is denoted by M4y (briefly My, if p = g). The notions of a
(ces(p), ces(q))-multiplier a € CV, its associated operator Mges(p)’ces(q) : ces(p) — ces(q)
and the multiplier space M.eq(p)ces(q) are defined analogously. Since the Banach spaces

ces(p) and d(p) for 1 < p < oo are solid and
IM(x)| = lax| = lal - |x|, a,xeCN,

it follows that M) aiq) and Mces(p) ces(q) are solid for all 1 < p, g < oco. For the following
result we refer to table 6 on p. 69 and table 22 on p. 70 of [9].

Proposition 4.1. Leta € CN.

(i) Let1 < p < q < 0. Then a € My ay if and only if (a,nM/9=0/P), e ¢,
(ii)) Let1 < q < p <oo.Then a € My .y if and only if a € d(r) with } =

1_1
qg p’
Remark 4.2. For 1 < p < g < oo, it follows that (é - [l)) < 0 and so tee © Mauep)acg)-
If p = g, then My, = {.. Moreover, for a € { it is the case that IIME‘,(p)IIOp = ||allco.
Indeed, (4.3) in Section 4 of [10] states that [|Mj, llop < llallo. Given n € N, the vector

x := n~/Pe, satisfies ||x|ly) = 1. Moreover,

(ax)"=n"""a,|(1,1,...,1,0,0,...)
with 1 occuring n-times and so [|(ax)”||, = |a,|, that is, ||Mg(p)(x)||d(p) = |a,|. It follows that
“Mg(p)llop = [lallco- |

Duality will feature prominently in this section. Let 1 < p,g < oo and a € My) )
that is, Mf;(p)’ do € L(d(p),d(q)). Note that the dual spaces are given by (d(p))’ = ces(p’)
and (d(g))’ = ces(q’). Moreover, p < g if and only if ¢’ < p’. The calculation

(4.2) (Mg, a0, Y'Y = ax,y") =({x,ay’), xe€d(p),y €(d(q)) = ces(q),
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shows that the dual operator (Mg, ,.)" € L((d(q)),(d(p))) = L(ces(q'),ces(p’)) of

M is precisely the multiplication operator M¢ : u — au from ces(q’) into

d(p).d(q) ces(q’),ces(p’)
ces(p”). Accordingly, M) aiq) = Meesiq)ces(p)-

Every Fréchet space has a web and is ultra-bornological; see Corollary 24.29 and Re-
mark 24.15(c) of [25], respectively. The same is true of every (LB)-space, [25, Remark
24.36]. Accordingly, the closed graph theorem is available for closed operators between
two Fréchet spaces and between two (LB)-spaces, [25, Theorem 24.31]. This observation
allows us to meaningfully adapt the definitions and terminology used for Banach spaces
prior to Proposition 4.1. Namely, with obvious notation, the (solid) multiplier spaces
Meesprys Map+ys Meesp—) and My, exist as do the corresponding multiplication oper-
ators M.,y Mg, Mg, and My, for the appropriate elements a € CN. Our aim
is to identify the spaces My(,+), My(,-) and to determine various properties of the multi-
plication operators that they generate. As alluded to above, duality will be an important

aspect. In this regard, we point out that the strong dual spaces are given by

(4.3) (d(p+))s = ces(p’=), p € [1,00) and (d(p-))z = ces(p’+), 1<p<eo,
and by

(4.4) (ces(p+))g = d(p'=), p € [1,00) and (ces(p-))z =d(p’+), 1<p<oo;

see Proposition 4.3 and Remark 4.4 in [11]. Moreover, each space d(p+), ces(p+), for
p € [1, ), is a Fréchet-Schwartz space and each space d(p—), ces(p—), for 1 < p < oo, is
a (DFS)-space; see [3, Proposition 3.5(ii)], [7, Proposition 1(ii)] and [11, Lemma 4.2(i)
& Proposition 4.3(ii)]. In particular, all spaces involved are complete Montel spaces and
hence, they are also reflexive.

The following result is Proposition 6 of [5].

Proposition 4.3. Let p € [1,0) and a = (a,), € CN. The following conditions are
equivalent.

(1) a € Mcesp+), that is, Mé’es(p . € L(ces(p+)).
(ii) For each r > p there exists s € (p,r] such that (a,n'/"~1/9), € €.,.

(iii)) For eachn € (0, 1) the element (a,n™"), € {w.

Remark 4.4. (i) Part (iii) of Proposition 4.3 implies that {.o C Meesp), P € [1, ).
Moreover, this containment is proper as a = (log(n + 1)), € (Mees(p+) \ o).

(i) Givenn € (0,1), let w, := (n™"), € CN and write u € {(wy) if and only if the
coordinatewise product uw, € €. Then Proposition 4.3 implies that

(45) Mces(p+) = 0 ﬂ 1€oo(wn)’ DE [1’ OO),
<<

[5, Remark 2]. In particular, Mcesp+) 1S independent of p € [1,00) and, via part (i),
properly contains . |

The following result, [7, Proposition 18], will also be needed .

Proposition 4.5. Let 1 < p < oo and a = (a,), € CN. The following conditions are
equivalent.

(1) a € Mep-), that is, M¢

ces(p-)

e L(ces(p-)).
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(ii) For each u € (1, p) there exists v € [u, p) such that (a,n’/V~1/), € £,

Remark 4.6. Proposition 4.5 can be formulated in terms of the weighted spaces €. (W),
where w, ,(n) := n"/V=1/W for n € N. Namely,

(4.6) Meesip-) = Micup(Uusvep loia)), - 1 < p <00,
[7, p. 14]. It is clear from (4.6) that £, C M- and that this containment is proper as
a = (log(n + 1)), € Mees(p-) \ €w)- O

Let X denote any one of the spaces d(p+), ces(p+), p € [1, o), or any one of the spaces
d(p-),ces(p-),1 < p < 0. Given a € CN recall that we write a € My if the operator
M® € L(CN), as given by (4.1), satisfies M“(X) C X. In this case the restriction M|y,
denoted by My, belongs to L(X). Define My,(X) := {M§ : a € My} € L(X). Using the
identities (4.3) and (4.4), an analogous calculation as in (4.2) reveals that the linear map
® : T — T’ is a vector space isomorphism which satisfies

4.7) DO(Mop(d(p-))) = Myp(ces(p’+)), 1< p< oo,
and
(4.8) DM (d(p+))) = Mop(ces(p’=)), 1< p <oco.

We can now characterize the multiplication operators in L(d(p—)).

Theorem 4.7. Let 1 < p < oo and a = (a,), € CN. The following conditions are
equivalent.

() a € Mag-), that is, Mg, € L(d(p-)).

(ii) For each u € (1, p) there exists v € [u, p) such that (a,n'/V~1/), € £,

Proof. According to (4.7) it is the case that a € My, if and only if a € Mces(r+). By
Proposition 4.3 this is equivalent to the condition:

4.9) For each r > p’ there exists s € (p’, r] such that (a,n''/"~1/9), € £,..

But, (4.9) is precisely equivalent to the statement in part (ii). Indeed, fix any u € (1, p).
Then r := ' satisfies r > p’. By (4.9) there exists s € (p’, r] such that (a,n"/"~1/9), €
lw. Set v := s and note that v € [u, p). Since 1 — 1 = 1 — 1 e can conclude that

r s v u’

(a,nV/V-11wy e ¢, This argument is clearly reversible. O

A similar duality argument as in the proof of Theorem 4.7 (using now (4.8) and Propo-
sition 4.5 in place of (4.7) and Proposition 4.3) can be applied to establish the following
result.

Theorem 4.8. Let p € [1, ) and a = (a,), € CN. The following conditions are equiva-
lent.

(1) a € Mypq, that is, Mg, € L(d(p+)).
(ii) For each r > p there exists s € (p, r] such that (a,n"/"~1/9), € €.,.

(iii)) For eachn € (0, 1) the element (a,n™"), € {w.
Remark 4.9. Proposition 4.3, Remark 4.4 and Theorem 4.8 imply that
(4.10) Md(p+) = MceS(p+) = ﬁ()<,,<1 foo(wn)’ p €[1,00).
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Note that the final term in (4.10) is independent of p. Also, Proposition 4.5, Remark 4.6
and Theorem 4.7 show that

(411) Md(p—) = Mces(p—) = ﬂ1<u<p(Uu§v<p ZOO(WV,M))’ 1< D < oo.

Let X be a IcHs and A € L(X) be a non-empty set. The commutant A° of A is defined
by
A ={TeLX): TS =ST forall S €A},
in which case A is a unital subalgebra of £(X), that is, A is a vector subspace of L(X)
with I € A° and both RS and SR belong to A whenever R, S € A°. In the event that
A is commutative it is routine to check that A C A°. If A satisfies A = A, then A is
called maximal abelian. Of course, A is then necessarily commutative.

Theorem 4.10. (i) For each p € [1, ) both of the commutative, unital subalgebras
Mop(d(p+)) € L(d(p+)) and Mp(ces(p+)) € L(ces(p+)) are maximal abelian.

(ii) For each 1 < p < oo both of the commutative, unital subalgebras Mq,(d(p—)) €
L(d(p-)) and Mp(ces(p—)) € L(ces(p—)) are maximal abelian.

Proof. Fix p € [1,0). Since the canonical vectors {e, : n € N} are a Schauder basis
(even unconditional) in d(p+) (cf. Lemma 4.1(i) in [11]) each x € d(p+) has a unique
expansion x = Y, xxe and the linear map P, : d(p+) — d(p+) defined by

4.12) P,(x) := x,e,, xe€d(p+),

is a continuous rank-1 projection; see [20, Section 4.2]. Moreover, P,P,, = P,P, =
SunPn, for all myn € N, and {P, : n € N} € M,,(d(p+)) as P, = Mj(';Jr), where ¢, :=
Omik € €o € Mgp+) for each m € N. By (4.12) it is clear that P,(d(p+)) C (e,) := {de, :
A€ C}foreache € N.
Claim. {P, :n € N} = (M,y,(d(p+))).

Since {P, : n € N} € M, (d(p+)), it is clear that (M, (d(p+)))¢ C{P, : n € NJ°.

On the other hand, suppose that T € L(d(p+)) satisfies TP, = P,T for each n € N. Fix
a € Mg+ Given any x € d(p+), the series x = ;7 xye; converges (unconditionally)
in d(p+) and so, by the continuity of M% = € L(d(p+)) and (4.12), it follows that

d(p+)
(4.13) Mg, () = Xy XMy, (e) = Xily xearer = Xply arPi(x).
Applying the continuous operator 7 to the convergent series in (4.13) yields
(4.14) TMy, (%) = X2 ar T P(x).

Replacing x in (4.13) with T'(x) yields
Mé (T() = 52, axPuT () = S5, aT(Py(x)).

Comparing this identity with (4.14) shows that TMg ., = Mg T. Since a € My
is arbitrary, it follows that T € (M,p(d(p+)))°. This establishes that {P, : n € N}° C
(Mop(d(p+)))¢ and completes the proof of the Claim.

The commutativity of M,,(d(p+)) implies that M, (d(p+)) € (Mop(d(p+)))°.

To establish the reverse containment it suffices to show, because of the above Claim,

that T € My (d(p+)) whenever T € L(d(p+)) satisfies
(4.15) TP,=P,T, neN.
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Now, applying (4.15) to each basis vector e, € d(p+) yields
T(e,) = T(Pn(en)) = Pn(T(en)) € <en>’ neN,

that is, for each n € N, there exists a unique scalar @, € C such that T'(e,) = a,e,. Define
a := (a,), in which case M* € L£(CN).

Fix x € d(p+). Then lim,, e >.j.; Xk €x = X in d(p+). By the linearity and the conti-
nuity of 7, also

limm—wo 221:1 ka(ek) = hmm—>oo 221:1 QX = T(X)

with convergence in d(p+). Since d(p+) C CN continuously (cf. (4.1) in [11, Section 4]),
it follows that also

lim, e Djey Xkex = x and limy, e D 5n | axxrer = T(x)
with both sequences converging in the Fréchet space CN. But,
Do axxver = MUK, xeer), meEN,

and so, by the continuity of M € £(CN), also lim,, ., Yj-, axxiex = M(x) in CN. By the
uniqueness of limits of CN we can conclude that M%(x) = T(x), that is, M%(x) € d(p+).
Since x € d(p+) is arbitrary, we have established that M“(d(p+)) C d(p+), that is,
Mg, € Mop(d(p+)). Moreover, we have seen that M“ and T coincide on the dense
subspace span({e, : n € N}) of d(p+). Accordingly, T = Mg, € Mop(d(p+)). This
completes the proof of M,,(d(p+)) being maximal abelian.

The proofs for the remaining three cases, namely M,y(ces(p+)), Myp(d(p—)) and
Mqp(ces(p—)), follow along the same line of that for M,,(d(p+)). One only requires
that {e, : n € N} is a Schauder basis for each of the three spaces ces(p+),d(p—) and
ces(p—), which is indeed the case (see, respectively, [3, Proposition 3.5(1)], [11, Theo-
rem 4.6] and [7, Proposition 1(i1)]), and that each of these three spaces is continuously
included in CN, which is also the case; see, respectively, [11, Section 3], [11, Lemma
4.2(i1)] and [11, Proposition 3.5(1)]. |

Remark 4.11. (i) Let X be alcHs and T € £L(X). If T is invertible, then 77" = T~'T.
Suppose that X is any one of the spaces ces(p+),d(p+) for 1 < p < oo or any one of the
spaces ces(p—),d(p—) for 1 < p < oco. The previous comment and Theorem 4.10 imply
that M, (X) is an inverse closed subalgebra of L(X), that is, if § € M,,(X) is invertible
in £(X), then S € M,(X). Indeed, M,,(X) is commutative and so S € M,,(X) implies
that SA = AS for all A € M,,(X). Hence, S7'(SA)S ' = S71(AS)S !, that is, AS ™! =
S~'A for all A € M,y(X). This shows that S ™' € (Mop(X))* = Mop(X).

(i) The subalgebra M,,(X) is topologically closed in the IcHs L (X). Indeed, let
{To}o © Myp(X) be any net which is 7,-convergent to 7 € L(X). Fix any § € M,(X).
Then, for each x € X, it is the case that

S(T(x) = limg S (To(x)) = lim, To(S (x)) = T(S (x)).

Accordingly, ST = TS and so, by Theorem 4.10, T € (Myp(X))* = Mop(X). Since the
7p-closure of M,,(X) is contained in the 7,-closure of M,,(X), it follows that M,(X) is
closed in the IcHs £,(X). O
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Turning to the compactness of multiplication operators we first recall what is known
for the spaces ces(p+) and ces(p—); see, respectively, Lemma 8, Proposition 10 of [5]
and Proposition 19, Remark 20 of [7]. The main ingredient for the proofs of these results
are Lemma 2.1(i1) above for ces(p+) and Lemma 2.2(ii) above for ces(p—).

Proposition 4.12. (i) Let p € [1,00) and a € Mesp+). The following assertions are
equivalent.

(@) The multiplication operator Mfes(p b€ L(ces(p+)) is compact.

(b) There exists q > p such that for all r € (p, q) we have that a € Meeyg) cesr)-
(¢) a€d(eo—) =g d(s) € co.
(ii) Let 1 < p < o0 and a € Meesp-). The following assertions are equivalent.

(a) The multiplication operator Mges(p_) € L(ces(p—)) is compact.
(b) There exists t > p’ such that a = (Supys,, larl), € €, that is, a € d(t).

(c) The element a € d(co—) := 1 d(q) = U,y d(?) € co.

Note that the space d(co—) in (c) of parts (i) and (ii) of Proposition 4.12 is independent
of p. The containment d(co—) C ¢ is proper, [5, Remark 4(i)].

Since the spaces ces(p+), d(p+), ces(p—) and d(p—) are all Montel, there is no distinc-
tion between compact and bounded operators in these spaces.

Theorem 4.13. (i) Let p € [1,00) and a € My,). Then the multiplication operator
Mg(p+) e L(d(p+)) is compact if and only if a € d(co—).
(ii)) Let 1 < p < oo and a € Myp-). Then the multiplication operator Mg(p_) €

L(d(p-)) is compact if and only if a € d(co—).

Proof. (1) We know by (4.8) that Mj(p € L(d(p+)) if and only if M

oo ey = (M5, €
L(ces(p’—)). Moreover, Lemma 2.3 implies that M

| dips) 18 compact if and only if Mg, |
is compact. But, M, _,

is compact if and only if a € d(co—); see Proposition 4.12(ii).
(i) Replacing (4.8) with (4.7) and Proposition 4.12(ii) with Proposition 4.12(i), the
proof of part (i) can be modified to also apply to part (ii). O

Remark 4.14. It follows from Theorem 4.13 and Proposition 4.12 that

cpt cpt _
Md(P+) - Mces(p+) = d(co—) for p €[l,0)
and that
cpt _ aqept
Md(p—) - MCes(p—) =d(co—) for 1 < p < oo,
where the superscript cpt indicates those multipliers in the given space whose corre-
sponding multiplication operator is compact. O

We now consider the spectra of multiplication operators in d(p+), d(p—), for which
we first require the following result; see Proposition 7 of [S] and Proposition 22 of [7].
Since each space ces(p+),1 < p < oo, is a Kothe echelon space (see [3]), part (i) of the
following result can also be deduced from Lemma 2, Corollary 1 and Theorem 1 of the
recent paper [26]. Let 1 := (1,1,...) € £,. If b € CN satisfies b, # 0 for all n € N, we
write b~! := (1/b,),.

Proposition 4.15. (i) Let p € [1,00) and a = (a,), € Mcesp+)-
@) op(Mg,,,) ={a, :neN}L
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(b) o(M{ph) = 0" (Meg,yy) = {an i n € N}
(c) Foreach A e p(MgeS(p +)) the element (11 —a)~' € Mesp+) and

—a)!
(U = M) = (M) = M)

ces(p+) ces(p+)
(i1) Let1 < p < ooanda = (a,)n € Mees(p-)-
(a) apt(Mé‘eS(p_)) ={a, :=n € N}L
(b) O'(Mges(p_)) = U*(Mfes(p_)) ={a, : n € N}.
(¢) Foreach A € p(Mges(p_)) the element (A1 —a)™' e Mes(p-) and
Al - M* ))—1 — (M- ))—1 - ot

ces(p— ces(p— ces(p-)
We are now able to treat the cases of d(p+) and d(p—). Noting that each space d(p+),
1 < p < o0, is a Kéthe echelon space, [11, Corollary 4.5(ii)], the following result can be
deduced from Lemma 2, Corollary 1 and Theorem 1 of [26]. We indicate a proof based
on the methods of this paper.

Theorem 4.16. Let p € [1, ) and a = (a,), € Map+).
D) op(Mg,,) ={a, : n €N},

(ii) O'(Ms(p+)) = G*(Mj(p+)) ={a, : n € N}.
(i) Foreach A € p(MZ(p +)) the element (11 —a)™! e Map+) and

a -1 _ AM—a—1 _ p4(A1-a)7!
(A = Mypy) " = (Mg )) ™ = My,

Proof. (1) Since M;‘(p +)(en) = a,e, for each n € N, it is clear that {a, : n € N} C
apt(Mg(p +)). On the other hand, if 1 € C satisfies Mg(p +)(x) = Ax (i.e., a,x, = Ax, for all
n € N) for some non-zero x € d(p+), then 1 € {a, : n € N}.

(i1) Since (ces(p’—))/’g = d(p+) and M = (M“es(p,_))’, it follows from Proposition

(p+) — c
2.6(i1) that (J'(Mj(l7 o) = O'(Mges(p,_)). Then Proposition 4.15(ii), with p’ in place of p,
implies that

o(My,,) = oM

fes(p,_))) = U*(Mges(p,_)) ={a, : n € N}

This is precisely the statement of (ii) as o-*(Mges(p,_)) = o-*(Mg(p +)) by Proposition 2.6(ii).
(iii) Let A € p(MZ(p +)), in which case 1 € p(MfeS(p,f)) by Proposition 2.6(i). According

to Proposition 4.15(ii)(c) we have that (11—a)™" € Mes(—) and (M“‘“,_))“ = o

ces(p ces(p’—) °
Then (4.8) shows that (11 — a)™' € My(,+) and so

Al-a)' _ 1-a) '\, _ a -1y _ a -1
Md(p+) - (Mces(p’—) ) = (Al - Mces(p’—)) ) =l - Md(p+)) >

where the last equality is a consequence of (2.1). m|

Theorem 4.17. Let 1 < p < o0 and a = (a,), € Magp-).
)] ap,(Mj(p_)) ={a, : n € N}.
(i1) O'(Mj(p_)) = G*(Ms(p_)) ={a, : n € N}
(i) Foreach A € p(Mg(p_)) the element (11 —a)~' e Map-y and

a -1 _ AM—ax-1 _ p4(A1-a)7!
(A =My, ) = (Mg, )™ = My,
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Proof. Noting that d(p—) = (ces(p’+));), and Mf;(p_) = (Mges(p, +))’, one can argue analo-
gously to the proof of Theorem 4.16. One only needs to replace (4.8) and Proposition

4.15(i1) used there by (4.7) and Proposition 4.15(1) in the current setting. O

We now turn our attention to the mean ergodic properties of multiplication operators
in d(p+) and d(p—). We first record the known results for ces(p+) and ces(p—); see
[5, Proposition 21], [26, Section 3], for ces(p+) and [7, Proposition 21] for ces(p—). Let
D:={zeC:|7 < 1}.

Proposition 4.18. (i) Let p € [1,00) and a € Mcesp+). The following conditions are
ces(p+)
€ L(ces(p+)) is mean ergodic.
(c) M¢
(e) O'(Mges(p+)) cD.
ces(p-)
() M
(d) a€lsandlalls < 1.

equivalent.
(a) M~ € L(ces(p+)) is power bounded.
(b) M::les(p+)
ces(pt) € L(ces(p+)) is uniformly mean ergodic.
(d) a€lsandlalle < 1.
(ii) Let 1 < p < 00 and a € Meey(p—). The following conditions are equivalent.
(a) M~ € L(ces(p—)) is power bounded.
(b) Mfes(p_) € L(ces(p—)) is mean ergodic.
ces(p) € L(ces(p—)) is uniformly mean ergodic.
(e) o(Mg,-) C D.

Remark 4.19. The condition (e) of part (ii) in Proposition 4.18 does not actually occur
in Proposition 21 of [7]. However, in view of Proposition 4.15(i1)(b), it is clear that (d)
and (e) in part (i1) of Proposition 4.18 are equivalent. O

Concerning the proof of Proposition 4.18(i) above, as given in [5, Proposition 21],
some relevant comments are in order. An important ingredient is that the Fréchet space
ces(p+),1 < p < oo, is Montel (and hence, also reflexive). Being a Fréchet-Schwartz
space, the same property is true for d(p+),1 < p < co. Also important is that the norm
|| - llces(q) 1n €ach Banach space ces(g), 1 < g < oo, is a lattice norm, that is, if x,y € ces(q)
satisfy |x[ < |yl, then ||xllcesisy < [IYllcestq)- The same is true for the norm || - [|4 in each
Banach space d(s), 1 < s < oco. Indeed, if x,y € d(s) satisfy |x] < |y|, then 0 < £ < J in
¢ and so [|X][; < [|[Plls, that is, ||x]lzs) < [IYllas). Finally, the proof of (d) <= (e) above
(i.e., of (iv) & (v) in [5]) relies on part (b) of Proposition 4.15(i). These identities also
hold in d(p+); see Theorem 4.16(ii). The previous observations show that the proof of
Proposition 21 (for (ces(p+)) given in [5] can be easily adapted to establish the following
result. Or, one can apply the results of [26, Section 3] to the Kothe echelon spaces d(p+).

Theorem 4.20. Let p € [1,00) and a € My,+). The following conditions are equivalent.
1) Mg(p € L(d(p+)) is power bounded.
(i1) Mj(p ) € L(d(p+)) is mean ergodic.
(iii) MZ(p + € L(d(p+)) is uniformly mean ergodic.
iv) a €l and |lalle < 1.
V) o(Mg,,) <D.
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The proof of Proposition 4.18(ii) above, as given in [7, Proposition 21], relies on the
following ingredients. First, that ces(p—) is barrelled and Montel, which is also the case
for d(p—) as it is a (DFS)-space. Second, that the operator norm of M¢, for a € {,, when
acting in the Banach space ces(g), 1 < g < oo, satisfies ”Mges(q)HOP < |la|le- The same is
true in the Banach spaces d(s),1 < s < oo, that is, IIME}(S)HOp < |lalle; see Remark 4.2.

Finally, it is used in [7] that ces(p—) € CN with a continuous inclusion; the analogous
continuous inclusion d(p—) € CN is also valid, [11, Lemma 4.2(ii)]. Accordingly, the
proof of parts (i)—(iv) in the following result follow by appropriately modifying the proof
of Proposition 21 in [7]. The proof of the equivalence (iv) & (v) in the following result
is immediate from Theorem 4.17(ii) above.

Theorem 4.21. Let 1 < p < co and a € Mgy,-y. The following conditions are equivalent.
(1) M;(p_) e L(d(p-)) is power bounded.
(i1) M;’(p_) € L(d(p-)) is mean ergodic.
(iii) MZ(p_) € L(d(p-)) is uniformly mean ergodic.
(iv) a €l and |lalle < 1.
(v) o(Mg, ) < D.

Let X € {d(p+),ces(p+) : p € [1,00)} U {d(p—);ces(p—) : 1 < p < oo}, in which case
the notation a € My with M§ € L(X) is clear.

Theorem 4.22. Let a € Mx. Then M5 € L(X) is not supercyclic.

Proof. Suppose that a € My is not constant. Then (M%)" = MS, has at least two linearly
B

independent eigenvectors; see parts (i)(a) and (ii)(a) of Proposition 4.15 and part (i) of
each of Theorem 4.16 and Theorem 4.17. Since supercyclic is the same as being 1-
supercyclic in the sense of [12], it follows from Theorem 2.1 of [12] that MY is not
supercyclic.

If a = a1, for some « € C, then it follows for all choices of X that M§, = alx and so
(M%) = a"'Iy for all n € Ny. It follows that {A(M%)"(x) : 4 € C, n € Ny} C span({x}) for
each x € X. So, M¢ is surely not supercyclic. O

5. INcLusioN MAPS AND CESARO OPERATORS

Consider any pair 1 < p,g < oo. Let X,,, denote any one of the spaces d(p+), ces(p+)
or {,, and let Y, denote any one of the spaces d(q+),ces(g+) or £ .. If 1 € MX,H,YW
then the multiplication operator M )1(%% is precisely the natural (identity) inclusion map
of X, into Y,,, which we denote by iy, v, . In this case we say that ix , y,, exists; it is
then necessarily continuous by the closed graph theorem.

For any pair 1 < p,q < oo, with X,,_ denoting any one of the spaces d(p—), ces(p—) or
¢p- and Y,_ denoting any one of the spaces d(g-), ces(q—) or {,_, the analogous notation
ix, v, is adopted for M;lg,,,,yq, whenever 1 € My _y, .

Except for the pairs of spaces d(p+),d(q+) and d(p—),d(g—) it is known precisely
when the maps ix,, y,, and ix, x,_ exist, as recorded in the following result.

Proposition 5.1. (i) Let 1 < p,q < oo be an arbitrary pair.

(@) The inclusion map i, ¢,, : €, — €, exists if and only if p < q.

Ly
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(b) The inclusion map ig,, cesg+) - €pr — ces(q+) exists if and only if p < q.
(¢) The inclusion map ices(p+)ces(g+) - C€S(p+) — ces(q+) exists if and only if p < q.
(d) ces(p+) & ¢, for all choices of 1 < p,q < .

(i1) Let 1 < p,q < oo be an arbitrary pair.

(@) The inclusion map i¢, ¢, : €, — €, exists if and only if p < q.

(b) The inclusion map iy, cesiq-) : €~ — ces(q—) exists if and only if p < q.

(¢) The inclusion map iceg(p-)cesg-) - C€S(p—) — ces(q—) exists if and only if p < q.
(d) ces(p-) & £, for all choices of 1 < p,q < 0.

For part (i) of Proposition 5.1 we refer to [5, Proposition 27] and for part (ii) of Propo-
sition 5.1 see [7, Proposition 25].
We will require the following facts.

Lemma 5.2. (1) €1y €d@) foreach 1 <t < co.
(1) &4 € d(g+) for each g € [1, o).
(ii1) ¢ € d(oo—).
(iv) €,- & d(co—) foreach 1 < p < oo.

Proof. (i) Fix t > 1. By the proof of Remark 2.8(i) in [10] there exists 0 < x € {; such
that x ¢ d(¢). Since €| C {,,, it follows that x € £;, but x ¢ d(7).

(i) Given g € [1, 00) select any # > g. By part (i) there exists x € ¢, such that x ¢ d(¢).
Since d(g+) C d(t), also x ¢ d(g+).

(iii) Recall that d(co—) = |-, d(n). For each n € N, it follows from the proof of part
(i) that there exists 0 < x"! € ¢, such that x ¢ d(n). Dividing by ||x!||;, if necessary,
we can assume that [|x"||; = 1 for each n € N. Define x := Yoo, 27"x!"]| in which case
0 < x € £;. Moreover, x ¢ d(n) for every n € N. Indeed, if x € d(n() for some ny € N, then
0 < x™127m0 < x implies that x[™127™ € d(ny) as d(ny) is solid. Then also x"! € d(ny)
which is a contradiction. So, x ¢ d(co-).

(iv) Fix 1 < p < oo. By part (iii) there exists x € ¢; such that x ¢ d(co—). Since
t Sy = Ui<<p by, it follows that x € £, O

As in the previous section, duality is again relevant. Due to the reflexivity of all the
spaces involved we note that iy , y,, : X,y — Y, exists if and only if its dual operator
(ix,,.v,.) exists, thatis, if and only if Iy, x, Yy — Xp- exists. The following result
consists of the cases not covered by Proposition 5.1.

Theorem 5.3. (i) Let 1 < p,q < oo be an arbitrary pair.

(@) The inclusion map iyp+)aq+) : d(p+) — d(g+) exists if and only if p < q.
(b) The inclusion map iy, - d(p+) — yy exists if and only if p < q.

(c) The inclusion map iyp+)cesiq+) - d(p+) — ces(q+) exists if and only if p < q.
(d) €,+ € d(g+) and ces(p+) € d(g+) for all choices of 1 < p,q < oo.

(ii) Let 1 < p,q < oo be an arbitrary pair.

(@) The inclusion map iyp-yaq-) - d(p—) — d(q—) exists if and only if p < q.
(b) The inclusion map iy, : d(p—) — €, exists if and only if p < q.

(¢) The inclusion map iyp-)cesg-) : d(p—) —> ces(q—) exists if and only if p < q.
(d) ¢,- £ d(g—) and ces(p—) & d(q-) for all choices of 1 < p,q, < co.
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Proof. (i) (a) By the discussion prior to Theorem 5.3 and the fact that d(p+) = (ces( P’_)),;i
and d(g+) = (ces(q’—));, it follows that i) a4+ €xists if and only if ceg(gr—) ces(p—) EXISES
which, by Proposition 5.1(ii)(c) is the case if and only if ¢' < p’, that is, if and only if
p<q.

(b) Since d(p+) = (ces(p’—))é and £, = (fq/_);, an analogous argument as in (a), but
now using Proposition 5.1(ii)(b), establishes that iy(,+),. exists if and only if p < g.

(c) Suppose that p < g. By part (b) the inclusion map iy,+)c,. exists and by Propo-
sition 5.1(i)(b) the inclusion map i, cesg+) €Xists. Hence, the composition i) cesig+) =
l'gthes(q*_) o id(p+),fq+ exists.

If p > g, select any r € (p, g). Then Proposition 2.1(ii)(f) of [11] implies that d(p) €
ces(r). Since d(p) C d(p+) and ces(g+) C ces(r), it follows that d(p+) € ces(g+), that is,
d(p+) is not contained in ces(g+).

(d) Suppose there exists a pair 1 < p,g < oo such that £,, C d(g+). Since €1, C €.,
it follows that £;, C d(g+) which contradicts Lemma 5.2(i1). So, ¢, € d(g+) for all
1 < p,q < 0. Moreover, as £, C ces(p+) forall 1 < p < oo ( cf. Proposition 5.1(b)), it
follows that also ces(p+) € d(g+) forall 1 < p,g < co.

(i1) (a) By the discussion prior to Theorem 5.3 and the fact that d(p—) = (ces(p’+)),;j
and d(g-) = (ces(q’+))é, it follows that iy(,-) 44-) €xists if and only if Zceg(g/+) ces(pr+) EXISES.
By Proposition 5.1(i)(c) this is the case if and only if ¢’ < p’, that s, if and only if p < gq.

(b) Since d(p-) = (ces(p’+));3 and {,_ = ({)qur);,, a similar argument as in (a), but now
using Proposition 5.1(i)(b), implies that iy, ., exists if and only if p < g.

(¢) Sinced(p—) = (ces(p’+));3 and ces(g—) = (d(q’+));, a similar duality argument as
in (a), but now using part (i)(c) of this theorem, shows that i, ces(4—) €Xists if and only
if p<gq.

(d) Fix any pair 1 < p,g < co. According to Lemma 5.2(iv) there exists x € £,_ such
that x ¢ d(co—). Since d(g—) C d(co—), it follows that x ¢ d(g—). |

We now turn our attention to the boundedness/compactness of various inclusion maps.
For part (i) of the following result see [S, Proposition 27] and for part (ii) see [7, Proposi-
tion 26]. Recall that the spaces ces(p+), ces(p—) are Montel whereas the spaces ., {,—
are not Montel.

Proposition 5.4. (i) Let 1 < p < g < oo be an arbitrary pair.

(@) The inclusion map i, ;.
lc,. ., IS never compact.

(b) The inclusion map ig,, cesg+) : €p+ — ces(q+) is bounded (equivalently compact)
if and only if p < q.

(¢) The inclusion map icesp+)cesig+) - C€8(p+) —> ces(g+) is bounded (equivalently
compact) if and only if p < q.

(d) The inclusion map i, cesp+) : €pr — ces(p+) is not bounded.

: {pr — lyy s bounded if and only if p < q. However,

(i1) Let 1 < p < g < oo be an arbitrary pair.

(@) The inclusion map i¢, ¢, €, — €, is bounded if and only if p < q. However,
l‘[pf,[qi is never compact.

(b) The inclusion map ic, cesq-) : {p- —> ces(g—) is bounded (equivalently compact)
ifand only if p < q.
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(¢) The inclusion map icesp-)cesig—) : c€8(p—) —> ces(g—) is bounded (equivalently
compact) if and only if p < q.

Remark 5.5. Concerning part (1)(b) of Proposition 5.4, it only follows from Proposition
27(iii) of [S] that i, cesq+) 18 bounded whenever p < g. However, for p > ¢ there is
no inclusion of ¢,, into ces(g+); see Proposition 5.1(1)(b). For the case of p = ¢, the
inclusion map i, ces(p+) 18 not bounded. If so, by Lemma 2.1(ii), for 7' := ir,, ces(p+) With
Xi = Cpram,k € N, and Y, := ces(p + %),m € N, there exists kp € N such that the
natural inclusion €.k, € ces(p + %) is continuous for all m € N. But, for m := 1 + kg
we have that (p+ é) > (p++-) which yields a contradiction to [11, Proposition 2.1(ii)(d)].
Accordingly, the inclusion £,,. C ces(p+) is not bounded and hence, also not compact. O

We now present an analogue of Proposition 5.4 which admits the Montel spaces
d(p+),p € [1,00), and d(p—),1 < p < oco.

Theorem 5.6. (i) Let 1 < p < g < o be an arbitrary pair.

(@) The inclusion map iyp+)aq+) : d(p+) — d(g+) is bounded (equivalently com-
pact) if and only if p < q.

(b) The inclusion map iqpy) ¢, : d(p+) — €4 is compact if and only if p < q.
Moreover, iyp+)e,, is bounded if and only if p < q.

(¢) The inclusion map igp+)cesiqr) - d(p+) —> ces(g+) is bounded (equivalently
compact) if and only if p < q.

(i) Let 1 < p < g < o be an arbitrary pair.

(@) The inclusion map iyp-yaq-) : d(p—) — d(q—) is bounded (equivalently com-
pact) if and only if p < q.

(b) The inclusion map i, : d(p—) — €, is compact if and only if p < q.
Moreover, iy, is bounded if and only if p < q.

(¢) The inclusion map igp-ycesiq—) = d(p—) —> ces(g—) is bounded (equivalently
compact) if and only if p < q.

Proof. (i) (a) Since both d(p+), d(g+) are Montel spaces, there is no distinction between
bounded and compact maps. By the discussion prior to Theorem 5.3 and the fact that
d(p+) = (ces(p’—))é andd(g+) = (ces(q’—))g, it follows from Lemma 2.3 that i) a(g+) 18
compact if and only if its dual operator iceg(q—) ces(pr—) 1S compact. By Proposition 5.4(ii)(c)
this is the case if and only if ¢’ < p’, that is, if and only if p < q.

(b) If p < g, then it follows from the continuous factorization iy, = lag+).c, ©
la(p+).dg+) (cf. parts (a) and (b) of Theorem 5.3(1)) and the compactness of iy+).qq+) (S€€
part (a) above), that iyy+),, 1S compact.

If p > g, then the inclusion of d(p+) in £,, does not exist; see Theorem 5.3(i)(b).

Consider now p = g and suppose that the inclusion map iy(,+).,, 18 compact. Then it is
also bounded. By an argument analogous to that in Remark 5.5, based on Lemma 2.1(ii),
but now for T := iy, With Xi := d(p + 1),k € N, and Y, := €.c1/m), m € N, we arrive
at a contradiction via [11, Proposition 2.1(ii)(e)].

So, we have established that iy,,)¢,, 1s compact if and only if p < g.

Since every compact operator is also bounded, it follows that iy(,+) . 1s bounded when-
ever p < g. Moreover, it was already noted that the inclusion of d(p+) in £, does not
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exist if p > g. So, it remains to show that iy, ¢, 18 not bounded if p = g; this was just
established above.

(¢) Since both d(p+), ces(g+) are Montel spaces, the boundedness of igp+)cesg+) 18
equivalent to its compactness.

Suppose that p < g. Then the continuous factorization iy p+)cesg+) = i, cestg+) © ld(p+).6,.
(cf. Proposition 5.1(i)(b) and Theorem 5.3(i)(b)), with iy.),,, bounded (by part (b)
above), implies that ig,+)ces(g+) 1 bounded.

If p > g, then the inclusion of d(p+) in ces(g+) does not exist; see Theorem 5.3(i)(c).

Consider now p = g and suppose that iy,+)cesp+) 15 bounded. By a similar argument
to that in Remark 5.5, based on Lemma 2.1(ii), but now for 7' := ij(y1) ces(p+) With X =
dip + %),k € N, and Y,,,m € N, as in Remark 5.5, we arrive at a contradiction via
[11, Proposition 2.1(ii)(f)].

(i1) (a) The argument given in part (i)(a) can be adapted to also apply here. Indeed, the
dual operator of i) 4(g—) 1 precisely iceg(q+)ces+) and so we can invoke here Proposition
5.4(1)(c) (in place of Proposition 5.4(ii)(c) used in part (i)(a)).

(c) We argue as in part (a). Indeed, the dual operator of iy,—)cesig—) 1S Ld(g+).ces(p'+)
and so we can apply part (i)(c) above t0 iy +)ces(pr+) t0 conclude that iy,—) ces(g—) 1S com-
pact (equivalently bounded) if and only if iy +) ces(pr+) 15 cOmpact (equivalently bounded)
which is the case if and only if ¢’ < p’ (i.e., p < q).

(b) If p < g, then it follows from the continuous factorization iy, ¢, = lag-).e, ©
la(p-).dq-) (see parts (a), (b) of Theorem 5.3(i1)) and the compactness of iy,-y 44— (cf.
part (a) above) that iy, ,_ is compact.

For p > g the inclusion of d(p-) in £,_ does not exist; see Theorem 5.3(ii)(b).

Let p = g and suppose that iy, ¢, is compact, in which case it is also bounded. By
Lemma 2.2(ii) there exists m € N such that for all k > m we have d(p + %) C Cpi(1/m With
a continuous inclusion. Since k := m + 1 satisfies (p + 1) > (p + =), this is impossible
by [11, Proposition 2.1(ii)(e)]. So, i4p-y,. 18 not bounded and, in particular, also not
compact.

So, we have verified that iy,-),,_ is compact if and only p < g.

That iy, 1s bounded if and only if p < g can be argued as in the last paragraph of
the proof of part (1)(b) above. O

Adopting the notation introduced prior to Proposition 5.1 for the Cesaro operator it is
clear what is meant by the operators Cx,, y,, : X,» — Y, and Cy,_y, : X,. — Y .,
whenever they exist. Their continuity is then a consequence of the closed graph theorem.
We begin by recalling the following result; for part (i) see [5, Proposition 28] and for part

(i) see [7, Proposition 27].

Proposition 5.7. (i) Let 1 < p,q < oo be an arbitrary pair.
(@) The operator Cy, ¢, : Cpr — €4y exists if and only if p < q.
(b) The operator Cy,, cesigs) : {pr — ces(q+) exists if and only if p < q.
(c) The operator Ceeg(p+)cesig+) - CeS(p+) — ces(g+) exists if and only if p < q.
(d) The operator Ceegp.c,, : ceS(p+) — €4y exists if and only if p < q.
(i1) Let 1 < p,q < oo be an arbitrary pair.
(@) The operator Cy,_g, : €, — €, exists if and only if p < q.



22 J. BONET AND W.J. RICKER

(b) The operator Cq,_ces(q-) = p- — ces(g—) exists if and only if p < q.
(¢) The operator Ceey(p-)cesig-) - C€S(p—) —> ces(q—) exists if and only if p < q.
(d) The operator Ceeg(p e, : ceS(p—) — €, exists if and only if p < q.

The following result, an analogue of Proposition 5.7(i), admits the Montel spaces
d(p+), for p € [1, o).

Theorem 5.8. Let 1 < p,q < oo be an arbitrary pair.

(1) The operator Cypsyag+) - d(p+) — d(q+) exists if and only if p < q.
(i) The operator Cypy) ,, = d(p+) — 4y exists if and only if p < q.
(ii1) The operator Cpi)cesg+) - d(p+) — ces(q+) exists if and only if p < q.
(iv) The operator Cy,, a4+ - €pr — d(g+) exists if and only if p < q.

(v) The operator Ceegpiag+) - c€s(p+) — d(gq+) exists if and only if p < q.

Proof. (i) If p < g, then p; < g, for all k € N, where p := p + t and g, := g + 7.
According to [10, Proposition 5.3(iii)] the Banach space operator Cy,,) a0 : d(pr) —
d(qy) is continuous for each k € N. Hence, the continuity of Cgy+)4g+) follows from
Lemma 2.13).

Suppose that p > g. Choose m € N such that g,, < p. If Cy(p+) .4+ €Xists (in which case
it is necessarily continuous), then Lemma 2.1(i) ensures the existence of ky, € N such that
Capry)digm * d(pr,) — d(qm) 1s continuous. Noting that py, > g,, yields a contradiction
to [10, Proposition 5.3(iii)].

(i1) An analogous argument applies as in part (1) by replacing the use of Proposition
5.3(ii) in [10] with Proposition 5.3(ii) in [10].

(i11) Again argue as in part (i) by replacing the use of Proposition 5.3(iii) in [10] with
Proposition 5.3(i) in [10].

(iv) Adapt the proof of part (i) by now using Proposition 5.3(iv) of [10] in place of
Proposition 5.3(iii) in [10].

(v) Again argue as in part (i) by replacing the use of Proposition 5.3(iii) in [10] with
Proposition 5.3(v) in [10]. O

The analogue of Proposition 5.7(ii) above, now involving the Montel spaces d(p—),
for 1 < p < o0, is as follows.

Theorem 5.9. Let 1 < p, g < oo be an arbitrary pair.

(1) The operator C -y aq-) : d(p—) — d(g—) exists if and only if p < q.
(i) The operator Cypye,_ : d(p—) — €, exists if and only if p < q.
(iii) The operator Cp-cesq-) - d(p—) — ces(g—) exists if and only if p < q.
(iv) The operator Cy,_aq4-) : {,- — d(q—) exists if and only if p < q.

(v) The operator Ceeg(p-yaq-) : ces(p—) — d(g—) exists if and only if p < q.

Proof. Suppose first that 1 < p < g < co. When forming the inductive limits d(p—) =
indy d(py), and £, = ind; £, and ces(p—) = ind;ces(py) with 1 < p, T p and the
inductive limits d(g—) = ind; d(qi), and {,— = ind; £, and ces(q—) = ind; ces(q;) with
1 < gx T g, we can select p; < g for each k € N. For this choice of {p;};2, and {gi};7,
the continuity of the Cesaro operator in each of parts (i) - (v) follows from Lemma 2.2(1)
above and [10, Proposition 5.3].
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Suppose now that p > g. For case (i) choose k € N such that p; € (¢, p). If Cap-)aiq-)
is continuous, then Lemma 2.2(i) ensures the existence of m € N such that the Banach
space operator Cgyp,).d(,) 18 continuous. But, p, > g, and so we have a contradiction to
Proposition 5.3(iii) of [10].

The remaining cases (ii)-(v) can be established in a similar way. In each case, k € N is
chosen to satisfy p; € (g, p). The contradiction, for each of (ii)-(v), is then a consequence
of the relevant part of Proposition 5.3 in [10]. O

Concerning the boundedness/compactness of the Cesaro operator we will require the
following result. For part (i) see Proposition 29 in [5] and for part (ii) see Proposition 28
in [7]. Unlike for ces(p+), ces(q—), the spaces €., {,_ are not Montel.

Proposition 5.10. (i) Let 1 < p < g < oo be an arbitrary pair.

(@) The operator Cy,, ¢, - €py — €4y is bounded if and only if it is compact if and
only if p < q.

(b) The operator Cy,, cesgr) = pr —> ces(q+) is bounded (equivalently compact) if
and only if p < q.

(¢) The operator Ceesp+)cesg+) : C€S(p+) — ces(g+) is bounded (equivalently com-
pact) if and only if p < q.

(d) The operator Ceespr) e, - CeS(p+) — 4y is bounded if and only if it is compact
if and only if p < q.

(ii) Let 1 < p < g < o0 be an arbitrary pair.

(@) The operator Cy, g, : €, — €, is bounded if and only if it is compact if and
only if p < q.

(b) The operator Cy,_cesq-) = €p- —> ces(q—) is bounded (equivalently compact) if
and only if p < q.

(¢) The operator Cees(p-ycesig-) - c€S(p—) —> ces(q—) is bounded (equivalently com-
pact) if and only if p < q.

(d) The operator Cee(p-.c,. - ceS(p—) — €, is bounded if and only if p < q.

The following result is a version of Proposition 5.10(1) which involves the Montel
spaces d(p+), for p € [1, o).

Theorem 5.11. Let 1 < p < g < oo be an arbitrary pair.
(1) The operator Cyps)aq+) : d(p+) — d(g+) is bounded (equivalently compact) if

and only if p < gq.

(i) The operator Cygpyye,, : d(p+) — €,y is bounded if and only if it is compact if
and only if p < q.

(ii1) The operator Cyps)cesg+) - d(p+) — ces(q+) is bounded (equivalently compact)
ifand only if p < q.

(iv) The operator Cq,, aq+) : €pr — d(q+) is bounded (equivalently compact) if and
only if p < gq.

(V) The operator Ceeg(p+)aig+) : C€8(p+) — d(q+) is bounded (equivalently compact)
if and only if p < q.

Proof. For the case p > g, none of the operators in (1)-(v) exist (cf. Theorem 5.8) and so
p < q is a necessary condition.
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(i) Consider first p = g and suppose that Cyp+)4(p+) : d(p+) — d(p+) is bounded. By
Lemma 2.1(i1), for T := Cyps),dp+) With X = d(p+%), keN,andY,, := d(p+$), me N,
there exists ky € N such that the Banach space operator C,+(1/ky)).d(p+1/my) : d(p+ é) —

dip+ %) is continuous for all m € N. Choose m := ko + 1, in which case (p + i) > (p+ i)
with Cyp+(1/k)).d(p+(1/my) continuous; this contradicts [10, Proposition 5.3(iii)].

Suppose now that p < g. Fix any r € (p, g). Then the operator Cyp+)ag+) : d(p+) —
d(g+) is compact because it factorizes continuously as Coyp+).dg+) = Car+).dig+) © Ldp+).dir+)
(cf. Theorem 5.3(i)(a) and Theorem 5.8(i)) with i) 4+ compact; see Theorem 5.6(i)(a).

(i) For compactness, which implies boundedness, the case p = ¢ follows by a con-
trapositive argument analogous to that in part (i), now with Y,, := €,.(1/m), m € N, but the
same spaces Xi, k € N. The contradiction is now achieved via [10, Proposition 5.3(ii)].

For p < g fix any r € (p, g). Then the continuous factorization Cypsy¢,, = Cairiy.e,, ©
lq(p+).dir+) (cf. Theorem 5.3(i)(a) and Theorem 5.8(ii)) with iy,+)4+) compact (by Theo-
rem 5.6(i)(a)) implies that Cyp+),, 1s a compact operator. Hence, it is also bounded.

(iii)) The case p = ¢ follows via a similar contrapositive argument to that in part (i),
now with Y, := ces(p + niq),m € N, but the same spaces Xy, k € N. The contradiction is
now achieved by [10, Proposition 5.3(1)].

For p < g fix any r € (p, ). Then the continuous factorization Cyp+)cesg+) = Ca(r+),ces(g+)©
iq(p+).dr+ (cf. Theorem 5.3(i)(a) and Theorem 5.8(iii)) with iy)+) 4-+) cOmpact (see part
(11)) implies that Cy(,4) ces(q+) 18 @ cOmpact operator.

(iv) Suppose that p = q. If C¢,, ap+) 1s compact, then the continuous factorization
Cipir.aips) = Co,,dps) © lap)e,. (cf. Theorem 5.3(i)(b) and Theorem 5.8(iv)) shows that
Cap+).d(p+ Would be compact. This contradicts part (i).

For p < ¢q fix any r € (p, ¢). Then the continuous factorization Ce,, a4+) = Cg,,.dq+) ©
i¢,,.. (cf. Proposition 5.1(i)(a) and Theorem 5.8(iv)) with i,, ;,, bounded (by Proposi-
tion 5.4(i)(a)) implies that Cy,, 4+) is bounded. Since d(g+) is Montel, C¢ . 4+ 18 also
compact.

(v) Suppose that p = g and that Ceegp+).a(p+) 15 compact. Then the continuous factor-
1ization Cy(p+).dg+) = Cees(p+).d(p+) © ld(p+)ces(p+) (Cf. Theorem 5.3(1)(c) and Theorem 5.8(v))
implies that Cy(,+) 4+ 15 compact. This contradicts part ().

For p < g fix r € (p, g). Then the continuous factorization Ceeg(p+).dg+) = Ceestr+).d(g+) ©
Ices(p+)cesr+) (Cf. Proposition 5.1(1)(c) and Theorem 5.8(v)) with iceg(p+)ces(r+) COmpact (by
Proposition 5.4(i)(c)) shows that Ceeg(p+).d(g+) 18 cOmpact. O

Our final result, which admits the Montel spaces d(p—), 1 < p < oo, is akin to Propo-
sition 5.10(i1).

Theorem 5.12. Let 1 < p < g < oo be an arbitrary pair.

(1) The operator Cyp-yaq-) : d(p—) — d(g—) is bounded (equivalently compact) if
and only if p < gq.
(i) The operator Cy,-ye,. - d(p—) — €, is bounded if and only if it is compact if
and only if p < q.
(ii1) The operator Cyp-yces(q-) : d(p—) — ces(q—) is bounded (equivalently compact)
if and only if p < q.
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(iv) The operator Cq,_a4-) : €,- —> d(q—) is bounded (equivalently compact) if and
only if p < q.

(v) The operator Ceespy.a(q-) : c€s(p—) — d(q—) is bounded (equivalently compact)
ifand only if p < q.

Proof. For the case p > g, none of the Cesaro operators in (i)-(v) exist (cf. Theorem 5.9)
and so p < ¢ is a necessary condition.

(1) Suppose that p = g and that Cy()—) 4(,-) : d(p—) — d(p-) is a bounded operator.
By Lemma 2.2(ii), for T := Cgyp-yap-) With X := d(py) and 1 < p; T p, for k € N, and
with Y,, := d(p,,) for m € N, there exists m, € N such that the Banach space operator
Cd(pk),d(pmo) : d(pr) — d(pm,) 1s continuous for all k > my. Set k := mo+1 (1.e., px > Pm,)
gives a contradiction to [10, Proposition 5.3(iii)].

Assume that p < g. Choose any pair r, s such that p < r < s < g. Then we have the
continuous factorization Cy(,—) ag—) = Lacs).dg-) © Car).des) © la(p-.acr- Indeed, the continuity
of iy(p-y.acr) follows from [25, Proposition 24.7], the continuity of iy 44— 1S clear from
the definition of the inductive limit topology in d(g—), [25, p. 280, Definition], and the
continuity of the Banach space operator C) 4.5 follows from [10, Proposition 5.3(iii)].
Since Cy.q4(5) 18 actually compact, [10, Proposition 5.4(iii)], it follows that Cy,-) 4(4-) 18
compact.

(i) Assume that p = g and that Cy(,-) ¢, : d(p—) — €, is bounded. Arguing via
Lemma 2.2(ii) as in the proof of part (i), now with 7' = Cy(yy¢,_ and ¥,, := £, form € N
(the spaces X, k € N, are as in part (i)), leads to a contradiction of Proposition 5.3(ii) in
[10]. In particular, Cy(,-y ¢, also fails to be compact.

Suppose that p < g. Choose any pair r, s satisfying p < r < s < gq. Then we have the
continuous factorization Cd(p,)’,g _ = l.[m[qi o l.d(s),{’x o Cd(r),d(s) o id(pf),d(r)- Indeed, id(s),&) is
continuous by [10, Proposition 5.1(i1)] and the continuity of both Cy) a5y and igp-)ac)
were established in part (i). Finally, i, ., is continuous by the definition of the inductive
limit topology in £,_. As noted in the proof of part (i), the operator Cy) 45) 1S compact
and hence, s0 is Cy(p-),_- In particular, Cy,-) ¢, 18 also bounded.

(ii1) Assume that p = g and that Cgyp-)cesp-) : d(p—) — ces(p—) is bounded. Via
Lemma 2.2(ii) we can argue as in the proof of part (i), now with T := Cyqpo ces(pm)
and Y,, := ces(p,) for m € N (the spaces X,k € N, are as in part (i)), to produce a
contradiction to Proposition 5.3(i) in [10].

Suppose that p < g. Choose any pair r, s satisfying p < r < s < g. Then we have
the continuous factorization Cigpycesg-) = Lees(s).cesg) © Ld(s)cess) © Cawrds) © a(p-).d(r)-
Indeed, iy cess) 15 continuous by [10, Proposition 5.1(1)] and the continuity of Cyg.4s)
and i, 4 Were established in the proof of part (). Finally, ices(s) ces(g—) 1S cOntinuous by
definition of the inductive limit topology in ces(g—). Since Cy( 4(5) 1S @ compact operator,
50 18 Cap-).cesig-)-

(iv) Suppose that p = g and that C¢,_4-) : {,- —> d(p—) is bounded. Arguing
via Lemma 2.2(ii) as in the proof of part (i), now for T' := C,,_,, with X; := ¢, and
1 < pi T p, for k € N (the spaces Y,,, m € N, are as in part (i)), leads to a contradiction of
Proposition 5.3(iv) in [10].

If p < g choose any r € (p, g). Then we have the continuous factorization Cy, 44—y =
Ce,_ag-) © e, . (cf. Proposition 5.1(ii)(a) and Theorem 5.9(iv)) with i, ., bounded (by
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Proposition 5.4(ii)(a)). So, C¢,_4-) is bounded which is equivalent to compactness as
d(g—) is a Montel space.

(v) Suppose that p = g and that Ceegp-) a(p-) : c€8(p—) — d(p—) is bounded. Arguing
via Lemma 2.2(i1) as in the proof of part (i), now for T := Ceeg(p.a(p-) With Xi := ces(pi)
and 1 < p; T p, for k € N (the spaces Y,,,m € N, are as in part (1)), yields a contradiction
to Proposition 5.3(v) in [10].

If p < g choose any r € (p,q). Then the continuous factorization Ceegp-yig-) =
Cees(r).d(g-) © Lees(p—).cest—) (cf. Proposition 5.1(i1)(c) and Theorem 5.9(v)) with iceg(p—) ces(r—)
compact (by Proposition 5.4(ii)(c)) shows that Ceeg(p-) a(4-) 1S @ compact operator. O

Acknowledegment. The research of J. Bonet was partially supported by the projects
MTM?2016-76647-P and GV Prometeo/2017/102 (Spain).

REFERENCES

[1] Albanese, A.A., Bonet, J., Ricker, W.J., Montel resolvents and uniformly mean ergodic semigroups
of linear operators, Quaest. Math., 36 (2013), 253-290.

[2] Albanese, A.A., Bonet, J., Ricker, W.J., The Cesaro operator in the Fréchet spaces £’* and LP~,
Glasgow Math. J., 59 (2017), 273-287.

[3] Albanese, A.A., Bonet, J., Ricker, W.J., The Fréchet spaces ces(p+), 1 < p < oo, J. Math. Anal. Appl.,
458 (2018), 1314-1323.

[4] Albanese, A.A., Bonet, J., Ricker, W.J., The Cesaro operator on Korenblum type spaces of analytic
functions, Collect. Math., 69 (2018), 263-281.

[5] Albanese, A.A., Bonet, J., Ricker, W.J., Operators on the Fréchet sequence spaces ces(p+),1 < p <
00, Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. RACSAM, 113 (2019), 1533-1556.

[6] Albanese, A.A., Bonet, J., Ricker, W.J., Multiplier and averaging operators in the Banach spaces
ces(p), I < p < oo, Positivity, 23 (2019), 177-193.

[7] Albanese, A.A., Bonet, J., Ricker, W.J., Linear operators on the (LB)-sequence spaces ces(p—), 1 <
p < oo. Descriptive topology and functional analysis II, Springer, Cham, Proc. Math. Stat., 286
(2019), 43-67.

[8] Astashkin, S.V., Maligranda, L., Structure of Cesaro function spaces: a survey, Function Spaces X,
pp. 13—40. Banach Center Publ. 102, Polish Acad. Sci. Inst. Math., Warsaw, 2014.

[9] Bennett, G., Factorizing the classical inequalities, Mem. Amer. Math. Soc., 120 (576), 1996, 1-130.

[10] Bonet,J., Ricker, W.J., Operators acting in the dual spaces of discrete Cesaro spaces, Monatsh. Math.,
191 (2020), 487-512.

[11] Bonet, J., Ricker, W.J., Fréchet and (LB) sequence spaces induced by dual Banach spaces of discrete
Cesaro spaces, Bull. Belg. Math. Soc. Simon Stevin (to appear), arXiv: 2009.01132v1.

[12] Bourdon, P.S., Feldman, N.S., Shapiro, J.H., Some properties of N-supercyclic operators, Studia
Math., 165 (2004), 135-157.

[13] Crofts, G., Concerning perfect Fréchet spaces and diagonal transformations, Math. Ann. 182 (1969),
67-76.

[14] Curbera, G.P., Ricker, W.J., Solid extensions of the Cesaro operator on £7 and ¢, Integral Equ. Oper.
Theory, 80 (2014), 61-77.

[15] Edwards, R.E., Functional Analysis. Theory and Applications, Holt, Rinehart and Winston, New
York-Chicago-San Fransisco, 1965.

[16] Grosse-Erdmann, K.-G., The Blocking Technique, Weighted Mean Operators and Hardy’s Inequality,
Lecture Notes in Math., vol. 1679, Springer Verlag, Berlin Heidelberg, 1998.

[17] Grothendieck, A., Topological Vector Spaces, Gordon and Breach, London, 1973.

[18] Hardy, G.H., Littlewood, J.E., Pélya, G., Inequalities, Cambridge University Press, Cambridge, 1934.

[19] Jagers, A.A., A note on Cesaro sequence spaces, Nieuw, Arch. Wisk., 22 (1974), 113-124.

[20] Jarchow, H., Locally Convex Spaces, Teubner, Stuttgart, 1981.



OPERATORS IN SEQUENCE SPACES 27

[21] Kothe, G., Topological Vector Spaces I, 2nd printing rev., Springer, New York, 1983.

[22] Kothe, G., Topological Vector Spaces 11, Springer, Berlin, 1979.

[23] Krengel, U., Ergodic Theorems, de Gruyter Studies in Mathematics 6, Walter de Gruyter Co., Berlin,
1985.

[24] Lesnik, K., Maligranda, L., Abstract Cesaro spaces. Duality, J. Math. Anal. Appl., 424 (2015), 932—
951.

[25] Meise, R., Vogt, D., Introduction to Functional Analysis, Clarendon Press, Oxford, 1997.

[26] Rodriguez-Arenas, A., Some results about diagonal operators on Kothe echelon spaces, Rev. R. Acad.
Cienc. Exactas Fis. Nat. Ser. A Math. RACSAM, 113 (2019), 2959-2968.

[27] Taylor, A.E., Introduction to Functional Analysis, Wiley International Edition, John Wiley & Sons,
Tokyo, 1958.

[28] Waelbroeck, L., Topological Vector Spaces and Algebras, Lecture Notes in Math., vol. 230, Springer,
Berlin, 1971.

J. BonNET, INSTITUTO UNIVERSITARIO DE MATEMATICA PURA Y APLIcADA IUMPA, UNIVERSITAT POLITECNICA DE
VALENCIA, 46071 VALENCIA, SPAIN
EMAIL: JBONET @MAT.UPV.ES

W.J. RickerR: MATH.-GEOGR. FAKULTAT, KATHOLISCHE UNIVERSITAT EICHSTATT-INGOLSTADT, 85072 EICHSTATT,
GERMANY
EMAIL: WERNER.RICKER @KU.DE



