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Abstract Methods developed by Lusky in connection with the isomorphic classification of
weighted Banach spaces of entire functions are used to show that projective description
holds for weighted inductive limits of spaces of entire functions for radial weights of a
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1. INTRODUCTION

Motivated by applications to, among other things, linear partial differential equations,
weighted inductive limits of spaces of holomorphic functions, VH and VyH, have been
the object of quite a lot of research at least since the 1960s. It is important that, in good
cases, a basis of the continuous seminorms of the inductive limit topology can again be
given by weighted sup-seminorms. In the seminal paper [7], associated projective hulls
HV and HV, were introduced, and it was asked if projective description holds; i.e.,
roughly spoken, if VH = HV and VoH = HV, algebraically and topologically. The
main theorem of [7], which was, in fact, the first general result of this type, asserted that
VoH = VH = HV = HV is true if VH is a (DFS)-space; that is, if the linking maps
between the generating Banach spaces are compact. But the methods used showed that
VH = HV is actually true whenever VH is a (semi-)Montel space; that is, whenever
all the bounded subsets are relatively compact. — Let us remark that the projective
description problem often is equivalent to asking if the weighted inductive limit of spaces
of holomorphic functions is a topological subspace of the weighted inductive limit of the
corresponding spaces of continuous functions.

Later on, a different result was obtained in [14]; here the authors worked with radial
weights on the unit disc. No conditions on the topology or on the linking maps of the
inductive limit were imposed, but all the weights had to be of a certain type. Along these
lines, the best projective description results for spaces of functions on the unit disc can
be found in [3]; they are obtained using ideas and methods of Lusky [12] for weighted
Banach spaces on the unit disc. The weights in the inductive limit must satisfy Lusky’s
two conditions in a uniform way.

In Lusky’s recent article [13], his results were carried over to weighted Banach spaces
of entire functions, and we are now profiting from Lusky’s methods to get projective
description for weighted inductive limits of spaces of entire functions. Here the radial

weights must be of a certain rather special form and must again satisfy Lusky’s condition
1
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in a uniform way. In the case of non-radial weights there are results for weighted (LF)-
spaces of entire functions by Bonet, Meise and Melikhov [8], [9].

The organization of this article is as follows: In Section 2, after recalling the definitions,
we explain the condition on the weights and give some examples. Then we formulate the
technical decomposition theorem for polynomials (Proposition 2.3) which will be used in
the proof of our main projective description theorems in Sections 3 and 4 (Theorem 3.2,
Theorems 4.1 and 4.2). The proof of Proposition 2.3 is only given in Section 5, and it is
here that we apply the methods of Lusky [13] in an essential way. Finally, in Section 6
we point out that our projective description results are not covered by the main theorem
of [7]. In fact, we show this by proving that VH contains a closed subspace isomorphic
to a Kothe co-echelon space ko, which can be taken to be non-Montel.

2. DEFINITIONS, PRELIMINARIES, THE DECOMPOSITION RESULT

We first establish some notation. In the sequel, H(C) denotes the space of all entire
functions. A weight v on C is a strictly positive continuous function on C. For such a
weight, the weighted Banach spaces of entire functions are defined by

Hov:={f € H(C); ||f]ls = sup,ecv(2)|f(2)] < +oo},
Huvy :={f € H(C); vf vanishes at oo},
endowed with the norm || f], := supwv(z)|f(z)].
zeC

Let V := (vr)52, be a decreasing sequence of weights on C. Then the weighted inductive

limits of spaces of entire functions are defined by
VH = indkHvk,
VoH = indy H (vk)o;

that is, VH is the increasing union of the Banach spaces Hv, with the strongest locally
convex topology for which all the injections Hvy, — VH become continuous, k € N,
and similarly for VyH. These are locally convex inductive limits. It is clear that Vo H
is continuously embedded in VH, and it is not clear a priori if it is even a topological
subspace. This is indeed the case in our setting below.

In an effort to describe the inductive limit topologies by a system of weighted sup-semi-
norms, Bierstedt, Meise and Summers [7] defined the associated system

V =V (V) := {v weight on C; Vk : Supi < +oo};
Cc Uk
that is, V consists of all weights on C which are dominated by a function of the form
inf;, Cyv, with constants C, > 0 for each k. Then the projective hulls of the weighted
mductive limits are the complete locally convex spaces
HV :={f € H(C); ps(f) = supg 0|f] < +o00 Vi € V},
HVy = {f € H(C); vf vanishes at co Vv € V},

endowed with the topology given by the system {ps; © € V} of seminorms. HVj is a
closed topological subspace of HV. By the very definition we have continuous linear
embeddings VH — HV and VoH — HVj. Tt was proved in [7] that VH = HV always
holds algebraically. B

The projective description problem asks: When do we have VH = HV topologically,
and when is Vo H a topological subspace of HV,? The first counterexamples to projective
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description in the case of spaces of holomorphic functions are due to Bonet and Taskinen
[11]; for counterexamples in the context of spaces of entire functions see Bonet and Me-
likhov [10]. All known counterexamples so far are in the case of O-growth conditions. For
more information on projective description see the survey [2].

In corollaries to our main theorems below two important conditions on the sequence V
occur. V = (vg), is said to be regularly decreasing if for each k there exists [ > k such

that, for each subset S of C on which infg ;’—}i > 0, also infg 7;—’: > 0 for each m > [.

This condition is taken from [7], where it is proved that VoH = HV; holds algebraically
if V is regularly decreasing. On the other hand, V is said to satisfy condition (D) if
there exists an increasing sequence (S,), of subsets of C such that for each n there is I
such that infg, 1;—7 > 0 for each m > [, while for each k, and for each subset S of C with
SN(C\S,) # 0 for each n, there is k' > k with infg 7 = 0. This condition was introduced
in [6], and it was proved there that it implies the (algebraic and) topological equality
VC = CV for the corresponding spaces of continuous functions (i.e., one replaces in the
above definitions the space of entire functions by the space of all continuous functions).

Let us now explain the special form of the weights considered here and a condition
which has to be imposed on these weights.

Definition 2.1. Given constants A > 0 and a > 0, we say that a continuous, radial,
strictly positive weight function v : C — R™ of the form

(2.1) v(r) == w(r)e” ™, r € [0, 00),

belongs to the class (F)a, if w: RT — RT is differentiable, strictly increasing and has
the property

(2.2) sup

< A.
r€[0,00) aw (T)

If a = 1, we denote the class by (E) 4.

There are natural examples of functions w(r) that can be taken to construct weights
in the class (F)a.

Given A > 0, the function w(r) := (1 + r)* satisfies (2.2) if 0 < a < A, a = 1.

Given A > 0, the functions w(r) := (log(2 + 7))? and w(r) = log(log(e? + r)) satisfy
(22)if0<B< A a=1.

It is easy to see that if the weights wi(r) and ws(r) satisfy (2.2) for some A > 0, then
w(r) = wy(r)ws(r) also satisfies (2.2) for the same a and 2A instead of A > 0.

Remark 2.2. Assume that (vg)52, is a decreasing sequence of radial weights on C which
belong to the class (F)aq. So vg(r) := wg(r)e™ ", where each wy, satisfies (2.2). If another
weight w is defined by

(2.3) 7 !
. W'= == 71
> ket CRWY !

where the numbers ¢, > 0 (at least one of which is not zero) are so small that the sum in
the denominator converges uniformly on the compact sets of C, then also w(r) satisfies
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(2.2). Indeed,

1 2. Aacy,
(2.4) < == — = Aa.
> ket Chwp(r) 7! ; wy(r)
The following structural result about the weighted norms || - ||, is very important for

our main results about projective description of weighted inductive limits. It provides us,
among other things, with some kind of finite dimensional decomposition of the inductive
limit space VyH. Notice that inside any finite dimensional block, every weight is a constant
times e~"; the latter factor is independent of the given weight.

Proposition 2.3. Let A,a > 0 be fized. There exists a sequence (T,,)32, of finite rank
operators on the space of all polynomials with the following properties:

(a) The operators T,, satisfy T, T, =0 if |n —m| > 2, and T, T, 11 = Tpi1 T
(b) For every polynomial f we have > T, f = f, and the sum is finite.

(c) There is a constant D > 1 such that for every r > 0 and every polynomial f we have
(2.5) sup |T,.f(2)] < D sup |f(z)].

|z[=r |2|=r

(d) There exist increasing positive sequences (0,)52, and (0,)5, 0n < On, such that for
each weight v € (E) a4, v(r) = w(r)e™*, there exists a constant C(v) > 0 such that for
every polynomial f,

Lswp s wle)e LA < Il £ C)sup sup wlon)e LA ()

D nen o,<|21<om neN gn<|z|<on

here D is the constant of statement (c), which does not depend on the weight v.

The proof of this proposition is presented in Section 5. We will use it to prove our main
results concerning projective description.

3. MAIN RESULTS IN THE CASE OF 0-GROWTH CONDITIONS

We assume in the next two sections that V := (vy)52, is a decreasing sequence of weights
on C belonging to the class (E) 4, for some A, a > 0. We start with the following technical
lemma, which shows how to use Proposition 2.3 to decompose polynomials keeping certain
estimates. In the next two sections we will use the notation

Up :=A{f € Hu | | fllo, <1},
and I' will indicate the absolutely convex hull of a set.

Lemma 3.1. Let a decreasing sequence (ex)52,, with e > 0 for all k, be given. Define
2 2e7 "

- > AR - > 4wy

where we assume that the numbers oy, > 0 are so small that the sum in the denominator

converges uniformly on the compact subsets of C, and moreover satisfy the inequality
ay < er(3DC(vy,))™! and ay > 0, o, > agyy for every k.

—ar

= w(r)e ",

(3.1) v
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Then every polynomial f with || f|lz < 1 belongs to the set
U =T (U eUs)
(32) = {F =D MSe €VoH; Y Nl <1, [Ifllk < e} CVoH.
2 2

If ap =0 for k > m for some m € N, then
(3.3) f e T (UL exUs).

We remark that for the proof of Theorem 3.2 we need the case a; # 0 for every k,
whereas for the proof of Theorems 4.1 and 4.2 we use the case a;, = 0 for £ > m for some
m > 0.

Proof of Lemma 3.1. For each n € N choose k(n) € N such that
TJ(QTL) > 2k(n)a1;({n)vk(n)(gn) and Uk (n) 7é 0.

Such a k(n) must exist, since otherwise

1
- . k —1 _
v(0n) < %}elg 2oy vi(en) = sup 2~ %oy vi(0,) 7!
ap#0 keN
2 _
(3.4) < = v(en),

> 4 agu(on) ™!
k=1
a contradiction. Denote, for every k € N,
(3.5) Ny :={neN| k(n) =k}

Some of the sets N; may be empty, but nevertheless N is the disjoint union of the sets
N;. We remark that if o, = 0 for £ > m, then

(3.6) Ny =10 for k > m.
Let now f be a polynomial such that ||f||; < 1. For every k we define
(3.7) fo=28>"T.f.
neNy

The sum has in fact only finitely many terms, since f is a polynomial. We claim that
| fille < ek for every k. We aim to use (2.3). First notice that by (a) of Proposition 2.3

meNy
= 25 (x(k,n = )T, Ty + x(k,n)T3 + x (k0 + DT Ti0) f
(3.8) = 28(x(k,n — DT 1Ty + x(k,n)T2 + x(kyn + V)T 1T £,

where x(k,n) := 1, if n € Ny, and x(k,n) := 0 otherwise. Hence, d) and ¢) of Proposition
2.3 imply
I fillo < Clor)2%sup  sup  wi(on)e™ " [(x(k,n — 1)1 T,

neN g <|z|<on
< C(vp)2" sup  sup  wy(en)e ™ sup (|(Ta T f)(re?)]

neNg on<r<on 0e[0,27]
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+ (T ) (re”)| + [(Tua Tu f ) (re”)))
< C(vp)2 sup  sup  wi(op)e™ 3 sup |(Tnf)(re?))

neNg on<r<opn 0€l0,27]

(3.9) = C(vp)3-2"sup  sup  wi(on)e ™ |(Tnf)(2)].

neNg on, <|z|<op
By the choice of the set Ny we have 28a; 'wy,(0,) < w(0,), hence (3.9) is bounded by
3C (vk)ag sup  sup  w(gn)e ™ |(Tn f)(2)]

ne€Ng 0, <|z|<on
(3.10) < 3C(v0) Dol flls < ex.

In the second inequality of (3.10) we have used the first inequality of part (d) of Proposition
2.3.

Since f = ., 27" fi, we have proved f € I'(U2,e4U;). Now, the statement (3.3)
follows from (3.6). O

Theorem 3.2. Under our general assumptions on the sequence V of weights, the space
VoH is a topological subspace of its projective hull HVy, and hence also of VH.

Proof. Since the polynomials are dense in VoH by [4], it is enough to show that
both spaces induce the same topology on the space of polynomials. An arbitrary 0-
neighborhood of the space VyH contains a set of the form I'(U2 e, Uy) for some sequence
(ek)52,. We simply apply Lemma 3.1 choosing all the numbers «y strictly positive. Then
the norm || - || is continuous on HVj, and the result follows from the lemma. [

Corollary 3.3. If, in addition, the sequence V is regularly decreasing, then we obtain
VoH = HVy algebraically and topologically.

4. MAIN RESULTS IN THE CASE OF O—GROWTH CONDITIONS

Analogously to the paper [3] we first solve the topological subspace problem for our
weight families in the case of spaces defined with O—growth conditions. As we did in
section 3, we assume that V := (vj)52, is a decreasing sequence of weights on C belonging
to the class (E) 4, for some A, a > 0.

Theorem 4.1. Let V := (v;)32, be a decreasing sequence of weights as in Section 2. Then
VH is a topological subspace of the space VC'.

Proof. We follow the ideas of the proof of Theorem 4.1 of [3]. Fix a neighborhood of
zero U C VH of the form U = I'(Ug2 ,e,Us), where again
(4.1) Up:={f € Hog | [[fllop <1}

and the sequence (g4)%2, is assumed strictly decreasing. Set By := &x(3DC(v,))~! for
each k, and define for each m € N,

2
>y 4Byt
Remark 2.2 implies that every weight w,, also belongs to the class (F)4,. Moreover, the
sequence (w,,)%°_; is decreasing and hence, denoting

Wi = {f € Cup, ’ Hf”wm < 1}v
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the set U,,W,, is an absolutely convex neighborhood of 0 in VC. Let us prove that
Wy =WnNVH CU.

Let f € Wy. By the definition of W, there exists an m such that w,,(2)|f(z)] < 1 for
all z € C. Using the Cesaro means of (the partial sums of) the Taylor series of f about 0
as in [4, Prop. 1.2 and its proof], one obtains a sequence (V,, f),, of polynomials, V,,f — f
for the compact open topology of H(C), and

(4.3) sup w (2)| (Ve f) (2)]| < supwm(2)[f(2)] <1

for all n. Fix n and apply Lemma 3.1 to the polynomial V,, f with the numbers oy = G
if £ <m and oy := 0 for £ > m. Compare with (4.2). Lemma 3.1 implies

(44) an c F(UZZ:1€]€U;€).

This set is compact in the compact open topology, by Montel’s theorem, and moreover,
Vo.f — f in the compact open topology as n — oo. Since n is arbitrary, (4.4) is true also
for f replacing V,,f, and we get that WNVH Cc U. O

In our next result we use the associated weights © which were defined and studied in

[5].
Theorem 4.2. Let V := (v)32, be a decreasing sequence of weights as in Section 2. Then
the topological equality VH = HV holds if and only if
VO, M >0, I0€eV VneNVYM >0 3Im >n:
M 1\~ - )\k
4. in({—,-) < —.
(4.5) min (*=, - ) DI

VUp U

Proof. From Proposition 1 of [3] we know that the condition (+) is necessary. The con-
verse can be proved using Lemma 3.1 as follows. We again fix an arbitrary neighborhood
of 0,

(46) U .= F(Uzozla’kak) C VH,

where the g > 0 form a decreasing sequence and where we set (3 := g, (3DC(vy))~! for
each k. We find a weight © as in (+) with the numbers A\, := 47%3;, and we claim that
(47 W= {f e HV | |flls <1} CU.

Fix f € W. Then there exist M > 0 and n € N such that |f| < min(M/v,,1/v). By
the condition (+) this means that || f]],,, < 1 for some m, where

1
4.8 Wy i= =7 —.
- eI
As in the proof of Theorem 4.1 we consider the Cesaro sums V,, f instead of f. We

apply Lemma 3.1 to w,, and V,, f, choosing ay, := G, if £ < m, and a4 := 0 otherwise to
conclude

(4.9) Vof € T(UpL erUs),

for every n. Using the compact open topology and Montel’s theorem we infer also that
(4.9) holds for f instead of V,,f. O

Bastin [1] showed that condition (D) of [6] is equivalent to the condition (+) without
the associated weight in the left hand side of the inequality. Accordingly, we obtain the
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following consequence, which could also have been deduced from Theorem 4.1 and from
the main theorem of [6].

Corollary 4.3. Let V := (v)32, be a decreasing sequence of weights as in Section 2 which
satisfies condition (D). Then the topological equality VH = HV holds.

5. PROOF OF PROPOSITION 2.3

This section is strongly influenced by Lusky [13]. For the applications already given
above some of the estimates have to be repeated carefully in the present case, since it
is not enough to show that each individual weight satisfies condition (B) of Lusky [13].
In fact all the weights in the sequence defining the inductive limits and a fundamental
system of the associated weights must share certain characteristics. See the proofs in the
two sections before.

The following numbers play an important role in the definition of the finite rank oper-
ators T,, below; cf. [13]. Here [z] is the largest integer not larger than z.

Definition 5.1. We define inductively the numbers m, € RT, n € N, by m; = 1 and
Mpt1 = My + /My
The operators T,, are defined as in [13] by

PN P k—lmaa] 4
T,: f= kZ:Oka . 1<2k<mn ] — [mnil]sz

(5.1) + Z Mszk_

1 <kt [mn-I-l] - [mn]

In the notation of Section 3 of [13], we have T}, = Viu. 1m0 — Vinmn1 -
Observe first that the operators T, are multipliers with respect to Taylor series: If

[ =12, fxz", then
(5.2) Ty fr— Z b [ 2"

Mp—1<k<mpi1

for some numbers t,;, 0 < ¢, < 1. Statements a) and b) of Proposition 2.3 are clear from
the definition; see the proof of [13, Proposition 6.4].

To show that ¢) holds we proceed as follows. First of all it is easy to see that it is
enough to show the estimate for r = 1. The estimate for r = 1 follows from the uniform
boundedness of the operators T, with respect to the maximum on the unit circle: by
Lemma 3.3 (c) in [13], we have the following estimate of the corresponding operator norm

T < 4 ([mn+1] - [mn—l]) (3 i 4[mn+1] - [mn—l]) _

[mn] — [mn1] [Mnia] — [mn]
Using the recursive definition of the sequence (m,,) it is easy to see that this sequence is
bounded by some constant D > 1.
We now concentrate on the proof of d). For the rest of this section we fix a weight
v=we " € (E)ag,.

Definition 5.2. Given a number m > 0 we denote by 7, a global maximum point of the
function

(5.3) r™o(r).
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Lemma 5.3. The function w (which satisfies (2.2)) is bounded by a polynomial of degree
A, and moreover

(5.4) w(2r) < 24%w(r) for all r € R,
For every m we have
(5.5) <™y

a a

The proof is postponed a bit.

The following lemma can be directly proved by looking carefully at Proposition 5.2
of [13]. It looks already much like Proposition 2.3. However, the difference is that the
numbers 7, etc. in general depend on the weight. For the application to inductive limits
this does not yet suffice. Nevertheless, Proposition 2.3 can be derived from Lemma 5.4.
We denote s, := rp,,, Where my, 1 1= m,, + /M.

Lemma 5.4. We have
csup  sup TS < Ifl S Coup sup [Tuf()o(2).

neN 3n71§‘3|gsn+1 neN Sn71S|Z‘SSn+l

Proof of Proposition 2.3. We define the numbers p,, and o, by

1 1
(5.6) On = —Mp_1, Op:i=—-Mpy1+ A
a a
for every n. Clearly (5.4) implies that, for some constant C' > 0,
(5.7) w(a ' mu_1) > Cw(a  mp, + A)
for each n. So v(r) can be replaced by w(g,)e~®" for our r = |z|. So, we have obtained
(5-8) sup  [Tof(2)|v(z) <C sup [T f(2)|w(on)e™".
sn—1<|2|<sn41 on<|z[<on

Moreover, since the degree of the polynomial 7, f is at most m, 1 < c¢m,_; (where
¢:=c(a) > 1), Lemma 3.1.a) of [13], (5.5) and (5.6) imply for every o, <r < s,_1,

swp [T, /()] < ()7 swp [T (2)

|z|l=r z|=8n—1
atm,_1 + A\ emn-
< (TS swp [T )
a "Mp—1 |z|=8n—1
(5.9) < e sup |T.f(2)|
|z|=8n—1
Also e™ > e~ ®n=1 for g, <71 < Sp_1.
Similarly we obtain for 5,11 <r < oy,
(5.10) sup [T, f(2)| < et sup [T, f(2)|
|z|=r |2|=8n+1
and e~ > Ce~%n+1 (see (5.6) for the latter).
Combining (5.9), (5.10) and (5.7) we get
(5.11) sup [T f(2)|w(en)e™ <c¢  sup [T, f(2)|v(2).
on<|z[<on sn—1<]2]<snt1

Proposition 2.3 follows. [
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Proof of Lemma 5.3. Since w satisfies (2.2), we have rw'(r) — Aaw(r) < 0 for all
r. This implies the first statement, since the function r~“%w(r) becomes decreasing; its
derivative is =471 (rw/(r) — Aaw(r)).

This fact also implies (5.4), since

(2r) 4w (2r) — r~Aw(r) <0, or

(2r)Aa

(5.12) w(2r) < e

w(r) = 24%(r).

By elementary differential calculus, the number r,, is a zero of the derivative of the
function r"™w(r)e""; i.e.,

(5.13) rmlemar (w(r) (m —ar)+ Tzu’(r)).
Hence, r,, solves
/
(5.14) P T  om > T
aw(r) a ~ a
Since the assumption (2.2) holds, we find that 7,, > m/a cannot be larger than m/a + A.
U

To prove Lemma 5.4 we need

Lemma 5.5. There exists an N € N, independent of the weight v, as follows. There exists
v > 1 such that

Snt1) ™+ U(Spq1) Sn \™ U(Sp)
: ot > >
(5.15) ( S ) v(s,) — 7 and (an) v(Spy1) 7

for alln > N.
Proof. We first remark that

1
Sp41 = Sp + a\/mn + a(n),

1
(5.16) Sn = — M + b(n),

where always |a(n)] < A and 0 < b(n) < A. The second identity follows from Lemma 5.3.
As for the first, we have s,1 = 74,,,,, and by the choice of the numbers m,, and Lemma
5.3,

1 1 1 1
Tmpiq S Emn—l-l"'_A:amn+a\/mn+A§8n+a\/mn+A7

and on the other hand

1 1 1 1
T 2 UL S L A > sy, — A+ E\/m_"'

Fix 6 > 0 so small that
(5.17) v :=min((1 — §)et*, (1 — §)%eY?) > 1.

Let us show that (5.16) implies the lower bound w(s,)/w(s,+1) > 1—0 for n > N, where
N can be chosen independently of v. As in (5.12) we get

Aa -1
S Sy +a/m, + A\ Aa
n;llw(sn) < ( ) w(sy)

Sn

w(spi1) <
n
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a tm, +a"ty/m, + 2A\ Aa
(5.18) < ( : ) w(sn),
a~tm,
and the statement follows from the fact that m, — oo as n — oo. Notice that A does
not depend on v.
The rest of the proof is based on the estimate
2

142 z ly
(5.19) e 2w < (1 + Q) <eYeTia,
x

valid, say, for all & > 2y > 1. To prove this, recall that log(1 +¢) = > (=1)"*"/n
for 0 <t < 1. We get

12 1
(5.20) y——y—§x10g<1+y>§y——y—
2x T

and (5.19) follows by raising this to the exponent of e.
To prove the second inequality of (5.15) we estimate

( Sn )mn v(sy)

Sny1/  V(Sny1)
—1 Mn
_ < a “mp+ b(n) > ’IU(Sn) 6aail\/min—i-aa(n)
a'm, +aty/m, +a(n)+bn))  w(sp)
a”'m, +a” /My, + a(n) +b(n)\ T e
> (1-9)( - ) et
a~'m, + b(n)
a ty/my, +a(n)\-—mn
> (1-06)(1 n VmnFaa(n)
fl ( )< aflmn + b(n) ) €

> (1-0)(14 VI D0 a“(")>m"em+aa<n>
Mn

> (1= §)emvim-aal) R ()
(5.21) > (1—6)et/™.

The third but last row was estimated using (5.19)
As for the first inequality of (5.15), we estimate

<S”H>mn+1 U(Snt1)

S, v(sy)

atm, +a"ty/m, +a(n) + b(n)>mn+1 w(Sp41) a0~ Vit —aa(n)
w(sp)

—/Mn—aa(n)

n) + b(n>>mn+m6

a=tm,, + b(n)
|V aa(n)>mn+b(") <1 L VT + aa(n) ) VI - aa(n)
my, + ab(n) my, + ab(n)

(522) > €m+aa(n)67%w (1 + —Vf,nn_‘_aa(n)> mn—ab(n)e_ mn—aa(n).
m,, + ab(n)

-1 mn+ab(n mp—ab(n
. (1 L8 oy, +a(n)> +ab(n)+/mn —ab( )e_ Tin—aa(n)
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Again we used (5.19) at the end. Since the numbers |a(n)| and b(n) > 0 have the v—
independent bound A, one can find a v—independent number N’ € N such that, for all
n > N’, both

1 (Vmm+a(n))?

(5.23) e 2 > (1—0)e 2
and
/My, + aa(n)y vimn—ab(n)
24 14— > (1—
(5.24) < " my + ab(n) ) > (1=d)e

hold. As a consequence, (5.22) has the lower bound (1 — §)%e¥/2. [0

Proof of Lemma 5.4, repeated from Lemma 5.2 of [13]. We define the operators
Ty = Viirmn — Vingyma_1, Where

(5.25) Veal ()= 2 ht+ Y 1 bl = K]

0<k<gq q<k<p p q

for f(z) := > py fx2"

The inequality on the left side of (5.4) follows easily from statement (c) which was
shown before.

As for the other side, we assume that f is only a polynomial. Write f as f = zp T,f,
where T,,f € span{z’; [m,_1] + 1 < j < [mp41]}. Consider an arbitrary fixed r with
r > myiq (N as in Lemma 5.5), and choose n > N + 2 such that s, ; < r <'s,. We
estimate using Lemma 3.1 of [13]

|szt|1p|f <pz;i1|1p T,f(2)|v(z)
<Y LIERE 3 ()" s )
p<N N<p<n—2 P Zl=5p+1
- Z sup [T,/ (2)]ol) + 22 (é)m’” s (BEN)
<L swinieher (—)m%|p T, () ol2)
(5.26) +p§fl|s1|1p T, f (= +2p>zn+2<sp 1)’”” 1 éir_)ﬁ b T, f(2)]0(2).

Since the functions 7,f, p < N, belong to a fixed [ny;]-dimensional subspace, we can
find, by the equivalence of all norms in a finite dimensional space, a positive constant
C' := C(v) such that

(5.27) Z sup [T,f(2)|v(z) < Csup sup |T,f(2)|w(on)e .

p<N IZI=7 PN 0p<|2|<op
In the case N < p < n — 2 we have by Lemma 5.5,

< r )mp+1 v(r) < (Sp+2>mp+1v(3p+2) _ (5p+3)m”+2”(sp+3>.

U(Sp-i-l) o U(Sp-l—l) U(5p+2>

Sp+1 Sp+1 Sp+2
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_(‘9"—1)7”"‘2“(571—1) ( r )mn—l v(r)

Sp—2 U(Sn—Q) Sn—1 'U(Sn—l)

(5.28) < (%)n“.

For p > n + 2 we obtain in the same way

( r )mp—l v(r) < < r >m"+lvv(r))'<3"+1)m"+20(_8"+1).

Sp—1 v(sp-1) T \Sn1 (841 Sn+2 v(Sn12)
()t
‘ Sp—1 v(sp-1)
1\p—1-n
5.29 < (—) .
(5.29) S

Since v > 1, the lemma follows from (5.26)-(5.29). O

6. OUR RESULTS APPLY TO CERTAIN SPACES VH WHICH ARE NOT MONTEL

The next result shows that it is possible to construct spaces of type VH in our setting
which are not (semi-) Montel spaces; hence the projective description does not follow from
the general result of Bierstedt, Meise and Summers [7] for Montel spaces VH.

Proposition 6.1. Given a Kéthe coechelon space koo (A) such that the decreasing sequence
A = (ag)32, of weights on N satisfies, for some constant B > 1,

(6.1) 1< B lag(n+1) <ap(n) <ap(n+1)<n'

for all k and n, there exists a weight sequence V as in Section 2 such that VH contains a
closed subspace isomorphic to keo(A).

In the proof below we actually assume that B has some upper bound like e!%. Tt is
obvious that the bound n' in (6.1) is artificial. It might be possible to prove the result
with an arbitrarily large (fixed) bound instead of n'°.

Proof. To define the weights w; we first denote
(6.2) ty = el and T =00, < this.

For every k we define the function Fj : [0, 00[— [0, 1] by

(6.3) Fie(r) =ty Xea(r),

where Yy is the characteristic function of the interval [t,, t,, + t,(ar(n) — ar(n —1))]. We

set
T

(6.4) wg(r) == /Fk(a:)dx.
0
Then it follows from the definitions that wy is increasing (since Fj is positive) and that
wi(r) = ag(n), if r € [t, + to(ax(n) — ax(n — 1)), tp41], in particular if r € [7,,t,11].
(Notice that the latter interval does not depend on k.)
We show that every wy does belong to the class (E)4. Take k,n € N and then let
r € [tn, tn + tn(ag(n) — ax(n — 1))]. (Otherwise wy (r) = 0 and there is nothing to prove.)
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We have w),(r) = t; ! and of course r < t,+t,ax(n). On the other hand wy(r) > az(n—1),
by the remarks on the properties of wy, above. This suffices, in view of (6.1).
For all n € N we now consider the monomials e, (z) := z°*, where s,, := [t,4+1/3] + 1.
We claim that for some C,

1 oo
ol sup |bp|agns; e < || Z bnenllk < Csup |bylagnsire ",
neN neN

n=1
where the complex numbers b, satisfy that the suprema are finite. Note: s, € [T, tyi1]
does not depend on k, hence (6) implies that the mapping which associates e,, with the
nth canonical coordinate vector of ko (A) is the desired isomorphism. Observe that we
prove in fact that a diagonal transform of k. (A) is isomorphic to a closed subspace of
VH.
Given m € N, we evaluate the value of

(6.5) max e, (r)ue(r) = max  rwi(r)e™" = Jrum.
TE[tm,tm+1] Te[tm,tm+1]

We actually claim that
(6.6) Jonm < 107=mlg

T

We remark that the maximum point of the function r*e~", r > 0, is at the point r = «,

as shown by elementary differentiation, and that
d d

(6.7) —r% " >0 forr<a and —r% " <0 forr > a.
dr dr

If m = n, the value of (6.5), or Jiu,, is thus

10071

1
1 3¢ 11nnn-+1 100711 1 100"t
751”6 Sn 2 (§ ak(n)e3100 e e z€

(68) > ar, (n)610.100n6100n+1

Jenn = ag(n)s

since wy(s,) happens to be equal to ax(n), and this is the maximum of wy, on the interval
[tn, tni1] under consideration.
If m < n, then

1100m+1 8100""'1

Jinm < ap(m)tyr < ap(m)es
6.9 < ag(n 0~ lm—nl g10-1007 10" <107 Im=—l g,
k knn
If m > n, then, by (6.7),
610 J < ar(m tSne—tm < au(m 6%100m6100n+1 e_eloom
knm > Uk m < ag

To see that this is also bounded by 10_‘m_"‘Jknn, in the case m = n + 1, (6.10) has to
be compared with the second but last expression of (6.8), and in the case m > n + 1 the
estimate follows from the bound (see (6.1))

Om—l

(6.11) ag(n) B e 100 e
of (6.10).
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Finally, (6) follows from (6.6): First (6.6) implies, with r = |z|, that

szennmsup o |3 ben()lunr)

meN Te[tnutm+1 n=1

< sup Z 160 | Trerm

mGN

[e.9]

< C'sup Z 10~ In=m |60 | Temm
meN n—1

(6.12) < Csup by | Jemm < C sup |by|ag(m)s;me *m.
meN meN

Hence, the second inequality of (6) follows from the first identity of (6.8). Now choose N
such that

9
(6.13) byag(N)s¥e *N > — sup |b,|ak(n)s;re™*".
10 neN

For the first inequality we estimate

1Y “buealle = sup D buea|vi(r)
n=1

TE[tN,tNJrl] n=1

> by |Jenn — Z |bn] Sk

n#N
> |by|Jenn — Z 107", | T
n;éN
(6.14) > by | Jeny — — Z 107" Non|Jevn > Cloy|Jenn-
n#N

O
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