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1 Introduction

The aim of this paper is to study the splitting of short exact sequences of
PLS-spaces and its applications to parameter dependence of solutions of lin-
ear partial differential equations on spaces of distributions or spaces of real
analytic functions, see Section 5, Theorem 5.5.

We study the functor Ext' for subspaces of 2’(€2) and duals of Fréchet Schwartz
spaces. This problem is considered in the framework of the so-called PLS-
spaces; this is the smallest class of locally convex spaces containing all duals
of Fréchet Schwartz spaces and closed with respect of taking countable prod-
ucts and closed subspaces. This class contains the most important spaces
which appear in analytic applications of linear functional analysis, like spaces
of (ultra-)distributions, or spaces of real analytic or quasi analytic functions
as well as spaces of holomorphic or smooth functions; for more information
on PLS-spaces we refer the reader to the survey paper [10]. The crucial result
of the present paper (Theorem 3.1) is a characterization of the pairs (F, X),
where X is a PLS-space and F' is a Fréchet nuclear space such that every short
topologically exact sequence of PLS-spaces (all arrows throughout the paper
denote linear continuous maps)

0— X 25y 25 F — 0 (1)

splits (i.e., ¢ has a linear continuous right inverse) or equivalently, such that
Extp, o(F', X) = 0. Topological exactness of (1) means that j is a topologi-
cal embedding onto the kernel of the continuous and open surjection ¢. The
characterization is given in terms of some inequality preceded by a long se-
quence of quantifiers, see condition (G) or (G.) in Theorem 3.1. The proof is
long, technical, complicated and based on the method of the functor Proj!
for spectra of LB-spaces. The case when both X and F’ are substituted by
Fréchet spaces (or by duality when all the spaces in the exact sequence are
DFS-spaces) was characterized long ago under the assumption that one space
is nuclear or one space is a suitable sequence space. In fact, necessity of (G)
in the case of Fréchet spaces is due to Vogt [41]; he also introduced a suffi-
cient condition very useful in applications. Sufficiency of an analogue of (G)
for both spaces being Fréchet sequence spaces is due to Krone and Vogt [21].
Sufficiency in other cases for Fréchet spaces was an open problem for some
time. A breakthrough was made by Frerick [15] who proved the case of all nu-
clear Fréchet spaces and, finally, Frerick and Wengenroth proved sufficiency in
all Fréchet cases in [17]. The condition they all used, called (S}), was slightly
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different from ours - a characterization in the Fréchet case even more similar
to ours is given in [46, 5.2.5]. There have been very few splitting results for
PLS-spaces so far, see [12], [13], [45], [22], [11, Theorem 2.3], [44], [4], comp.
[16] and [46, Sec. 5.3]. However, this is considered as an important problem
in the modern theory of locally convex spaces and their analytic applications;
see [44].

In [4] we investigated the vanishing of Ext}, ¢(F, X) for a nuclear Fréchet space
F, while in the present paper we attack the same question for the dual F”.
This is a different, much more difficult problem. For instance, the reduction
to the vanishing of the derived functor Proj' for spectra of LB-spaces was
standard in [4], but now it requires several new ideas and ingredients, among
them a key observation due to Vogt in [44], see Lemma 3.3, proof of Theorem
3.4 (ii)«(iii). To avoid problems with local splitting we have to dualize the
considered short exact sequences and to study sequences of LFS-spaces, see
the proof of Theorem 3.4.

Although our condition looks complicated it turns out to be evaluable. Indeed,
we characterize in Theorem 4.4 and Corollary 4.5) those PLS-spaces X such
that Exth, (A.(a), X) = 0, where A,.(a) is a stable power series space, like
H(D?), H(C?) or even C*°(U) =~ J]A,(a). The characterizing condition is of
(Q) type and is called (PA) . On the other hand, it turns out that if X has
(PA) and a nuclear Fréchet space F has (Q) then Extp; ¢(F’, X) = 0 (Theorem
4.1), this is the proper extension of the (DN) -(£2) splitting theorem [27, 30.1].
That is why the discovery of the condition (PA) as a suitable generalization
of the condition (£2) seems to be one of the main achievements of the paper.
It is even more striking if one looks at Proposition 5.4 and compare it with
earlier results on the property (€2) of kernels of hypoelliptic operators (comp.
[32], [38], [47, 2.2.6]). We give more examples of natural spaces with property
(PA) in Theorem 4.3.

The parameter dependence problem considers whether, for every linear partial
differential operator with constant coefficients P(D) : 2'(Q) — 2'(Q2), 2 C R?
convex open, and every family of distributions (f\)xer € 2'(Q2) depending
smoothly C'* (or holomorphically etc.) on the parameter A running through
an arbitrary C*°-manifold U (or Stein manifold U etc.), there is an analogous
family (uy)repy with the same type of dependence on A € U such that

Recall that (fy) depends holomorphically (smoothly) on A € U if for every
test function ¢, A — (fy, ) is holomorphic (C*°-smooth). This problem has
been extensively studied, even in a much more general setting, for instance,
if P(D) depends on A as well; see [23], [24], [35], [3], [2]. For more historical
comments see the introduction of [4]. Using tensor product techniques [20,
Ch. 16|, the parameter dependence is equivalent to the problem of surjec-



tivity of P(D) on the spaces of vector valued distributions 2'(€2, F'), where,
e.g., I = C*(U) (for smooth dependence) or F = H(U) (for holomorphic
dependence). Our splitting results imply that the latter problem has a posi-
tive solution for any Fréchet space with property (£2) (Theorem 5.5), for in-
stance, F' ~ H(U),C>(U), A, («),C*[0,1], etc., see [27, 29.11]. Our method
is potentially applicable to arbitrary surjective linear continuous operators
T:2'(Q) — 2'() and even to more general spaces than 2’ (like spaces of
ultradistributions or real analytic functions).

In these applications of our splitting results, the crucial point is whether
ker P(D) has (PA) , which we prove by means of a trick (see Proposition
5.4 and Theorem 5.1). For more applications of our splitting result for spaces
of real analytic functions and Roumieu quasianalytic classes of ultradifferen-
tiable functions see the forthcoming paper [5].

The paper is organized as follows. Section 2 contains preliminaries and nota-
tion. In Section 3 we prove the main splitting theorem. In Section 4 we apply
it for some natural spaces, especially, sequence spaces, we introduce conditions
(PA) and (PA) and give examples and applications. In Section 5 we apply
our theory to the parameter dependence problem.

The authors are very indebted to V. Palamodov for deep remarks on the paper
especially related to Theorem 5.1.

2 Preliminaries

In the present section we collect some basic notation which is very similar to
the one used in [4].

By an operator we mean a linear continuous map. By L(Z,Y’) we denote the
set of all operators T': Z — Y. If AC Z and B C Y, then W(A, B) :={T €
L(Z,)Y): T(A) C B}.

A locally convex space X is a PLS-space if it is a projective limit of a se-
quence of strong duals of Fréchet -Schwartz spaces (i.e., LS-spaces), see the
survey paper [10]. If we take strong duals of nuclear Fréchet spaces instead
(i.e., LN-spaces), then X is called a PLN-space. Every closed subspace and ev-
ery Hausdorff quotient of a PLS-space is a PLS-space, [12, 1.2 and 1.3]. Every
PLS-space is automatically complete and Schwartz, PLN-spaces are even nu-
clear. Every Fréchet-Schwartz space is a PLS-space and every strongly nuclear
Fréchet space is a PLN-space.

Every PLS-space X satisfies X = projyey indpen Xnpn, Xy, are Banach



spaces, Xy = ind,eny Xp,, is a locally convex inductive limit with compact
linking maps, and

projyeny Xn denotes the topological projective limit of a sequence (Xn)yen-
The linking maps will be denoted by zﬁ X — Xy and iy X — Xy If
inX = Xy for each N sufficiently big then we call the spectrum (Xy) reduced.
We denote the closed unit ball of Xy, by By, and its polar in Xy by Un,p.
In F = ind,cy E, we always denote by B, the unit ball of the Banach space
(En,|]-||n), by U, its polar in E! and by j» : E, — E,, the injective compact
linking map. Without loss of generality we assume that for every M > N,
m>n

iN (Bun) € BNy, By € By, Bn C B

This notation will be kept throughout the paper.

We will use in the category of PLS-spaces the notions of pull-back and push-
out as described, for instance, in [46, Def. 5.1.2]. They exist in this category
by [12].

Let A = (ann(7)) be a matrix of non negative elements satisfying the following
conditions:

(1) ann+1()) < ann(f) < avir0(9);
(ii) For each j there is N such that for all n ay,(j) > 0;
(ifi) lim,_ oo “nt2l) —
J aN,n(.])

We define the Kéthe type PLS-sequence spaces AP(A) for 1 < p < oo,
ANP(A) ={z=(2(j)): YNeNIneN: |z|n,<oo},

. A\ /P o .
where ||z||n, = (Zj |9§(])|paN7n(j)> . The definition for p = oo is analo-
gous. Clearly, AP(A) = projyey indnen lp(an,), where l,(ay,) denotes the
weighted [,-space equipped with the norm || - ||y,. The condition (iii) implies
that AP(A) is a PLS-space. Every PLS-sequence space AP(A) is isomorphic
to a countable product of spaces of the same type for a matrix with strictly
positive elements. AP(A) is even a PLN-space if instead of (iii), we assume

(iv) ¥o; 2eeidd) < oo,

If the matrix A does not depend on lower case index n, then we get a Kothe
sequence Fréchet space A,(A) which need not have a continuous norm; if it
does not depend on the upper case index N then it becomes a coechelon Kothe
sequence LS-space k,(A). Observe that condition (ii) ensures that in k,(A) the
matrix consists of strictly positive elements.

If ayn(j) = exp(ryo; — s,0;) where a;,3; > 0 such that o; + 5; — oo and
rny /1, s, /s then we call the corresponding Kéthe type space A(A) a



PLS-type power series space and denote it by A, s(c, 3). In fact, it suffices to
consider only r, s = 0,00, comp. [42]. For Fréchet power series spaces A,(«)
see [27].

The spaces of ultradistributions in the sense of Beurling Z(,(2) (in particular
the space of distributions 2’(£2)), as well as the spaces of ultradifferentiable
functions in the sense of Roumieu &,y (€2) (in particular the space of smooth
functions C'*°(2) and space of real analytic functions 27 (€2) ) are described in
detail in [7], some details are also given in [4].

For further information from functional analysis see [27] ((DN) - (£2) invariants
are explained there) and [20], for the theory of PDE see [18]. For the modern
theory of locally convex inductive limits see [1]. More details about notation
can be seen in [4].

3 Splitting of short exact sequences

We characterize, under some natural assumptions, when Exth, ¢(E, X) = 0
whenever X is a PLS-space and E is an LS-space, i.e., the strong dual of a
Fréchet Schwartz space.

We consider pairs (E, X)) satisfying one of the following standard assumptions:

(a) X is a PLN-space and FE is an arbitrary LS-space;

(b) X is a Kothe type PLS-space, X = A*(A) and E is an arbitrary LS-
space;

(c) FE is an LN-space and X is an arbitrary PLS-space;

(d) E is a Kothe coechelon LS-space of order 1, X = ki(v) and X is an
arbitrary PLS-space.

These assumptions appear below in the statements of the results in this sec-
tion. Now, we formulate the main theorem (known for £, X both DFS-spaces
see [46, 5.2.5], where the dual version is given):

Theorem 3.1 Let X be an ultrabornological PLS-space, which is the reduced
projective limit

X = projyeny Xn of LS-spaces Xy = indpey Xnp. Let E = ind ,E, be an
LS-space. Assume that the pair (E, X) satisfies assumptions (b) or (c) or (d)
above, then the following assertions are equivalent:

(1) EthlDLS(EaX> =0;



(2) the pair (E,X) satisfies the condition (G), i.e.,

VNv AdM>Nuy>v VK>Mr>p 3nVm>n 3k>m,S
Vye Xy,z€E,:

ly o X I3rlliialle < S (1l alels + lly o il llizel) ;
(3) the pair (E, X) satisfies the condition (G.), i.e.,

VNv dIM>Npuy>v VK>Mr>pdnVm>ne>03dk>m,S
Vye Xy, z€E,:

ly o i 1gmlliplle < ellylinlills + Slly o inllic sl

Note that the ultrabornologicity of X follows if the pair (E, X) satisfies (G)
and (G.) for a non-trivial space E (comp. [46, Cor. 3.3.10]). We conjecture
that the above Theorem 3.1 holds also in case (a), i.e., if X is a PLN-space
and E an arbitrary LS-space.

First, we recall some tools from the homological theory of locally convex
spaces; a nice presentation of the theory is contained in Wengenroth’s lecture
notes [46], comp. [4]. If (Xy,iK) is a projective spectrum of locally convex
spaces, the so-called fundamental resolution is defined as an exact sequence:

0 X [Inven XN — [Iven Xn,

where X is the projective limit of the spectrum and o((zy)) = (i ' znp1 —

xy). We define
Proj' (Xn) := [] Xn/im o.
NeN
The value of Proj' does not depend on the choice of a reduced spectrum of
LS-spaces representing X. Moreover, for PLS-spaces the following conditions
are equivalent: (i) Proj' X = 0; (ii) X is ultrabornological; (iii) X is barreled;
(iv) X is reflexive (see [46, 3.3.10]).

We apply the functor Proj' to various spectra of spaces of operators. For
example, if X = projyey Xn, then in the spectrum L(F, Xy) the linking
maps are defined by I¥ : L(F, Xy) — L(F,Xy), IE(T) = ik o T and Iy :
L(F,X) — L(F,Xx), IN(T") := iy o T. For other cases the linking maps are
defined analogously.

Lemma 3.2 If X is a PLS-space such that Proj' X =0 and Z is a Banach
space, then

(1) Proj* L(Z, Xxn) =0 if X = A®(A);
(2) Proj' L(X},Z) =0 if X = A®(A);
(8) Proj' L(X§,Z) =0 if Z = lo;



4) Proj' L(X%,Z) =0 if X is a PLN-space.
N

PROOF. Since A*(A) is isomorphic to a countable product of spaces of the
same type for a strictly positive matrix, we may assume that all the elements
in A are strictly positive.

(1): By [46, 3.2.18], Proj* X = 0 implies:

VN IAM>NVK>M dnVm>ne>03dk>m,S Vi:

ap,m() > min (6_1aN7n(i), S_laK’k(i)) .

Since Xy is a coechelon Kothe sequence space k.. (v), we may treat elements
of L(Z, Xy) as sequences of functionals (f;) C Z" and, with this identification,

W(B, Bxn) = (i) : sup [ fillawa (i) < 1},

where B and By, denote as usual the unit balls in Z and Xy, respectively.
We will show that

W(B,BMJn) Q SW(B,BNJZ) + SW(B, BKJﬁ).
Let (f;) € W(B, Bym). We take g; := f; if S™lag (i) > e 'an,(i) and 0

otherwise. Then

1gillann(7) .
S < lgillarrm(i) < 1.

Therefore (g;) € eW (B, By,,) and analogously (fi—g;) € SW (B, Bk ). Apply
[46, 3.2.14] to conclude.

(2): Treating elements of L(X), Z) as (f;) C Z we repeat the proof of (1) for

W(Bxn B) = (i) : sup [|fillawn(s) < 1}-

(3): L(X§, Z) = loo(Xn) and the result follows from [46, 3.3.11 and 3.3.16].

(4): This is [2, Lemma 3.5]. O

Next we need a lemma essentially due to Vogt; we give a version we need:

Lemma 3.3 (see [{4, Lemma 3.1]) Let X be a PLS-space and E be an LS-
space satisfying one of the assumptions (a) — (d). If H = E' and

0 — H 2> F 21,6 —0 (3)




1 a short exact sequence of Fréchet spaces, then we have the following exact
sequence:

0— L(X,H) — L(X',F) — L(X',G) — Proj* L(X}, Hy) —
— Proj! L(XY, Fy) — Proj' L(X},Gy) — 0.

PROOF. This is [46, 3.1.5] applied to spectrum of short exact sequences

0 — L(Xy,Hy) — L(Xy, Fy) — L(Xy,Gy) —— 0. O

Now, we are ready to reduce the splitting problem to the vanishing of Proj'.

Theorem 3.4 Let X be a PLS-space with Proj' X = 0 and let E be an LS-
space satisfying one of the conditions (a) — (d) then the following assertions
are equivalent:

(i) Extpps(E,X) = 0;
(ii) Proj' L(X' Ey) = 0;
(iii) Proj' L(XYy, EYy) = 0.

PROOF. (i)=(ii): Note, that X is ultrabornological, X’ a complete LFS-
space. For any operator 7' : X’ — [] E!  we get twice the pull-back of the
fundamental resolution of E':

0 £ MEy —2 [[Ey — 0
}d ] [T

0 .y L. x — 0 (4)
] £

0 F 2 vy SO X, —— 0.

We will show in few steps that Y is a complete LFS-space.

Completeness, metrizability and being a Schwartz space are three space prop-
erties (see [8, Th. 2.3.3], [34, Th. 3.7]), thus Y is complete and Yy is a Fréchet
Schwartz space. Since X' = |J X}y also Y = UYy and, by Grothendieck fac-
torization theorem, every bounded set in X’ (in Y') is bounded in some X},
(Y, resp.). Since E’ is a Fréchet Schwartz space, it is quasinormable. By [27,
26.17], gy lifts bounded sets and, consequently, also ¢ lifts bounded sets.



We have proved that Y* = indyen Yy is an LFS-space and it is the ultra-
bornological space associated to Y. Then

0 — > B —4 ,yu 2, x1

is topologically exact since E' and X' are ultrabornological. By Roelcke’s
lemma (see [33], [9]), Y = Y™ topologically, so Y is a complete ultrabornolog-
ical reflexive space by [27, 24.19].

Taking duals:

/ -/

0 X .y L FE 0

is a short topologically exact sequence of PLS-spaces (since ¢ lifts bounded
sets), so it splits since Extp; ¢(E, X) = 0. Thus the original sequence (which
is the dual of the previous one, use reflexivity)

0——> F 4 .y 4. x )

also splits and 7' lifts with respect to o, see [12, Prop. 1.7]. Thus Proj' L(X', EY) =
0.

(ii)=-(i): Let us consider the following short topologically exact sequence of
PLS-spaces:

0 X 25y 2, F 0. ()
Since Proj' X = 0 and Proj' E = 0, then [46, 3.1.5] implies that Proj' Y =0
and X, Y, E are reflexive. By [12, Lemma 1.5], ¢ lifts bounded sets, thus

we get by duality and the push-out the following diagram with topologically
exact rows (E', Y’ X' are LFS-spaces):

0 — EY 7z 2. x 0
R
0 — B 2L,y I, x 0.

If the upper rows splits then 7y extends to Y’ and we obtain the following
commutative diagram:

0 E MEy —2> [IEy — 0
}d ] [T
0 E/ q Y/ J_’) X/ ..

Since Proj' L(X', E%) = 0, T lifts with respect to o. Therefore the lower row
splits [12, 1.7], and, by duality, also (5) splits.

10



We prove that the upper row in (6) splits. This is evident if the pair (F, X)
satisfies one of the conditions (a), (¢) or (d). In case (b) X’ is a direct sum
of Kéthe type LFS-spaces with lj-type “norms”. By [43, Prop. 5.1], every
summand is a projective limit of [; Banach spaces and splitting of the upper
row in (6) follows.

(i)« (iii): The proof follows the idea of Vogt [44, Proposition 4.1]. We apply
Lemma 3.3 to the canonical resolution of H = E':

0 H —— Tpen Hn —2— Tlhen Ho — 0,

where o((2,)nen) = (" @1 — Tp)pen and " 2 H,,y — H, are linking
maps. We define

S [T IT L(Xh. He) — [T T L(X k. Ha),

neN NeN neN NeN
Yot H L(Xy, H H,) — H L(Xy, H H,);
NEN n<N NEN n<N

Zl((TN,n)NEN,nGN) = (TN+1,n o I]]VVJ,_l - TN,n)NENm,GNa

Yo((Tnm)Nenn<n) = (Tny1m © 1]]\}[“ — TNpn) NeNn<N-

Here IY,, : Xy — Xy, are the natural embeddings. Clearly the following
diagram commutes:

[Iven L(X],V? HngN Hn) N A [Iven L(X],V? HngN Hn)

AJ AJ

31
HneNHNENL(X]/\th) EE— HnGNHNENL(X]/\th)a

where the vertical arrows are the natural projections. Let us observe that
Ay and A, are surjective, thus As(im ;) = im ¥s. Therefore A, induces a
surjective map

A, (r%]]}]NL(X]’V,Hn)) /im ¥, — (Nl‘[NL(ng, 1]JVHn)> /im %,.

Hence

Proj' L(X}, [[ Hn) = (H L(Xy, T1 Hn)) /im 3y

n<N NeN n<N

is a surjective image of

(]‘[ I1 L(X;V,Hn)) /im %

neN NeN

11



Moreover, im ¥ is a product of images of maps:

H L X]I\h - H L X]/\hH )7 (TN,n)NEN — (TN+1,n o []]VV+1 - TN,n>N€N7
NeN NeN

thus
II 1] L(XN. Hy) | /im &y = [] Proj' L(Xy. H,).
neN NeN neN

By Lemma 3.2, Proj' L(X}, H,) = 0 and thus Proj' L(X}, [T,<y Hs) = 0.
Therefore, by Lemma 3.3, we have the following exact sequence:

0 — L(X',H) — [[ L(X', H,) =%

neN

=0 1 L(X', H,) — Proj' L(X}, Hy) — 0,

neN
where
20((Tn)n€N) = (iz+1Tn+1 - Tn)neN-
Thus
Proj' L(X',Hy) ~ |] L(X'. X,,)/im Sy ~ Proj" L(X}, Hy).
neN
O

The proof of the next lemma follows from duality and [4, Lemma 4.5].

Lemma 3.5 (a) Let E be an arbitrary LS-space, E = ind,en E,. Suppose
that a,c>0,b>0,n<m <k and
VeeE,  alljpallm < bzl + clliyell (7)

then
a(jy) (By,) € 3bB;, + 2c(j;) (By).

(b) Let X be an arbitrary PLS-space, X = projyey indpeny Xy, with a re-
duced spectrum. Suppose that N < M < K, n<m <k, a,bc>0 and

VyeXy a”yO@NHMm SbHZ/HNn"‘CH?JO@N”Kk (8)

then
aif (Byrm) C 2By, + 2cin (B 1)

Proof of Theorem 3.1 (1)=-(2): Let us observe that L(X}, E}) coincides
with ind,eny L(X},,, Ey) algebraically, thus it has a natural LB-space topol-

12



ogy. Then, by Theorem 3.4 and [46, 3.2.18, 1. implies 3.] (the needed implica-
tion does not require LS-topology), we get

VNv AIM>Nuy>v VK>Mrg>pdnVm>n 3k>m, S (9)
INEW (Untym, Uy) € SURSW (Ure o Un) + W (Ui, Us)),
where I\ f i= (j4) o fo (i}, U, = B;.

o
Fix y € Xy and z € E,, v # 0. Since j, is injective, |j, |, > 0. There is
pel,:

e(pz) > (1/2)]| 5] (10)
Take an arbitrary element { € By, € Xy and define

@9 € W(Unm, U) € L(Xyp, B, (@ 9)(0) = (u,§)p for ue Xj.

By (9),
Ing (€ ® p) = Sy, P+ 5Q, (11)
where P € W(Uk,Uy),Q € W(Un ., U,). For y chosen before we have

L E@ )W) = [ 0 (€@ @) o (iN)] (y) =
= () (€@ @)y oid)) =y(iNE) (o i)
S

SINIP(y) = [m) o Po(if)](y) = SP(yoif)o .

Evaluating both sides of (11) at fixed y € X}, and applying it to fixed x € E,
we obtain

y(in&)e(jpx) = SP(y o iy)(jxz) + SQ(y)(x).
Since P € W(Ugky,Uy) and Q € W(Un,,, U, ), by (10), we have:

< S(IP(y o iy)(ro)| + Q) (@)]) <
< S(I1P(y o in)llxllixzll + QM) II=ll.) <
< S(lly o inllickliczlle + 1yl ).

/2 gpllulyin o)l

Taking supremum over all £ € By, we get the conclusion for 25 instead of

S.

(2)=(3): Since F is a reflexive LS-space and E’ is quasinormable, we get from
26, Th. 7],

Vo3> Vep>03Dp) VacE |l < pllalls + D(p)llall.. (12)

Moreover, since Proj' X = 0 and X is a PLS-space, we can apply [46, 3.2.18]
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to get

VNIM>NVYK3IaVm>n~>03kCVye Xy

§ | 13)
ly o i 57, < Clly o ikl + YMyllv s
Then, by (G) we get:
‘V’M,V EIMZ]\Z,MZV VK>M,k>p dnVm>n 3dk>m,S
Vye X, Ve E,: (14)

ly o i lrmllirle < S (19l il + ly o 5 e kllizel) -

We choose quantifiers as follows. For every o we find v > ¥ according to (12).
Then for arbitrary N we find M > N from (13), we apply (14) and find
M > M, i > v. We take arbitrary K, &, then we find n according to (14) and
n > n according to (13). We take arbitrary m > 7 and find k, S according to
(14). Then we choose € > 0 arbitrary and v so small that Sy < £/2. Using
(13) we find k > k and C'. Finally, we choose p so small that SCp < £/2 and
Sp < e. Now, we prove (G.). For a given y € X we consider two cases:

() llyo i llizn < llyoinlgi  (2) otherwise.
Case (1). By (14) applied to y o z% € X, v € B, using (12) we get:

ly © ¥ sz mll izl
< 8 (ly o il Iz lllly + ly o Xl llizall)
< Slly o i |5 (llzlls + D(p)lgkalle) + Sliy o %Il llikalle
< ellyllinllzlls + S+ D)y 0 %1% il il

Case (2). Again, by (14), using first (13) and then (12), we obtain:

ly o in larmlliizln
< Sy oin g ullzll + lly o il ellinzll)
< S$yllylivallzll, + SClly o in i zllzlly + Slly o i Il x5l
< Slyllxsllzlle + SColly o ix Il gllzllz + SCD(p)lly o il sl
+ Sy o inllicklliielx

*
N,n

Since v > 7, M > N, @t > n, we have ||z, < ||z]s, ly o i¥ |5, < llyl

Np <
1yl and

ly 0 i s il < ellyliyallzlls + (SCD() + S)lly o inll g gl ikl
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(3)=(1): By Theorem 3.4, it suffices to show that Proj' L(X%, E%) = 0. By
46, 3.2.14], it suffices to show that
VNIAM>NYVYK>M dnVm>ne>03dk>m,S

(15)
]]]\\//[W(UM7m, UM) Q S(I]IéW(UK’k, UK)) —+ €W(UN7n, UN>,

where IN f := (M) o fo (i}}). We will show it separately for the assumptions
(b), (¢) and (d).

Case (b): X = A*(A) a Kothe type PLS-space. We assume first that a; ,(7) >
0 for each n.

Let e; be the unit vector in X', then |le;||y,, = 1/anx(i). Thus, by (G.), for
N =v, K =k and M, u chosen as the maximum of those two and denoted
by M and for x € Ey, y = e;:

VN IdM>NVK>M dnVm>n,e>03dk>m,SVieNVaxeFEy

livrllar - Nelly | gllikelsx

arm(i) —  ann(i) ar k()
By Lemma 3.5,
]' N \/ o 36 o 25 -N\/ o
- .
anim(@) (Jar) (Byr) € (@) By + aK,k(i)(jK) (Bk) (16)

Now, we identify W (Upsm,Un) C L(X),, E}y) a space of vector valued se-
quences:

L(Xip, Ey) ={u = (w(i))iewn € Eyy 2 Im sup arm (1) ||u(3) |3 < 00}

In particular, u = (u(4))ien € W(Unrt.m, Un) if and only if u(i) € (aprn(2)) " Un
for every i. By (16), taking some v(i) € (an, (7)) 'Unx and w(i) € (ax k(i) Uk
we have

() (w(@)) = 3ev(i) + 2S(j% ) (w(i)) for each i € N.

Define v € W(Un,,Uy) C L(XYy, Ey) and w € W(Ugy, Uk) C L(X}, E%),
by

v(x) = (v()1)ien, w(z) = (w(i)z2)ieny  forx € Xy, 2z € X

Obviously, I¥u = 3ev + 2ST5w which implies (15) with slightly changed S
and €.

In the general case, X = A*(A) is a countable product of spaces for which we
have proved Extp; ¢(E, Xg) = 0. This implies (1).
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Case (c): £ is an LN-space, i.e., a nuclear LS-space.

We assume that E, is Hilbert and j,,, : £, — E,1; is nuclear for every v € N.
By Lemma 3.5 and (G.) applied for v = N+2, k = K+2>vand M = p
we get:

VN IAM>NVYK>M InVm>ne>03dk>m,S Ve FEyo

133 2llaiN Basn  ellellnsoBan + SIiR {32l sesaif Brca  (17)

Choose orthonormal systems (é;);en € Eny1 and (fi)ien € Ex 41 such that

J%ﬂ$ = Zai<x>€i>N+1fi Ve FEvy.

Fix ¢ € W(Uprm, Unr) C L(X)y, EYy). For arbitrary uw € Upgm, @ € N we have

lei o (™) 0 p(u)| = l(u) (i (e))] < Nlaar™ (e)llar-

We have proved that i/ (e;0 (7)o ) € 173 (15 hes) il Bysm. By (17),
in (e;0 (G 0 0) = xi + ik, (18)
where

Xi € elliNis€illnr2Bym, Vi € S|liRisintaeill k+2Bri = S|lixis€ill k2B k-

We define two maps: first,
Z Xl jN+1 *)

for u € X}, where ef(z) := (z,e;)ny1, © € Eny1, second,

Za % JK+1) (f),

where the sum runs over all ¢ such that a; # 0, v € X} and f(z) := (z, fi) k11
for x € Ep ;.

We will show that y is a well-defined element of a multiple of W(Uy ., Uy).
Fix € By and u € Uy,,. Then, by Schwartz inequality,

|<Z X ()| (GN 17, ) vl <€D [liniaeillveal (N 12, €) N

%

< 5U(JJ]\VII2I)HJN+1xHN+1 < 80(311\\7[121)

where o denotes the Hilbert-Schmidt norm of operators. The above estimates
imply that the series in the definition of y is convergent and

X € ea(jNI3)W (Unm, Un). (19)
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Fix v € Uk and z € Bg. Similarly as above we get

[v(v)(2)] SZ(ai)‘1|wi(v)||<j§+1z, fi) ] <
< 5Z(az’)_l|\jg£€i||f<+2|<jf<{+12> fi) k1] <

< SZ ‘|J';<{121fi|‘1(+2|<j1]§+13, fi)r+] < SU(jgizl)-

This implies
¥ € So(jxts)W (Ukk, Uk). (20)

By (19) and (20), in order to prove (15) it suffices to show
INg=x+Ixy.
This follows from an easy consequence of (18):

(IM o) (u)(x) = x(u)(x) + (IXY)(u)(z) for every u € X and x € Ey.

Case (d): E' = ky(v) is a K6the coechelon space.

Let us recall that ||z||, := >, v,(i)|z;| and that v,(i) > 0 for each v,i € N.
Evaluating (G.) for x = ¢; € En, where N = v, K = x and M = p we obtain:

VNIM>NVEK>M 3InVm>ne>03kSVyeXy VieN:
ly 0 iy armone () < ellyllnon (i) + Slly o x|l pvi (4)-
By Lemma 3.5 changing € and S suitably we get:
UM(Z)Z]\N/[BM7m Q 5UN(7;)BN,n + SUK(Z)ZﬁBKyk (21)
Let f € W(Unim, Unr). Observe Ey; = loo(1/var), then f(2) = (fi(2))ien € Un

for every z € Upr and | fi(2)| < var(i). Therefore f; € var(i) Bam for every
i € N. By (21), we get

iN fi = eun(i)g; + Svk (i)ikh; for every i € N,

where g; € By, and h; € Bk . We define

9: Xy — Ey =1l(1/vn),  9(y) = (on(i)gi(y))ien,
h: Xy = By =lo(l/vk),  h(y) = (vr(D)hi(y))ien.

Finally, it is easy to check that ¢ € W(Un,,Un), h € W(Ugkyg,Ux) and
IN f = eg + SIS h. This completes the proof by (15). O
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4 Splitting results for special spaces

In the present section we obtain a more natural splitting result and apply it to
sequence spaces. We define the condition (PA) for a PLS-space X as follows:

VN IMVKInVm3IHe0,1] I3k C Vye Xy;
Iy 0 ¥l < Cmax (lly o #5155, ) Iyl (22)
or, equivalently,
VNIMYVYEK InVm3In>03kCro>0Vr<ryVye Xy;
Iy ¥l < € (g 0 icu + ol ) (23)

Changing the quantifier in (22) for 6 to be V0 €]0, 1] one gets the condition
(PA). As above it is equivalent to

VNIMYVYK InVmVn>03kCri>0Vr<ryVye Xy;

Iy 130 < C (1l o ¥k + ~ ol ) (24)

The equivalence of the two forms of each condition can be proved identically
as in [4, Lemma 5.1] for (PQ) and (PS) . These conditions are PLS-versions
of conditions (A) and (A) (see [37] and [6]) which are dual to (D) and (DN)
respectively [27, Sec. 29]. It is worth noting that (PA) and (Pf?) (introduced
in [4]) differ only by inequality r» < r¢ and r > 7o, respectively. The same
analogy holds between (PA) and (P9Q) .

We present now an analogue of the famous (DN) — (§2) splitting theorem [27,
30.1].

Theorem 4.1 Let E be an LS-space and let X be a PLS-space satisfying (b),
(c) or (d), then

Extp; o(E, X) = 0 whenever E' has () and X has (PA) or E' has (Q) and
X has (PA) .

PROOF. By Theorem 3.1, it suffices to show that the pair (E, X) satisfies

(G). Recall that () for £’ means

VNIM>NVYK>M0€0,1]3DVacE |z|u<Dlz|%|z]i?

Fix N and find M which is good for (PA) and () . Then fix K, find n from

(PA) and fix m. Finally, find & and 7 from (PA) . We choose 6 := 1 in ({2)
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. Take z € Ey and r := 12 By (Q) |

=l

n
M:Cmm>gpwm,
||a7||N ||$||M

We substitute r into (23) to get

[E2IPS
[l a1

. R
nyw%mmsc(D e L LT

[l a1

This completes the proof. The case E' €(2) and X €(PA) is analogous. O

In order to apply the above result we need examples of spaces satisfying condi-
tions (PA) and (PA) . The following proposition summarize elementary facts
concerning (PA) and (PA) .

Proposition 4.2 Every Fréchet Schwartz space has (PA) and (PA). An LS-
space has (PA) or (PA) if and only if it has (A) or (A) respectively. The classes
of spaces with (PA) and (PA) are closed with respect of complete quotients and
countable products. The condition (PA) implies (PA) and the latter implies
Proj' X = 0.

The proof is similar to the proof of [4, Cor. 5.2, Prop. 5.3 and Prop. 5.4] so
we omit it. Observe that duals of power series spaces have always (A) and
they have (A) only for infinite type spaces [27, Sec. 29]. Thus products of such
spaces have correspondingly (PA) and (PA) .

Now, we show which sequence spaces have (PA) or (PA) .

Theorem 4.3 (a) The Kdthe type PLS-space AP(A) for 1 < p < oo has
(PA) if and only if

VNIMVYK 3InVm6e0,1[ Ik CVieN
(i) > Cmin (age (i), awn (i)' 7) an (i)’

The same condition holds for (PA) with a suitable change of quantifiers.
(b) The PLS-type power series space A, s(c, ) satisfies condition (PA) if
and only if either s = oo or the space is isomorphic to a product of an
LS-space and a Fréchet space (this is equivalent to Proj' A, s(a, 3) =0).
(¢) The PLS-type power series space A, s(c, ) satisfies condition (PA) if
and only if either s = oo or the space is isomorphic to a Fréchet space.

It is worth noting that both non-quasianalytic Roumieu classes &7, and spaces
of Beurling (ultra-)distributions 9.,y are isomorphic to Kothe type PLS-spaces
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[40], [36], see [7] for the definitions, (the first has (PA) the second (PA) ). The
role of these new invariants and applications of our splitting result for spaces of
real analytic functions and Roumieu quasianalytic classes of ultradifferentiable
functions is explained in [5]. The kernels of surjective convolution operators
on 7, (R), &y (R) or &1y (] — 1, 1[) give examples of PLS-type power series
spaces (see [14, Th. 2.10], [29, 2.11], [28, Satz 3.2, 3.18], [25], comp. [4, Th.
2.2]), in the first case they have (PA) in the other two (PA) .

Proof of 4.3: (a): Necessity follows by taking y as unit vectors. For the proof
of sufficiency, translate the condition as in the definition of (PA) into the
condition with the parameter r:

VN IAMVYK dnVmn>0 3k Cro>0Vr<rgVieN:
such that ay, (i) # 0 for all {
1 1 1 1
<C’max<7“’7 )

arm(i) ~ ag (i) 7 an (i)

Then prove that this condition holds for all vectors in X instead of the unit
vectors only.

(b): By Proposition 4.2, (PA) implies Proj' = 0, apply [42, 4.3]. Sufficiency
for s < oo follows from Prop. 4.2, since the LS-space factor must be a dual to
a Fréchet power series space and it has (A) (see [27, Sec. 29]). Sufficiency for
s = oo follows from (c) below.

(c): Necessity for s < oo follows from (b) above and the observation that the
LS-factor is Aj(7y). If this factor is non-trivial then it does not satisfy (A) (see
27, Sec.29]). Sufficiency for s < oo follows from Prop. 4.2.

Assume that s = oo. For an arbitrary IV, choose M := N+1 and take arbitrary
K. Fix n = 1, take arbitrary m and 6 €]0, 1[. We choose k so big that

Sk — Sm TK—TN<Sk—Sn

h <

and )
Sk — Sn n — TN Sm — Sn

Let us observe that if “£=" < @ then
K—TN

exp(—rya;+$m:) < exp((—rra;+s10:)(1—0))-exp((—rna; +5,0:)0) (25)

and
leilligm < (leallva)’ (el -
Now, assume that
leillnrm = llesll v n
then

Sm — Sn Sk — Sn
=Ty + Sy > —ryog + 8,0 and o < ——f; < () ;.
M — TN 'k — TN
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Observe that the function
f(0) == —rrai(1 = 0) + s,.8:(1 — 0) — ryaif + 5, 0,0

has negative derivative

Sk —

f1(0) = (re —rn)ai+ (sn—sx) i < ( o ) (rg —7n)Bi+ ($n — s1) 3 = 0.

e — TN

Therefore, if the inequality (25) holds for big # < 1 then it holds for all 6 €]0, 1|
and either

ledliom < ledlin or ledlinm < (ledia) el
We conclude by the same method as in (a). O
Sometimes (PA) is also a necessary splitting condition.
Theorem 4.4 If « is stable and X is an ultrabornological PLS-space, then

Extp;o((AX()), X) = 0 if and only if X has (PA) .

Remark. Clearly the same holds for [T,y Ar(™), for instance, C=(U) ~
[Then Ao (log j) for any smooth non-compact manifold U.

PROOF. Sufficiency follows from Theorem 4.1 since A, («) has (€2) .

Necessity. We may assume that oy = 0 and that a; < da;_; for some d > 1
and every j € N. We apply (G) for x = e;. We fix N and find M > N from
(G), then we fix K. We choose 7 such that J£=722 > nod. There is n such that
for every m there is k(m) such that

lyoi Figm < S (exp ((rar = 71)03) 1y © i iy + €0 ((rar = 7)) [yl ) -
Take r < exp ((ry — rar)ap) = 1. There is j such that
(rv —ra)oy <logr < (ry —ru)aj_1.

Now, exp ((ry — rv)ey;) < exp (d(ra — ry)oy—1) < -5. Clearly, for n < no we
have

exp ((ra — rx)a;) < exp ((TN - TM)::M_:KQO <,
N —TM

We have proved
VN IM>NVYK>M3In In Ym I k(m),S Vn<n Vrelol]

M5 e Lo
Iy ¥ in < S (771l © ¥ licagy + 1l
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Then

|y o Zm Kok(m) = |y o Z%“M,k(m) < Sk(m) (r"”y o ZI]\éHK,k(k(m)) + r“yHNn) .

Combining the two inequalities above we get

Iy ¥ i < Sm(Skim + 1) (71l 0 i Wickgsiny + 9l )

since 777! < 1/r. Repeating this procedure inductively we get
. , 1
1y 0 N Igm < Span (77l1y © 8 iy + =Y llNem )

where /;(p) =koko---o0k(m), p-times composition, p € N. This completes
the proof. O

Kunkle [22, Th.5. 14] proved that Extp,q(AL ,(a, 8), A% (v,0)) = 0 for any
p and s. From our theory we conclude:

Corollary 4.5 If either s = 0o or A, 5(3,7) is a Fréchet space then

Extps((A7(a))', Ars(B,7)) = 0.

PROOF. The case s = oo follows from Theorem 4.3 (d), Theorem 4.1 and
the propert (2) of A.(«). The other case follows from [31, Th. 9.1]. O

5 Parameter dependence of solutions of differential equations

As explained in the introduction, the parameter dependence problem for linear
partial differential operators with constant coefficients is equivalent to the
question if the partial differential operator

P(D): Z'(0, F) — 2'(Q, F) (26)

on the space of vector valued distributions is surjective for suitably chosen
Fréchet spaces F'. We prove that this is the case for {2 convex and any nuclear
Fréchet space F' with property (2) , for instance when F' is isomorphic to one
of the spaces H(U),C*(U), A.(a), C*|0, 1], etc., see [27, 29.11]. Our approach
should be compared with [4, Section 3].

The positive solution for the holomorphic dependence was probably known to
some specialists; Palamodov showed the authors the full proof without using
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splitting of short exact sequences. For the sake of completeness we give a full
proof based on Palamodov’s theory of systems of linear partial differential
equations and (DN) — (€2) splitting theorem of Vogt and Wagner (see [27,
30.1]).

Theorem 5.1 Let Q C R? be a convex open set and let U be a Stein manifold.
For every linear partial differential operator with constant coefficients P(D)
the following map is surjective

P(D): 2'(Q, HU)) — 2'(Q, H{U)).

PROOF. First, we assume that U is a convex open subset of C?. For the
sake of notational simplicity we take d = 1. We have the following differential
complex obtained from the free resolution of the corresponding &-module:

(o)

70QxU) —— 0

0—>ker< | ) — 7ax0) 7@ x V) —

(P(D), )
_

where P(D) acts on first d-variables and J acts on the last two real variables
in U C C = R2. This complex is a particular case of the example given in [30,
VII, 7.2, Ex. 4]. Since Q x U is convex the complex is exact by [30, VII, 8.1,
Th. 1].

_ 0
If fe2(QxU),df =0, then the pair (
f
kernel of (P(D), 0), thus by exactness of the complex there is g € 2'(2 x U)
such that —9g = 0, P(D)g = f. We have proved that P(D) : ker 9 — ker 0

is surjective.

) € [2'(Q x U)]? belongs to the

By the very definition 2(Q2, H(U)) = L(2(2), H(U)). Let us prove that
ker 0={fe2'(QxU):0f =0} = L(2(Q),H(U)).
Define a map Sy : 2(Q2) — 2'(U) as follows:

(St(p), ) = (f, 09)

for v € 2(U). Since (0S;(¢), ) = —(f, o) = —(f,0p) = 0, we have
Sp(2(Q) € H{U).
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On the other hand if S : Z(Q2) — H(U) then we define fg € 2'(Q x U) as
follows

<f5790¢> = <S(90)7¢>
for p € 2(0Q), v € 2(U). Clearly dfs = 0 because

(0fs, o) = —(fs, 00) = —(S(p), 0Y) = (05(¢),¥) = 0.

Let U be an arbitrary Stein manifold. By [19, 5.3.9], U embeds properly into
C? for suitable d as a submanifold. Clearly, we have the following short exact
sequence of Fréchet spaces:

0 — IU) — H(Cd) —7, H{U) — 0,

where I(U) = {f € H(C?) : f|y = 0}. By [41] remark on page 195, I(U) has
() . Each f € H(U,2'(Q)) can be extended to g € H(C?, 2'(€2)). Indeed,

H(U,2'Q) ~HU)2'() ~ L(2(Q),H(U))
and extendability is equivalent to the fact that every operator 7' : Z(Q2) —
H(U) lifts with respect to g. Since Z(2) ~ @Pyen s and s has (DN) the lifting
follows from the (DN) — (€2) splitting theorem [27, 30.1].

We get the conclusion combining this fact with surjectivity of

P(D): 2'(Q,H(CY) - 2'(Q, H(CY) ~ H(C*, 2'(Q)). O

For the smooth dependence we cannot use the idea from the first part of the
proof above, but we can use the splitting theory as the following observation
shows:

Proposition 5.2 Let F' be a Fréchet-Schwartz space, let Y = [l,enY: be a
product of LS-spaces and let T 1Y — 'Y be a surjective operator.

(a) If Extp, o(F' ker T) = 0, then the map T®id : YeF — YeF is surjective.

(b) If Extp,o(F',Y;) =0 for every t and T ®id : YeF — YeF is surjective,
then Extp; o(F' ker T) = 0.

' r = N (B t = t Q )
(c) If either Y; ~ AL_(5;) and F has (2) or Y; ~ Ay(B;) and F has () , then
T'®id : Yel — YeF

is surjective if and only if Extp, ¢(F' ker T') = 0.
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PROOF. Use [4, Prop. 3.3, 3.4] and the fact that if F has () or F has (Q)
then
Extpps(F', AL (8r) = 0 or Extpg(F', Ay(6)) = 0 respectively (see [41]). O

Since 2/(Q) ~ [A_(3)]" (see [36] and [40]) we have

Corollary 5.3 Let I' be Fréchet Schwartz with () and let T : 2'(Q?) —
7'(Q) be surjective, then T @ id : 2'(Q, F) — Z'(Q, F) is surjective if and
only if

Extp, o(F ker T) = 0.

Remark. For non-quasianalytic weights w (see [7] or [4]) 7, (€2) ~ A3
for suitable 8 [40], therefore we have the same result also for 7, instead of

7'(Q).

The following result is crucial for the application of our splitting results from
Sec. 3 and 4.

Proposition 5.4 Let Q C R? be a conver open set, P(D) : 2'(Q) — 2'(Q)
a linear partial differential operator with constant coefficients. Then ker P(D)
has the property (PA) .

PROOF. By Theorem 5.1, P(D) : 7'(2, H(D)) — 2'(2, H(D)) is surjective.
By Corollary 5.3,
Extp;o(H' (D), ker P(D)) = 0.
This completes the proof by Theorem 4.4. Observe that P(D) : 2'(Q) —
9'(Q) is surjective and thus Proj' ker P(D) = 0 while H(D) ~ Ay(a) has ()
]

Theorem 5.5 Let Q C R? be a convex open set, P(D) : 2'(Q) — 2'(Q)
a linear partial differential operator with constant coefficients, then for every
Fréchet nuclear space F' or Kéthe sequence Fréchet-Schwartz space F = Ao (A)
the map

P(D): 2O, F) — 2'(O, F)
is surjective whenever F has property () . In particular, this is the case for
F=C>(U), U an arbitrary smooth manifold.

PROOF. Apply Corollary 5.3, Proposition 5.4 and Theorem 4.1. O

The property (€2) is not a necessary condition in Theorem 5.5. This follows
from the example in [39, p. 190] and the following result, which is a con-
sequence of [2; Th. 36]. One should observe that for F' satisfying LB, by
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[39],

', F)=L2%),F) = UL(@(Q), Fg) = U 9'(Q, Fp),
where F'g are arbitrary Banach spaces continuously embedded into F'. Recall
that the condition LB, is very restrictive, see [39].

Proposition 5.6 Let F' = [[ney Fiv, Fiv Fréchet spaces with property LB,
and T : 9'(Q2) — 2'(Q) is surjective then the following map is surjective as
well

T®id : 20, F) — 2'(Q, F).
The same result holds for Z,, instead of Z'().

Theorem 5.7 If the convolution operator T}, : 9 (R) — Z((R) is surjec-
tive, then

TIJ' : g(lw) (R, F) — @(,w) (R, F)
is surjective for any Fréchet nuclear space F' with property (2) or any Kdéthe
sequence Fréchet-Schwartz space F' = A\ (A) with property () .

PROOF. By [14, Th. 2.10], ker T), ~ Ay oo(c, 3). By Theorem 4.3, ker T},
has (PA) . The result follows from Theorem 4.1 and Corollary 5.3. O

Similar results hold for 7, : & (R) — &y(R) or T, : &y(] — 1,1) —
&y (] —1,1[) and F with property (Q) (use [29, 2.11], [28, Satz 3.2, 3.18], [25]
instead of [14]). Here &7} (€2) denotes the space of ultradifferentiable functions

in the sense of Roumieu [7].

It is worth noting that for hypoelliptic operators one can drop the assumption
of condition (£2) in Theorem 5.5. Indeed, hypoellipticity means that ker P(D)
is a Fréchet space. By [31, Th. 9.1], Extp, o(F', ker P(D)) = 0.

References

[1] K. D. Bierstedt, An introduction to locally convex inductive limits, in:
Functional Analysis and its Applications, H. Hogbe-Nlend (ed.), World Sci.,
Singapore 1988, pp. 35-133.

[2] J. Bonet, P. Domaiiski, Real analytic curves in Fréchet spaces and their duals,
Mh. Math. 126 (1998), 13-36.

[3] J.Bonet, P. Domarnski, Parameter dependence of solutions of partial differential
equations in spaces of real analytic functions, Proc. Amer. Math. Soc. 129
(2000), 495-503.

26



[4] J. Bonet, P. Domanski, Parameter dependence of solutions of differential
equations on spaces of distributions and the splitting of short exact sequences,
J. Funct. Anal., 230 (2006), 329-381.

[5] J. Bonet, P. Domanski, The structure of spaces of quasianalytic functions of
Roumieu type, Preprint 2006.

[6] J. Bonet, P. Domariski, D. Vogt, Interpolation of vector valued real analytic
functions, J. London Math. Soc. 66 (2002), 407-420.

[7] R. W. Braun, R. Meise, B. A. Taylor, Ultradifferentiable functions and Fourier
analysis, Results Math. 17 (1990), 207-237.

[8] S. Dierolf, Uber Vererbbarkeitseigenschaften in topologischen Vektorrdumen,
Dissertation, Ludwig-Maximilians-Universitat, Miinchen 1973.

[9] S. Dierolf, U. Schwanengel, Examples of locally compact non-compact minimal
topological groups, Pac. J. Math. 82 (1979), 349-355.

[10] P. Domarnski, Classical PLS-spaces: spaces of distributions, real analytic
functions and their relatives, in: Orlicz Centenary Volume, Banach Center
Publications, 64, Proceedings of the Conferences: Wiladystaw Orlicz Centenary
Conference and Function Spaces VII held in Poznan, July 21-25, 2003, Z.
Ciesielski, A. Pelczyniski and L. Skrzypczak (Eds.), Institute of Mathematics,
Polish Academy of Sciences, Warszawa 2004, pp. 51-70.

[11] P. Domanski, L. Frerick, D. Vogt, Fréchet quotients of spaces of real analytic
functions, Studia Math. 159 (2003), 229-245.

[12] P. Domaniski, D. Vogt, A splitting theory for the space of distributions, Studia
Math. 140 (2000), 57-77.

[13] P. Domanski, D. Vogt, Distributional complexes split for positive dimensions,
J. reine angew. Math. 522 (2000), 63-79.

[14] U. Franken, R. Meise, Generalized Fourier expansions for zero-solutions of
surjective convolution operators on 2’'(R) and @(’w) (R), Note Mat. (Lecce) 10
Suppl. 1 (1990), 251-272.

[15] L. Frerick, A splitting theorem for nuclear Fréchet spaces, in: Functional
Analysis, Proc. of the First International Workshop held at Trier University,
S. Dierolf, P. Domaniski, S. Dineen (eds.), Walter de Gruyter, Berlin 1996, pp.
165-167.

[16] L. Frerick, D. Kunkle, J. Wengenroth, The projective limit functor for spectra
of webbed spaces, Studia Math. 158 (2003), 117-129.

[17] L.Frerick, J.Wengenroth, A sufficient condition for the vanishing of the derived
projective limit functor, Arch. Math., 67 (1996), 296-301.

[18] L. Hormander, The Analysis of Linear Partial Differential Operators, Springer,
Berlin 1983.

27



[19] L. Hérmander, An Introduction to Complex Analysis in Several Variables, 3"
ed., North-Holland, Amsterdam 1990.

[20] H. Jarchow, Locally Convex Spaces, B. G. Teubner, Stuttgart 1981.

[21] J. Krone, D. Vogt, The splitting relation for Kéthe spaces, Math. Z. 190 (1984),
349-381.

[22] D. Kunkle, Splitting of power series spaces of (PLS)-type, Dissertation,
Wuppertal 2001.

[23] F. Mantlik, Partial differential operators depending analytically on a parameter,
Ann. Inst. Fourier (Grenoble) 41 (1991), 577-599.

[24] F. Mantlik, Linear equations depending differentiably on a parameter, Int.
Equat. Operat. Theory 13 (1990), 231-250.

[25] R. Meise, Sequence space representations for zero-solutions of convolution
equations on ultradifferentiable functions of Roumieu type, Studia Math. 92
(1989), 211-230.

[26] R. Meise, D. Vogt, A characterization of quasi-normable Fréchet spaces, Math.
Nachr. 122 (1985), 141-150.

. Meise, D. Vogt, Introduction to Functional Analysis, Clarendon Press, Oxtor
27| R. Meise, D. Vi I ducti F jonal Analysis, Cl don P Oxford
1997.

[28] T.  Meyer, Surjektivitit von  Faltungsoperatoren auf  R&umen
ultradifferenzierbaren Funktionen vom Roumieu Typ, Dissertation, Diisseldorf
1992.

[29] T. Meyer, Surjectivity of convolution operators on spaces of ultradifferentiable
functions of Roumieu type, Studia Math. 125 (1997), 101-129.

[30] V. P. Palamodov, Linear Differential Operators with Constant Coefficients,
Nauka, Moscow 1967 (Russian), English transl., Springer, Berlin 1971.

[31] V. P. Palamodov, Homological methods in the theory of locally convex spaces,
Uspekhi Mat. Nauk 26 (1) (1971), 3-66 (in Russian); English transl., Russian
Math. Surveys 26 (1) (1971), 1-64.

[32] H. J. Petzsche, Some results of Mittag-Leffler-type for vector valued functions
and spaces of class A, in: Functional Analysis: Surveys and Recent Results ,
K. D. Bierstedt, B. Fuchssteiner (eds.), North-Holland, Amsterdam 1980, pp.
183-204.

[33] W. Roelcke, Einige Permanenzeigenschaften bei topologischen Gruppen und
topologischen Vektorrdumen, Vortrag auf der Funktionalanalysistagung in
Oberwolfach 1972.

[34] W. Roelcke, S. Dierolf, On the three space problem for topological vector spaces,
Collect. Math. 32 (1981), 13-35.

28



[35] F. Treves, Un théoréeme sur les équations aux dérivées partielles a coefficients
constants dépendant de parametres, Bull. Soc. Math. France 90 (1962), 471
486.

[36] M. Valdivia, Representaciones de los espacios 2(Q) y 2'(2), Rev. R. Acad. Sci.
Ezactas Fis. y Nat. (Madrid) 72 (1978), 385-414.

[37] D. Vogt, Vektorwertige Distributionen als Randverteilungen holomorpher
Funktionen, manuscripta math. 17 (1975), 267-290.

[38] D. Vogt, On the solvability of P(D)f = g for vector valued functions, RIMS
Kokyoroku 508 (1983), 168-181.

[39] D. Vogt, Fréchetriume, zwischen denen jede stetige lineare Abbildung
beschrénkt ist, J. Reine Angew. Math. 345 (1983), 182-200.

[40] D. Vogt, Sequence space representations of spaces of test functions and
distributions, in: Functional Analysis, Holomorphy and Approximation Theory,
(eds. G. L. Zapata), Lecture Notes Pure Appl. Math. 83, Marcel Dekker, New
York 1983, pp. 405—443.

[41] D. Vogt, On the functors Ext!(E, F) for Fréchet spaces, Studia Math. 85 (1987),
163-197.

[42] D. Vogt, Topics on projective spectra of LB-spaces, in: Advances in the Theory
of Fréchet Spaces, T. Terzioglu (ed.), Kluwer, Dordrecht 1989, pp. 11-27.

[43] D. Vogt, Regularity properties of LF-spaces, in: Progress in Functional Analysis,
Proc. Int. Functional Analysis Meeting on the Occasion of the 60-th Birthday of
M. Valdivia, Peniscola 1990, K. D. Bierstedt, J. Bonet, J. Horvath, M. Maestre
(eds.), North-Holland, Amsterdam 1992, pp. 57-84.

[44] D. Vogt, Fréchet valued real analytic functions, Bull. Soc. Roy. Sc. Liége 73
(2004), 155-170.

[45] J. Wengenroth, A splitting theorem for subspaces and quotients of ', Bull.
Pol. Acad. Sci. Math. 49 (2001), 349-354.

[46] J. Wengenroth, Derived Functors in Functional Analysis, Lecture Notes Math.
1810, Springer, Berlin 2003.

[47] G.  Wiechert, Dualitdts- und Strukturtheorie der Kerne linearer
Differentialoperatoren, Dissertation Wuppertal (1982).

29



