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ABSTRACT. We determine the spectra of composition operators acting on
weighted Banach spaces HJ° of analytic functions on the unit disc defined
for a radial weight v, when the symbol of the operator has a fixed point in
the open unit disc. We also investigate in this case the growth rate of the
Koenigs eigenfunction and its relation with the essential spectral radius of the
composition operator.

1. INTRODUCTION

The purpose of this paper is to determine the spectrum of a composi-
tion operator which is continuous on a weighted Banach space of analytic
functions on the open unit disc D of type H*°, and to investigate how the es-
sential spectral radius of the operator determines the growth of the Koenigs
eigenfunction for the symbol. We denote by H (D) the space of holomorphic
functions on . As usual, H* is the space of bounded analytic functions on
D endowed with the norm ||f||ge~ = sup,ep|f(z)]. Given an analytic self
map ¢ on D, the composition operator on H (D) is defined by C,(f) = fo.
Clearly, for each positive n, C3 = C,,,, where @y, is the n-th iterate of p. We
refer the reader to the books of Cowen and MacCluer [9] and Shapiro [20]
for a deep study of composition operators on classical spaces of holomorphic
functions on the disc.

A weight v : D — R is a radial bounded continuous strictly positive
function on the unit disc D of the complex plane. We consider the weighted
Bergman spaces of infinite order

H ={f e HD): (||l := jggv(Z)lf(Z)l < oo}

and
Hy={f € H : lm v(z)|f(z)| = 0},

endowed with the norm || - ||,. Notice that the norm topology of HJ° is finer
than the compact-open topology induced on the space. For more details
about spaces of this type we refer the reader to [2, 3, 15] and the references
therein.
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In this paper we determine the spectrum of the composition operator C,
on both H® and HY for more general weights v than the standard weights
vp(2) = (1 — [2]?)P, p > 0, when ¢ have an attractive fixed point in D
thus we extend the results obtained by Aron and Lindstrom in [1]. This is
presented in Theorem 3.5 and Corollary 3.6. The description of the spectrum
of non-compact composition operators acting on Banach spaces of analytic
functions has recently been object of investigations in [10, 14, 22, 16, 18, 19]
and [1].

For general radial weights v and holomorphic self maps ¢ having an at-
tractive fixed point in D we also study how the essential spectral radius of
C, on both H® and HY determines whether the Koenigs eigenfunction o
of Cy, belongs to H;° and HY? respectively. Every holomorphic self map ¢
having non-zero derivative at its Denjoy-Wolf point w € DD has a unique
Koenigs eigenfunction o € H(D) determined by o o ¢ = ¢'(w)o, o' (w) = 1.
We refer the reader to chapters 5 and 6 of Shapiro’s book [20] and to the
survey [21]. Bourdon [6] proved that the Koenigs eigenfunction o € ng
if and only if |¢'(0)] > 7. HY, (Cy), in case ¢ has an attractive fixed point
in D; see [6], Theorem 4.4. Bourdon also proved that if o € Hyo, then
|’ (0)| > Te,Hgs (Cy), and that the converse does not hold; see [6, Section

4]. Moreover, it is known that ¢ € H* if and only if 7. g~ (Cy,) = 0. Our
results and examples in Section 4 extend part of Bourdon results, and show
that it is not possible to extend his results to arbitrary radial weights on the
unit disc.

2. PRELIMINARIES

A radial weight v is called typical if it is non-increasing with respect to
|z| and satisfies lim|,|_,; v(2) = 0. The associated weight @ is defined by

0(2) = (sup{|f(2)| : f € HX [ fllo < 1}) 7

If v is a radial weight, then also v is a radial weight and it is nonincreasing.
If we take v instead of v and v is typical, then o is also typical and both the
spaces H® and H? do not change when we replace v by ©. Moreover, v < 7.
We say that v is an essential weight if there is a constant C' such that v(z) <
9(2) < Cv(z) for all z € D. For the standard weights v,(2) = (1 — |2[?)P,
p > 0, we have that 0, = v,. Further, given z € D, the element §, € (H;°)*
defined by 0, (f) = f(z) satisfies ||0,||, = 1/0(2), and for each z € D there is
f2€ H°, ||f:||lv < 1,such that | f.(z)| = 1/9(z). More information about the
associated weight © can be found in [2, 3]. The polynomials are contained
in H?, and they are dense in H? if the weight v is typical. A moderate
weight v is a smooth weight which satisfies —Alogv(z) ~ (1 — |z|?)~2 for
all z € D, where A = 90 is the Laplacian (see [5], [11]). Every moderate
weight is essential by a theorem of Seip; see Proposition 2 in [11]. Two
weights v and w are equivalent if there are positive constants ¢, C' > 0 such
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that cv <w < Cv on D. A real function f defined on [0,1] is called almost
decreasing if there is C' > 0 such that s < ¢ implies f(¢) < Cf(s).

For a € D, let p,(z) = (a—2)/(1 —az), so that ¢, is an automorphism of
D that exchanges the points 0 and a. If v is a typical weight that satisfies
the Lusky condition [15]

~ —n—1
() -
n o o(1—27")
then Theorem 2.3 in [3] ensures that all operators C, are bounded on both
HY and HZ°. Several conditions equivalent to (x) can be seen in [11]. If
condition (x) is satisfied, then C,, is an invertible bounded operator on
both H? and H for every a € D.

In Section 4 we investigate the growth of Koenigs eigenfunction for an
analytic self map ¢ on the unit disc satisfying ¢(0) = 0, 0 < |¢/(0)] < 1.
Our results yield immediately consequences for analytic self maps with a
Denjoy-Wolff point w € D such that ¢'(w) # 0, at least if the weight v
satisfies Lusky’s condition (). Indeed, if w # 0, define ) = @, 0p0p,,. The
Koenigs eigenfunctions oy, for ¢ and o for ¢ are related by the simple formula
o = (Jlw]? = 1)oy 0 ¢y, Here the factor (Jw|? — 1) yields the normalization
of the derivative o/(w) = 1; see page 571 in [6]. Now

—& w|? = 1) z))|o z
v(z)|o(2)] = @(%(Z»(I 7 = Do(pw(2))]oy(pu(z))]

is bounded or tends to 0 as |z| tends to 1 if and only if v(2)|oy(2)| does, since
% is bounded above and bounded away from 0 by [3]. An analogous
consideration holds for ¢ and Ty On the other hand, since the composition
operators Uy, and Cy, are similar, the spectrum, and the essential spectrum
radius, defined below, of both coincide.

The essential spectrum o x(7") of a bounded operator 7" on the Banach
space X is the set of all A € C such that T'— AI is not Fredholm. It is known
that 0. x (T') = e x+(T*) [12]. The essential spectral radius of 7" on X is
given by

>0,

re.x(T) =sup{|A| : A € oo x(T)}.
Another way of expressing the essential spectral radius is

1
rex(T) = lim |72 .

where ||T||¢,x denotes the essential norm of 7', i.e., the distance from the
compact operators on X.

Let XA € ox(T') be such that |A| > re x (7). Then A lies in the unbounded
component of C\ o, x(T"). Now the Fredholm theory gives that A is an
isolated point of ox (7") which also is an eigenvalue of finite multiplicity. Let
us state this well-known result as a lemma; see [12].

Lemma 2.1. Let T : X — X be a bounded operator. If X € ox(T) is such
that |A| > re x(T'), then X is an isolated eigenvalue of finite multiplicity.
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If the weight v is typical, then the following formula of the essential norm
of C, on H° in terms of the weight has been obtained in [17] or [8], in [§]
with the extra assumption that H? is isomorphic to cp; see also [4],

. v(2)
C G,Hoo — hm Sup 7 ’
|| <,0|| v r~>1|¢(z)|>r ’U(SD(’Z))

If C,, is also bounded on HY, then

) v(z)
[|Coylle.ro = lim sup — .
PO sy ((2))
By Theorem 2.1 in [3], for any typical weight v, Cy, : H3° — HJ° is bounded
if and only if C,, is bounded on HY. Actually, in this case, C,, : H® — HS°
is the bitranspose map of Cy, : H) — HY. Therefore,

Te,i10(Cyp) = Te, 3 (Cyp) and also o0 (Cyp) = o (Cyp).

for every typical weight v such that C, is bounded on HY or H. In
particular, we have

n |z|—1 U(SOTZ(Z

If (0) =0 and 0 # |¢'(0)] < 1, then Koenigs Theorem (see 6.1 in [20])
states that the sequence of functions

1/n
Te,9(Cyp) = Te e (Cyp) = lim (lim sup ~v(z)))) :

ek (2)

' (0)F

converges uniformly on compact subsets of D to a non-constant function
o, which is called Koenigs function, that satisfies o o ¢ = ¢'(0)o. More
generally, if f and X solve f o ¢ = Af, then there is a positive integer n
such that A\ = ¢/(0)" and f is a constant multiple of ¢™. Note also that
|©'(0)] < 1 when ¢(0) = 0 and ¢ is not an automorphism.

op(z) ==

3. THE SPECTRUM OF C’g,. MAIN RESULT.

In this section we assume that p(0) = 0, 0 < |¢'(0)] < 1 and that the
weight v is typical. The assumption ¢(0) = 0 implies that C, is bounded
both on HY and HS°.

Lemma 3.1. Let v be a typical weight and assume that ¢(0) = 0 and 0 <
[¢'(0)| < 1. Both opo(Cy) and o (Cy,) contain ¢'(0)" for all non-negative
integers n.

Proof. We use an argument of [13] to show that 2" € H? C H®, n > 0,

v

is not in the range of Cy, — ¢'(0)"I on H;°. Assume first that f € H®°
and [f(p(2)) — ¢'(0)f(2) = 2. Then f'(¢(2))¢'(2) — ¢'(0)f'(2) = 1 and with
z = 0 we get the contradiction 0 = 1. For n > 1, suppose f € H;° and
fle(2)) = (0)"f(2) = 2™. By repeated differentiation on both sides we get,
for all k& < n, that f*)(0) = 0. Then for &k = n and z = 0, we obtain the
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contradiction 0 = n!. This means that ¢'(0)" € op=(C,) for all n > 0. If
n =0, then ¢'(0)" = 1 is an eigenvalue for Cj,. O

In the next section we discuss when ¢’(0)"™ belongs to the point spectrum
of Cy,.

For a positive integer m and an arbitrary weight v, let H}5, denote the
closed subspace of H ° given by

Hp5, == {f € H;°: f has a zero of at least order m at 0}.

We denote by ||.||m,» the induced norm on HpY,,. The following result and
proof, which we restate, are taken from [1].

Lemma 3.2. Let v be a weight and w € D such that |w| > 1/2. Then
0w lo,m < {10w|lo < 2™ [[6uw]fv,m-

Proof. Since Hp5,, C Hp°, it follows that |[dw||v,m < [|0w|ly. For fixed w € D
there is a f, € H°, ||fwllo < 1, such that |fy,(w)| = 1/0(w). If gu(z) :=
2" fi(2), then ||gy|l, < 1 and

0w|lom = 1guw(w)] = |w|™| fuw(w)] = 1/2™ 1/0(w) = 1/2™ [|0w]l.-

O

Now we want to estimate the norm of the evaluation map acting on the
subspaces H,5,, of H;° for a general weight v. For the standard weight v,

this result has been obtained in [1] with a different proof.

Proposition 3.3. Let m € N and v be an arbitrary weight. Then there is
a constant M,, > 0 such that

1 m
[f(w)] < My, w) 1o fwl

forall f € HX, and w € D.

v,m

Proof. 1t is easy to see that Hj;, = 2™ H;°. Consequently, we can apply the
closed graph theorem to get that the map f +— f/2™ is well-defined, linear
and continuous from H;S5,, into H°. Therefore, there is M, > 0 such that

,m
I[1f/2™lo < M| f]lmw for each f € HpS,. If w e D and f € HJY,, we have
w 1
1) = " E52 < ol 8127 < Ml 1l s

O

Recall that (z;) is an iteration sequence for ¢ if ¢(z) = 241 for all k.
We need the following crucial lemma due to Cowen and MacCluer [9].

Lemma 3.4. If ¢ is not an automorphism and ¢(0) = 0, then given 0 < r <
1, there exists 1 < M < oo such that if (z)}_j is an iteration sequence
with |z,| > r for some non-negative integer n and (wy)p__, are arbitrary
numbers, then there exists f € H™ with f(z) = wg, —K < k < n and
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[|flloo < M sup{|wi| : —K < k < n}. Further there exists b < 1 such that
for any iteration sequence (zx) we have |zp11|/|zk| < b whenever |z < 1/2.

Theorem 3.5. Let v be a typical weight. Suppose @, not an automorphism,
has fixed point 0 € D. Then

oz (Cp) ={A € C1 A < rempe(Cp)} U{¢'(0)" 15
Proof. By Lemmas 2.1 and 3.1 it remains to show that
AeC: N < reax(Cy)} Cous(Cy).

If re s (Cp) = 0, we are done since 0 € ogx(Cy,) when ¢ is not an
automorphism. So we assume that p := re g (Cy) > 0. Since ¢(0) = 0, we
have that ¢(2) = 2¢(2), with ¢» € H*. Hence H;Y,, is an invariant subspace
under C,,. Further, H%, has finite codimension in H;°. Now Lemma 7.17 in
[9], which is also valid for Banach spaces, gives that opg (Cyp) C oz (Cp).
So it is enough to show that any A with 0 < |A| < p belongs to oy (C,) for
some m to be found. Let (), denote the restriction of C, to the invariant
closed subspace Hy,. Since Cy, — Al is not invertible if (Cp, — AI)* is not
bounded from below, we just need to find m with (C,, — AI)* not bounded
from below.

Let 1 < M < oo be the constant in Lemma 3.4 for r = 1/4. Iteration
sequences will be denoted by ¢ = (z;)72_ ;- with K > 0 and |29| > 1/2. Let
n = max{k : |z;x| > 1/4}. Then n > 0 and |2x| < 1/4 for kK > n. By Lemma
3.4 there is b < 1 with |zx41/2k| < b for all £ > n. We may assume that
1/2 < b < 1. This implies

(3.1) |2k < b¥7"z,| for k> .
We now choose m so large that
bm
(3.2) — <1
A

Given any such iteration sequence ¢ = (zj)
functional L; on H, by

v _ i let us define the linear

L(f) = > N Ff(z).
k=—K

Indeed L. is bounded: Proposition 3.3 yields

o0 n oo
| > AR < M 11l D I L™ () T Y AT ™) T
k=—K k=—K k=n-+1
Moreover, since |z;| < 1/4 for k > n and 9(z) is continuous, there is a
constant C' > 0 such that 9(z;)~! < C for k > n. Further, applying (3.1)
and (3.2) we get

G —k ms -1 G —k m |Zn‘m G b k—n
> N o(z) T < > WMo < C NG > (W) < 0.
k=n-+1 k=n+1 k=n+1
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Therefore, L¢ is bounded. Let us find next a lower bound for ||L¢||v,m.
There exists f,, € H3® with ||fs|lv < 1, so that |f.,(20)| = 1/0(20). By
Lemma 3.4, there is fi € H*® with ||fi||lc < M, satisfying |fi(z0)| = 1,
20" f1(20) f20(20) >0 and fi(zz) =0for — K <k <mn, k#0.
Now, the function g(z) := 2™ f1(2) f»,(2) belongs to HpS, and [|g, < M.

Further,

(3'3) LC(g) = Zénfl(zﬂ)fzo(zo) + Z A_kzlgﬁbfl(zk)fzo(zk)'

k=n+1
Since © is non-increasing, we get using again (4.1) and (4.2)

N ko P Ly R | Zn|™ 1
S A ) )] < M S () <ml="

k=n+1
If, in addition, we choose m so that
1 1 b 1
X7 5zn) A= 07 = 2(z0)°

then
|Zn|m |20[™
| AFg(zn)] < o=
,2 20(z0) = 20(20)
Hence by (3.3),
z zo|™
ILe(g)] = |o| Z AFg(z)| > !~0|

k — 20(z0)

Therefore, using Proposition 3.3, we obtain the desired lower bound
IEcllom > > L |
= 9OMo(z0) = 2MM,, O

The final step is to estimate ||(C};, — AI)L¢||v,m for a suitable iteration
sequence (. First observe that

(Cr, = AL = —\ETg,

For the bounded composition operator Cfo : H® — H° we have that

v(w)
|C’ e, rrge = hm sup  ————.
el 1 w)|>r O(pr(w))

Pick p so that || < o < p. Since p is the essential spectral radius, there is
ng so that for every [ > ng,

1CL e, prze > it
Hence for any [ > ng we can find a w € D so that
v(w)
o(pr(w))

Thus, we apply Lemma 3.2 to get

>t >0, and  |gy(w)] > 1/2.

0(2n) A" D(zp) A = 0™
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Bawllom 1 Waulls _ 1 5) _ 4

[Owlom 2™ [[6w]lv 2m o(py(w)) — 2™
This means that for every K > ng with the above choice of w € D we can
form an iteration sequence (z;)7° 5 by letting z_ g = w and zp1 = p(z1)
for k > —K. Then |29| = |¢x(w)| > 1/2.

Finally,
||(C:n B )‘I)L | v,m QMMm m |)“
T < A Bl o < IAM M 274 (DK,
I CHv,m I goK(w)Hv,m K

By choosing K > ng big enough, it follows that C}, — AI is not bounded
from below. U

Corollary 3.6. Let v be a typical weight. Suppose that @, not an automor-
phism, has fixed point 0 € D. Then

oo (Co) ={A € C: A <7 o (Cy) } U {9/ (0)" 132,

Proof. We can apply Theorem 3.5 since 079(Cyp) = oy (Cy) and 7 gro(Cyp) =
Te’Hgo (CSO) D

4. REMARKS AND EXAMPLES ABOUT THE KOENIGS FUNCTION AND THE
ESSENTIAL SPECTRAL RADIUS OF C<P

In this section we investigate when ¢’(0)", n € N, belongs to the point
spectrum of C,, on H° and HY respectively.

Theorem 4.1. Let n € N and v be a typical weight. Suppose ¢(0) =0 and
0 < [¢(0)] < 1. If [¢"(0)]" > remx(Cy) = Te’Hg(CLp), then the Koenigs
eigenfunction o™ belongs to HY with eigenvalue ¢’ (0)™.

Proof. Since ¢'(0)" € opo(Cy) and [¢'(0)[" > 7 po(Cy), it follows from
Lemma 2.1 that ¢/(0)" is an eigenvalue of finite multiplicity. Further, by
the work of Koenigs, only constant multiples of ¢ can be corresponding
eigenfunctions, and consequently o™ € HY. O

We investigate conditions to obtain the converse of Theorem 4.1.

Theorem 4.2. Let n € N and v be a typical weight which is essential.
Suppose that p(0) = 0, 0 < |¢'(0)] < 1 and let 0 < ¢ < p. Assume the
following two conditions:

(a) There is D > 0 such that v, < Dv on D,
(b) The function v/vy is almost decreasing with respect to |z|.

If the eigenfunction o™ for Cy, belongs to H3°, then |¢'(0)[" > Te,Hgo(Cgp)p/q.

Proof. First of all, by (a), Hy° C Hp>, hence 0" € Hp’. By Bourdon’s
results in [6], it follows that |¢’(0)|™ > Te,Hgs (Cyp).
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On the other hand, by our general assumptions on ¢, |y (2)| < |z| for all
z € D and n € N. We can apply (b) to get C' > 0 with

o) o tl2)

< forall ze€Dandn € N.
v(pn(2)) vg(pn(2))

Since

n |z]—1 U(Spn(z
and v is essential, we get 7, yo(Cy,) < 7. go (Cy). It is easy to check that
sty g
Te Hge (Cyp)? = Te,Hgg(C¢)p. This implies |¢/(0)|" > Te,Hgs (Cy) = Te,H;;;(C@)p/q >
Te, e (qp)p/q' 0

Corollary 4.3. Suppose that ¢(0) =0, 0 < |¢/(0)| < 1. Let v be a typical
weight which is essential and such that, for some ¢ > 0, v(z)/vq4(2) is almost
decreasing with respect to |z|, and, further, there is €9 > 0 such that for

each 0 < e < g there is C(e) > 0 with (1 — ]2]2)”"—(2)) < C(e) for every

v(z

z € D. If for some n € N the eigenfunction o™ for C, belongs to H.°, then
[/ (0)|" 2 e, m0(Cy) = re, e (Cp)-

Proof. Fix 0 < € < g9. We show that v satisfies the assumptions (a) and (b)
of Theorem 4.2 for ¢ < p = ¢+ €. Indeed, (b) is trivial, as v/v, is assumed
to be almost decreasing with respect to |z|. On the other hand

1/n
Te,i0(Cy) = lim (lim sup NU(Z)))>

vg(2)
— 1 _ 2\e ¥q < C .
(1- 122 < cie)
We apply Theorem 4.2 to conclude |¢’(0)|™ > re,Hgo(Cg,)(q*E)/q. Since this
holds for each 0 < € < g¢, the conclusion follows. O

Observe that the second assumption in Corollary 4.3 holds if for each
v(r)

0<8<5O,hmrﬂlm>0'

The weights v(z) = (1 —|z|2)P(1 —log(1—[z|?))™, a > 0and 0 < p < oo,
are moderate, hence essential by a theorem of Seip (see Proposition 2 in [11]),
and satisfy the assumptions of Corollary 4.3, as a calculation shows. In fact
(1—log(1—|2]?))~ is even decreasing. The following example yields that for
these weights we cannot obtain a characterization like Bourdon’s Theorem
4.4 in [6] “o € ng if and only if |¢'(0)| > re go (Cyp)”. In particular, the
converse of Theorem 4.1 does not hold for generz;l weights v.

Example 1. The function o(z) = 1= is the Koenigs function for ¢(z) =

5= . Clearly o € H) for the weight v(z) = (1—|z|?)(1—log(1— |2/?)) ! and

¢'(0) = 1/2. It follows from Corollary 4.3 that r, o (Cy) < %. Notice that

(2) : 4 dm 9n
)= an: m —F——m = .
AT G e LT — [ ()2
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Then using

lon(2)[?
o(z) _ 1-|of log ("2 F)

vien(z))  1—=len(z)2 \* 1-log(1—[%) )"

we conclude that

1/n
lim (lim sup v(z)))) =1/2.

n\ o1 V(pn(z

Hence 7, 10(Cyp) = 1/2 = ¢'(0). This shows that “greater or equal” cannot
be replaced by “strictly greater” in Corollary 4.3.

Example 2. By Theorem 4.1 and Corollary 4.3 we have
16" (0)] > 7e,m9(Cyp) = 0 € HY = ¢/ (0)] = 7,9 (Cop).-

Example 1 shows that the first arrow cannot be reversed. We exhibit an
example of a Koenigs eigenfunction o € H® \ HY for a self map ¢ such
that |¢'(0)] = 7,19 (Cyp) = re,mz (Cyp), thus showing that the second arrow
cannot be reversed either. To see this, take the weight v(z) = (1 — |2|)(1 —
log(1 — |z|))~!, which is equivalent to the one in Example 1, and o(2) :=
(1/(1 —2))log(1/(1 — z)), as in the first example in page 578 of [6]. Then o
is the Koenigs eigenfunction of ¢ = 0=t 00/2, s0 ¢(0) = 0 and ¢'(0) = 1/2.
For the weight vi(z) = 1 — |2|, it is shown in [6] that |¢'(0)| = Te,HY, (Cyp).
Clearly 0 € H> \ H?, and we can apply Corollary 4.3 to get |¢/(0)] =
Te,H, (Cyp) > e o(Cyp). Thus the second implication cannot be reversed.
To see the equality of the two radii, observe that

im su @) — limsu vi(2) 1 —log(1 — |en(2)])
lwzmp v(en(2)) l\zmp 01(pn(2)) ( 1—log(1 —|2]) ) '

Now, for each n there is a sequence (z}!), in D with |2/| — 1 as k — o0,
such that the sequence ((1 — |2}|)/(1 — |en(2})]))r converges. This implies

that
1 -1 — lon (27
o (L1080 = oG
k 1 —log(1 —|2})

and we see that the inequality 7, HY, (Cyp) < 71e,mo(Cyp) also holds.
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