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Abstract. Aspects of the theory of mean ergodic operators and bases in Fréchet
spaces were recently developed in [1]. This investigation is extended here to
the class of barrelled locally convex spaces. Duality theory, also for operators,
plays a prominent role.
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1. Introduction

Certain aspects of the theory of mean ergodic operators in Banach spaces (see,
e.g., [14] and the references therein) are related to the theory of bases. This is
well documented in [10] (see also the references) where it is shown, amongst other
results, that a Banach space with a basis is reflexive if and only if every power
bounded operator is mean ergodic. The proof is based on classical results of A.A.
Pelczynski and of M. Zippin, connecting bases with reflexivity. In order to extend
the results of [10] to the Fréchet space setting, it is necessary to have available
the corresponding results of Pelczynski and of Zippin. These were established,
and then applied to mean ergodic operators, in the recent article [1]. Since much
of modern analysis also occurs in locally convex Hausdorfl spaces (briefly, 1cHs)
which are not metrizable, there is some interest in extending the recent results of
[1] beyond the Fréchet space setting. This is our aim here.
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A continuous linear operator T in a IcHs X (the space of all such operators
is denoted by £(X)) is called mean ergodic if the limits

L
Pz := lim — > 1w, weX, (1.1)
m=1
exist in X. An operator T' € £(X) is said to be power bounded if {T™}5°_; is an
equicontinuous subset of £L(X). Of course, for X a Banach space, this means that
sup,,>q |77 || < oc. A power bounded operator 7" is mean ergodic precisely when

X=Ker(I -T)®Im(I-1T), (1.2)

where I is the identity operator, Im(I — T) denotes the range of (I —T') and the
bar denotes the “closure in X”. In general, the right—hand side of (1.2) is the set
of all z € X for which the sequence {1 3" | T™x}>°_ converges to 0 in X. Let
us indicate some of our main results.

Technical terms concerning lcHs” X and certain aspects of £(X) will be
defined in later sections. Let us recall at this stage that if I'y is a system of
continuous seminorms determining the topology of X, then the strong operator
topology 7 in £(X) is determined by the family of seminorms

¢(S) :=q(Sz), SeL(X),

for each € X and q € I'x (in which case we write £;(X)). Denote by B(X) the
collection of all bounded subsets of X. The topology 7, of uniform convergence on
bounded sets is defined in £(X) via the seminorms

qs(S) = sug q(Sz), SeL(X),
xc

for each B € B(X) and g € T'x (in which case we write £;(X)). For X a Banach
space, T is the operator norm topology in L£(X). If I'x is countable and X is
complete, then X is called a Fréchet space.

Given T € L(X), let

1~ o
Ty ::;ZT , neN, (1.3)
m=1

denote the Cesaro means of T (see also (1.1)). Then T is mean ergodic precisely
when {Tj,}52, is a convergent sequence in L,(X). If {T},}7Z, happens to be
convergent in £,(X), then T is called uniformly mean ergodic. The space X itself
is called mean ergodic (resp. uniformly mean ergodic) if every power bounded
operator on X is mean ergodic (resp. uniformly mean ergodic).

The natural setting for mean ergodic operators seems to be the class of bar-
relled IcHs’. We show in Section 3 that most of the results on mean ergodicity
that were established in [1] for operators on Fréchet spaces carry over to barrelled
spaces; see also [21, Ch. VIII, §3]. The same is also true of Propositions 2.3 and
2.4 below. Since the strong dual of a distinguished Fréchet space is barrelled, the
current results can be combined with those of [1] via duality theory.



On Mean Ergodic Operators 3

An important class of Fréchet spaces consists of the Koéthe echelon spaces
Ap(A), whose mean ergodicity properties were thoroughly investigated in [1]. Just
as important is the class of Kéthe co—echelon spaces k,(V'), for p € {0} U[1, oo, all
barrelled, but, typically not Fréchet spaces except for very special cases. In Section
4 the general results of Sections 2 and 3 are applied to give a complete description
of the ergodicity properties of these co—echelon spaces. For instance, if 1 < p < oo,
then the reflexive space k,(V'), necessarily mean ergodic, is uniformly mean ergodic
iff it is Montel. The non-reflexive co—echelon spaces k1(V) and koo (V') are mean
ergodic iff they are uniformly mean ergodic iff they are Montel. Provided it is
complete, ko (V') is mean ergodic iff it is uniformly mean ergodic iff it is a Schwartz
space.

2. Preliminary results
Given a lcHs X and T € £(X) we have

(I =~ T)Ty = Tpo(I ~T) = -(T ~T"), neN, (2.1)
and also, with Tjo := I, that
%T” T e N (2.2)
If T € L(X) is power bounded, then
Im(I-T)={reX: lim Tj,z = 0} (2.3)
and hence, in particular,
Tm(1 —T) N Kex(I - T) = {0}, (2.4)
[21, Ch. VIII, §3]. Moreover, such a T clearly satisfies
lim 77 = 0, in £4(X). (2.5)
n—oo n

The following fact, without a proof, occurs in [1, Proposition 2.3].

Proposition 2.1. Let X be a barrelled lcHs. If T € L(X) satisfies (2.5) and
{Tinyw}5y is bounded in X, for each x € X, (2.6)
then T satisfies both (2.3) and (2.4).

Proof. Tt follows from (2.1) and (2.5) that lim, .. Tjpyw = 0 for w € Im(I —T).

Since X is barrelled, condition (2.6) implies that {Tf,;}n2, is an equicontinuous

subset of £(X), [13, p.137]. So, given any ¢ € I'x there exists p € I'x such that
q(Timz) <p(r), z€X, neN.

Fix z € Im(I — T). Given ¢ > 0 there exists w, € Im(I-T) satisfying p(z—w.) < e.
Then we have
q(T[n]Z) <e+ Q(T[n]ws)a n €N,
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which implies that limsup,, ¢(T},)2) < €. Since € > 0 is arbitrary, we can conclude
that T,z — 0 in X. This establishes one containment in (2.3).
Conversely, let € X satisfy lim,, o T},,)z = 0. It follows from (1.3) that

(I4+T+...+T™ Yo e Im(I - T),

S|

o= Tpr=10-T))
m=1

for each n € N. Combined with T},jz — 0in X, it is immediate that x € Im(I — T').
This establishes equality in (2.3).

Finally, observe if € Im(I —T) NKer(I —T'), then x = Tz and hence, via

(1.3), we have & = T,z for all n € N. It then follows from (2.3) that = = 0. So,

(2.4) is also valid. O

Given T € L(X), its dual operator T': X' — X', where X’ is the continuous
dual space of X, is defined by (Tz,z’) = (z,T'z') for all z € X, 2’ € X'. By
X, we denote X equipped with its weak topology o(X,X’). A subset A C X is
called relatively sequentially (X, X')—compact if every sequence in A contains a
subsequence which is convergent in X,. Such sets belong to B(X), [12, §24;(1)],
after recalling that every sequentially compact set in any lcHs is also relatively
countably compact, [12, p.310]. The following version of the Mean Ergodic Theo-
rem for Banach spaces occurs in [8, Ch. VIII, 5.1-5.3], [16, p.214], and for IcHs’ in
[1, Theorem 2.4].

Proposition 2.2. Let X be a barrelled IcHs and T € L(X). Then T is mean ergodic
if and only if it satisfies (2.5) and

{Tinyx}os, is relatively sequentially o(X, X')-compact, Vo € X. (2.7)

Setting P := 75-limy, o0 T}y, the operator P is a projection which commutes with
T and satisfies Im(P) = Ker(I —T) and Ker(P) =Im(I — T). Moreover, X has a
direct sum decomposition as given by (1.2).

Many IcHs’ X have the property that all relatively o(X, X’)-compact sets
are also relatively sequentially o (X, X’)—compact. This includes all Fréchet spaces
(actually, all (LF)-spaces), all (DF)-spaces, and many more, [6, Theorem 11, Ex-
amples 1.2]. The following fact is an extension of [1, Corollary 2.7].

Proposition 2.3. Let X be a reflexive lcHs in which every relatively o(X, X')—-
compact set is relatively sequentially o(X, X')-compact. Then X is mean ergodic.

Proof. Let T € L(X) be power bounded. Then clearly (2.5) holds as does (2.6); see
[1, Remark 2.6(i)]. By definition, all reflexive spaces are barrelled and all bounded
sets in a reflexive lcHs X are relatively o(X, X’)—compact, [12, p.299]. By the hy-
potheses on X, all bounded sets are then relatively sequentially o (X, X’)—compact.
This, together with (2.6), implies that (2.7) holds. The mean ergodicity of T then
follows from Proposition 2.2. O

A special case of the following fact occurs in [1, Proposition 2.8].
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Proposition 2.4. Let X be a Montel space in which every relatively o(X, X')-
compact set is relatively sequentially o(X, X')-compact. Then X is uniformly mean
ergodic.

Proof. Let T € L(X) be power bounded. Since X is reflexive, [12, p.369], it follows
from Proposition 2.3 that T is mean ergodic. The proof can now be completed as
in that of Proposition 2.8 of [1]. O

For Banach spaces the following result is due to M. Lin [15] and for general
Fréchet spaces it occurs in [1, Proposition 2.16]. An examination of the proof
given in [1] shows that the Fréchet space condition is only used to conclude that
the inverse of a certain linear bijection is again continuous. So, we can replace this
requirement with the property that every continuous linear surjection is an open
map (i.e., the open mapping theorem is valid). Of course, (ii) = (i) is immediate
from the identities

N |
m—1
[~ Ty = ;n(I+T+...T )| (I-T), neN.

So, we have the following result.

Proposition 2.5. Let X be a lcHs with the property that every continuous linear
surjection from X onto itself is an open map. Let T € L(X) satisfy Ker(I —T') =
{0} and LT™ — 0 in L,(X) as n — oo. Consider the following statements.

(i) I — Ty is surjective for some n € N.

(ii) I —T is surjective.

(iii) T — 0 in Lp(X) as n — oco.
Then (i) < (ii) = (4i%). If, in addition, X is a Banach space, then also (iii) = (4).

The class of all IcHs’ which satisfy the hypothesis of Proposition 2.5 includes
all ultrabornological spaces which possess a web, [17, Theorem 24.30], and in par-
ticular, includes all (LF)-spaces, the space of distributions D’, and many more.

It is shown in Example 2.17 of [1], that the implication (iii)=(i) of Theorem
2.5 fails for Fréchet spaces in general. It might be hoped that (iii)=-(i) holds at
least for (LB)-spaces. We will see in Section 4 that this is not the case.

The strong topology in a IcHs X (resp. in X') is denoted by (X, X') (resp.
B(X', X)) and we write Xg (resp. X}); see [12, §21.2] for the definition. The final
three results are concerned with duality. The first one occurs in [2, Lemma 2.1].

Lemma 2.6. Let X, Y be lcHs’ with Y quasi-barrelled. Then the linear map
: Ly(X,Y) — Ly(Yy, Xp) defined by ®(T) := T', for T € L(X,Y), is con-
tinuous.

In particular, if X is quasi-barrelled and {T,}52,; C L(X) is a sequence
which satisfies T,-lim, oo T, = T in Ly(X), then also Tp-lim, oo Tt = T in
Ly(X3).

A useful consequence is the following observation.
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Corollary 2.7. Let X be a lcHs and T € L(X).

(i) If T is uniformly mean ergodic, then T* € L(X};) is mean ergodic.
(i) Suppose that X is quasi-barrelled. If T is uniformly mean ergodic, then T* €
L(X}) is uniformly mean ergodic.
(iii) Suppose that X is sequentially complete and that both X and X[ are quasi-
barrelled. If Tt € E(X['B) is uniformly mean ergodic, then T itself is uniformly
mean ergodic.

Proof. (i) By assumption there is P € £(X) such that lim,, . T}, = P in £(X).
Fix 2’ € X’ and B € B(X). Since

Wp:={S € L(X): |(Sz,2")| <1forall z € B}

is a 0-neighbourhood in Ly(X) there is n(0) € N such that (Tj,;) — P) € Wp for
all n > n(0), that is,
|z, (T[t PYa")| = (T} — P)z,a2")| <1, =z € B.

n]

Equivalently, (T2’ —P'z') € B° (the polar of B). Since B € B(X) is arbitrary, we
conclude that lim,,_ T[tn]x’ = Pz’ in X for each 2" € X', i.e., limy, oo T[tn] = P!
in Ls(X}).

(ii) Since (T*)pn) = T[tn] for all n € N (see (1.3)), it follows from Lemma 2.6
that 7" is uniformly mean ergodic in XJ.

(iii) Let T}, — Q in Ly(Xj). By Lemma 2.6 applied to T in X; we have that
(T") ) — Q" in Ly(X ) as n — oo. Observe that the restriction (T%)p,|x = Tjny,
for n € N. Interpreting any given element 2 € X (and then also T},)z) as an element
of X we have that Q'z = lim,, . Tjyx in X} Since X is quasi-barrelled, X[
induces the original topology on X, [12, p.301], that is, {7}z };2, is Cauchy in
X and hence, by sequential completeness, converges in X. It follows that the limit
must be Q'z, that is, Q'x € X. Hence, Q*(X) C X and, since the topology of
X is that induced by X[, it follows that P := Q'|x belongs to £(X). Moreover,
(T") ) — Q" in Ly(X};) implies that Tj,) — P in L£,(X) as n — oo. O

Remark 2.8. Every reflexive IcHs X satisfies the hypotheses of (iii) in Corollary
2.7. So does every distinguished Fréchet space (such spaces are not necessarily
reflexive). Also, every sequentially complete, quasi-barrelled (DF)-space X has
the required properties (as X ’ﬁ, being a Fréchet space, is surely quasi-barrelled).
Of course, every sequentially complete, quasi—barrelled space is actually barrelled,
12, p.368).

If X is a quasi—barrelled 1cHs, then the general theory of such spaces ensures
that T' € L(X) is power bounded if and only if T* € L(X}) is power bounded,
[13, (6), p.138]. Combining this with Corollary 2.7(iii) gives the following result;
see also Proposition 2.4.
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Corollary 2.9. Let X be a sequentially complete, barrelled lcHs with X;3 quasi—
barrelled. Then X is uniformly mean ergodic if and only if X,g is uniformly mean
ergodic.

We mention that if T € £(X) is mean ergodic, then so is T* € £(X), where
X! denotes X’ equipped with its weak—star topology o (X', X). Actually, it suffices
for T to be mean ergodic in X,.

As an application of Corollary 2.9 we have some examples.

Ezample. (i) The separable (LB)-spaces L+ := U,,L"([0,1]), for 1 < p < oo, are
all reflexive. The corresponding strong duals (L,+) = Ni<r<p L7([0,1]) = Ly,
with p’ the conjugate exponent of p, are reflexive Fréchet spaces, equipped with
the seminorms

1 1/B8(m)
o) = [ 1FOP™a) L fe e

for any increasing sequence 1 < B(m) T p’ as m — oo. These Fréchet spaces
have been studied in [5]. By [1, Proposition 2.11] each Fréchet space L, -, for
1 < p' < oo, fails to be uniformly mean ergodic. So, each (LB)-space L,+, for
1 < p < o0, fails to be uniformly mean ergodic; see Corollary 2.9.

(ii) For each 1 < p < oo, the sequence space £ := Uj<,<pl" is a separable,
reflexive (LB)-space. The corresponding strong dual (€7 ) = Npspl” =: 28
with p’ the conjugate exponent of p, is a reflexive Fréchet space, equipped with
the seminorms

00 1/8(n)
n '+
qp n(x) = (E |xi|5( )> , wewr
i=1

where 8(n) :=p' + % for n € N. This family of Fréchet spaces was studied in [18].
By [1, Proposition 2.15] the Fréchet space é’#, for 1 < p’ < oo, is not uniformly
mean ergodic. So, again by Corollary 2.9, the (LB)-space 7 , for 1 < p < oo, is
not uniformly mean ergodic.

3. Mean ergodic results

A sequence (P,)52; C L(X) is a Schauder decomposition of X if it satisfies:

(S1) P, P, = min{m,n} for all m,n € N,

(S2) P, — I'in L4(X) as n — oo, and

(S3) P, # P,, whenever n # m.
By setting Q, := P, and Q,, := P, — P,_1 for n > 2 we arrive at a sequence of
pairwise orthogonal projections (i.e. Q,Q,, = 0if n # m) satisfying > -, Q, = I,
with the series converging in £4(X). If the series is unconditionally convergent in
L(X), then {P,}52, is called an unconditional Schauder decomposition, [19]. Such
decompositions are intimately associated with (non—trivial) spectral measures; see
(the proof of) [4, Proposition 4.3] and [19, Lemma 5 and Theorem 6]. If X is
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barrelled, then (S2) implies that {P,}52, is an equicontinuous subset of L£(X).
According to (S1) each P, and Q,, for n € N, is a projection and @, — 0 in
Ls(X) as n — oo. Condition (S3) ensures that @, # 0 for each n € N.

Let {P,}52, C L(X) be a Schauder decomposition of X. Then the dual
projections {P!}> | C L£(X!) always form a Schauder decomposition of X/, [11,
p.378]. If, in addition, {P}}72; C L(X}) is a Schauder decomposition of X, then
the original sequence {P,}°2  is called shrinking, [11, p.379]. Since (S1) and (S3)
clearly hold for {P,}° ;, this means precisely that P, — I in L£,(X}); see (S2).

In dealing with the uniform mean ergodicity of operators the following no-
tion, due to J.C. Diaz and M.A. Minarro, [7, p.194], is rather useful. A Schauder
decomposition {P,,}22; in a IcHs X is said to have property (M) if P, — I in
Ly(X) as n — oo. Since every non-zero projection P in a Banach space satisfies
[IP|| > 1, it is clear that no Schauder decomposition in any Banach space can have
property (M). For non-normable spaces the situation is quite different. For in-
stance, if X is a Fréchet Montel space (resp. Fréchet GDP—space, which is a larger
class of spaces; see [4]), then every Schauder decomposition in X has property
(M); see [7] (resp. [4, Proposition 4.2]). The following two technical results will be
needed latter.

Lemma 3.1. Let X be a barrelled IcHs which admits a non-shrinking Schauder
decomposition. Then there exists a Schauder decomposition {P;}52, C L(X) of X,
a functional £ € X' and a bounded sequence {z;}32; C X with z; € (Pj11—P;)(X)
such that [(z;,&)| > % for all j € N.

Proof. Adapt the proof of Lemma 4.4 in [1]. O

Lemma 3.2. Let X be a barrelled lcHs which admits a Schauder decomposition
without property (M). Then there exists a Schauder decomposition {P;}32; C
L((X) of X, a seminorm q € I'x and a bounded sequence {z;}32; C X with
zj € (Pj41 — P;)(X) such that q(z;) > 1 for all j € N.

Proof. The proof of Lemma 4.5 in [1] also applies here. O

Remark 3.3. Let {P;}32, be any Schauder decomposition in the complete barrelled
IcHs X with I'x a system of continuous seminorms generating the topology of X.
Then {P;}52, is an equicontinuous sequence. Hence, for every p € I'y there exist
g € I'x and M, > 0 such that

p(Pjz) < Mpq(x), w€ X,
for all j € N. By setting 7(z) := sup;cy r(Pjz), for every r € I'x, we obtain
p(z) < p(x) < Mpq(x) < Mpg(z), z€X.

Accordingly, T'x := {p: p € I'x} is also a system of continuous seminorms
generating the topology of X and satisfies

p(Pjz) <p(z), ze€X,jeN (3.1)
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The proof of the next result and Theorems 3.6 and 3.8 below follow those
given in [1] for the corresponding result in Fréchet spaces. We include the essential
parts of these proofs to illustrate certain differences in the current setting and for
the sake of self containment.

Theorem 3.4. Let X be a complete barrelled lcHs which admits a non—shrinking
Schauder decomposition. Then there exists a power bounded operator on X which
is mot mean ergodic.

Proof. The proof is similar to that of Theorem 1.5 of [1]. For the sake of complete-
ness, we include the proof.

Let (P;); C £(X) denote a Schauder decomposition as given by Lemma 3.1
and define projections Q; := P; — Pj_1 (Py := 0) and closed subspaces X; :=
Q;(X),j€eN.

By Lemma 3.1 there exist a bounded sequence {z; };";1 C X with z; € Xj41,
and £ € X' such that |(z;,&)| > 1 for all j € N. Set e; := 2;/(2,£) € Xj11. Then
{e;}52, is a bounded sequence of X and (e;,§) =1 for all j € N.

By Remark 3.3 there exists a system I'x of continuous seminorms generating
the topology of X such that

p(Pjz) < p(z), ze€X, (3.2)

for all p € I'x and j € N. Moreover, since £ € X', there exists pg € I'x such that
[{(z,€)] < po(x) for all z € X.

As in [10, p.150], take a sequence a = {a;}32; C R with >>°2, a; =1, a; > 0,
and set A, := Z?:1 a;. For x € X and integers m > n > 2 we have

m n—1 m m m
S = (S (szx)@aj 3 i
k=n j=1 k=n j=n k=j

Since Y77, Qrz sums to z in X, we see that {d°]" | ApQrz}e_; is a Cauchy
sequence and hence, converges in X. Moreover, for each p € I'x, by (3.2) we have

P <Z AkafE>
=1

P> a;(Pn—Pi1)x
j=1

IN

ZCLj(]?(me) +p(Pj,1$)) < Qp(al‘), (33>
j=1
for each m € N. Define a linear map T,,: X — X by

T,z := ZAkax + Z(Pj,lx,@ajej, re X. (3.4)
k=1 =2
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From (3.3) we obtain, for each p € T'x with p > pg, that

p(Tax) < p(O_ AnQiz) + > [(Pi—12,8)|ajp(e;)
k=1 j=2
< 2p(z) + Z ajpo(Pj-12)p(e;).
j=2
Note that M), := sup;eyp(e;) < oo, because {e;}32; is bounded in X. Moreover,
by (3.2) we have po(Pj_1z) < po(z) < p(x) for all x € X. Hence,

p(Tox) < (2+ My)p(2)

for all z € X, where 2 4+ M, depends only on p.

To show that T, is power bounded, it suffices to show that for arbitrary
sequences a = {a;}32; and b = {b;}52, of positive numbers with 23011 a; =1=
Z;’il b; we have T, T3, = T, with c a sequence of the same type. This is the claim
in p. 150 of [10] which is purely algebraic and is proved on p. 151 of [10].

Finally, proceeding as in the final part of the proof of Theorem 1.5 of [1] one
shows that Ker(I —T,) = {0} and ¢ € Ker(I — T}), i.e., Ker(I — T!) # {0}. Thus,
we can apply Theorem 2.12 of [1] to conclude that T, is not mean ergodic. O

Recall that a sequence {z,}5%; in a lcHs X is a basis if, for every x € X,
there is a unique sequence {a;,, }22; C C such that the series > - | a,,z;,, converges
to z in X. By setting f,(x) := a, we obtain a linear form f, : X — C which
is called the n-th coefficient functional associated to {x,}32 ;. The functionals f,,
n € N, are uniquely determined by {z,,}22, and {(x,, fn)}32, is a biorthogonal
sequence (i.e. (@y, fm) = Omn for m,n € N). For each n € N, the map P,, : X — X
defined by

n n
i=1 i=1
is a linear projection with range equal to the finite dimensional space span(z;)? ;.
If, in addition, {f,}22; C X', then the basis {z,}72, is called a Schauder basis
for X. In this case, {P,}52,; C L(X) is clearly a Schauder decomposition of X
and each dual operator
n
P!z Z(xi,x’>fi, e X, (3.6)
i=1
for n € N, is a projection with range equal to span(f;)?" ;. Moreover, for every
z' € X' the series Y=, (z;,2') f; converges to f in X/. For this reason, {f,}72, is
also referred to as the dual basis of the Schauder basis {x,,}22 ;. The terminology
“X has a Schauder basis” will also be abbreviated simply to “X has a basis”.

Theorem 3.5. Let X be a complete barrelled lcHs with a Schauder basis and
in which every relatively o(X, X')-compact subset of X is relatively sequentially
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o(X, X")—compact. Then X is reflexive if and only if every power bounded operator
on X is mean ergodic.

Proof. 1If X is reflexive, then X is mean ergodic by Proposition 2.3. Conversely, if
X is not reflexive, then Theorem 1.2 of [1] shows that X admits a non—shrinking
Schauder basis. By Theorem 3.4, X is not mean ergodic. ]

Theorem 3.6. Let X be a complete barrelled lcHs which admits a Schauder decom-
position without property (M). Then there exists a power bounded, mean ergodic
operator T € L(X) which is not uniformly mean ergodic.

Proof. Let {P;}52; C L(X) denote a Schauder decomposition as given by Lemma
3.2 and define projections Q; := P; — Pj_; (P, := 0) and closed subspaces X; :=
Q;(X) for all j € N. By Lemma 3.2 there exist a bounded sequence {z;}3; C X
and a continuous seminorm ¢ on X with z; € X;4, and ¢(z;) > 1/2 for all j € N.

Since {P;}72 is an equicontinuous sequence (because X is barrelled), we can
apply Remark 3.3 to choose a system I'x of continuous seminorms generating the
topology of X such that

p(Pjz) < p(z), ze€X, (3.7)

for all p € I'x and j € N. Clearly, there also exists py € I'x such that pg > ¢ on
X. Hence, po(z;) > 1/2 for all j € N.

For any sequence a = {a;}32, of positive numbers with Z;’il a; =1 we set
A, = 2?21 a; and define a linear map T, : X — X by

T,z := ZAkax, z e X.
k=1

As in the proof of Theorem 3.4 one shows that T, is well defined, satisfies
p(Tox) < 2p(x), z€X, (3.8)

for all p € I'x, and is power bounded.
Proceeding as in the proof of Theorem 5.2 of [1], one shows that Ker(I—-T,) =
{0} and Ker(I —T!) = {0} and hence, by Theorem 2.12 of [1], T,, is mean ergodic.
It remains to show that T := T, is not uniformly mean ergodic for the choice
aj := 279, In this case, Ay, = 1 — 27" for all k € N. Moreover, from Q;Q = 0
whenever j # k and Q? = @y, it follows that

Ty = ZA’,?Q;C:L r e X,
k=1

for all m € N. Hence,

1SN A
T = — (1 - A7 X . .
()T nz 4, ( DQrz, ze€X, neN (3.9)

k=1
Since T' is mean ergodic, there exists P € £L(X) with Tj,) — P in L,(X).
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Next, if z € X, for a fixed j € N, by (3.9) we have that

1 A,
T = - J
[(n]® nl—A;

j
for all n € N, as Q;Qr = 0 whenever j # k and Q? = Qj. Since 0 < (1 - A7) <1,
it follows that

' (1 - A?).’t,

1
< = J
P(Thn2) < 5= Ajp(w)

for all p € I'x and n € N. Therefore, p(7Tj,jz) — 0 as n — oo for all p € I'x. Since
Tipyx — Pr as n — oo, we see that Px = 0. That is, Py = 0 for all y € U2, X
Since U2 X is dense in X and P € L£(X), we obtain that P = 0 on X, that is,
T[n] — 0 in ,CS(X)

Suppose that T' is uniformly mean ergodic. Then T,; — 0 in Ly(X). In
particular, since {z; };";1 is a bounded sequence in X, we have

lim sup p(Tjn)2;) =0 (3.10)
n—oo jEN
for all p € I'x. But, for all j € N,
1 o
pO(T[Qj]Zj) > 1[1 — (1 -2 ])2J]’
with lim; (1 —277)2 = ¢~1, This is in contradiction with (3.10). O
For Fréchet spaces, the following result occurs in [1, Theorem 1.3].

Theorem 3.7. Let X be a complete barrelled IlcHs with a Schauder basis and
in which every relatively o(X, X')-compact subset of X is relatively sequentially
(X, X")—compact. Then X is Montel if and only if every power bounded opera-
tor on X is uniformly mean ergodic, that is, if and only if X is uniformly mean
ergodic.

Proof. Suppose that X is Montel. Then Proposition 2.4 implies that X is uni-
formly mean ergodic. Conversely, suppose that X is not Montel. Observe that
the Schauder decomposition {P,}22,; C £(X) induced by the basis of X has the
property that each space Qn(X) := (P, — Po—1)(X), n € N, is Montel because
dim @, (X) =1 for all n € N. By [2, Proposition 3.8(iii)], the Schauder decompo-
sition {P,}52; does not satisfy property (M) and hence, Theorem 3.6 guarantees
the existence of a power bounded, mean ergodic operator in £(X) which fails to
be uniformly mean ergodic. O

Theorem 3.8. Let X be a sequentially complete lcHs which contains an isomorphic
copy of the Banach space cy. Then there exists a power bounded operator on X
which is not mean ergodic.

Proof. Suppose that J is a topological isomorphism from ¢g into X. Let {e,}52
be the canonical basis of ¢g. Then the elements y,, := Je, form a Schauder basis
of Y := J(cp).
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Denote by || ||¢, the norm in ¢y and by I'x a system of continuous seminorms
generating the topology of X. Then, for all p € I'x, there exists M,, > 0 such that

p(Jz) < My||x|lees @ € co.
There also exist pg € I'x and K > 0 such that
l|z]|c, < Kpo(Jz), = € co.

Therefore, we have that

sup|z;| < Kpo()_xjy;) and p(>_ajy;) < Mysuplz;|  (3.11)
jeN = = jEN
for all z = ()72, € co and p € I'x.

Let {e/,}5°, C ¢' denote the dual basis of {e,}° ;. For each n € N, define
yl €Y' by y! := e/ oJ1 in which case {y/,}°°, is the dual basis of {y, }°, and
[y, yn)l < Kpoly), y€eY,
as y = Jx for some = € ¢y. By the Hahn—Banach theorem, for each n € N we can

find f,, € X’ such that f,|y =y, and
(z, fu)| < Kpo(z), z€X. (3.12)

Define z,, := Z?:l y; and g, := fn, — fnt1, for each n € N, and observe that

<$k:agn> = <xkvfn> - <$k7fn+1> = 6k:n
for all k,n € N. We can then define projections P,,: X — X via

n

Pz = Z(m,gka, r e X,
k=1

so that P, (X) = span {z;}}_; = span {y;}}_; and PP = Puinfn,m}-
Set h := f1 and observe that

(Tn, h) = <Zyj7f1> =1, neN.
j=1

On the other hand, z, € (P, — Pp,—1)(X) (with Py := 0) for all n € N, and

{zn}pZ is a bounded sequence in X because x, = J(3_7_; €;), n € N. Since
I Z;;l ejllec, = 1, we have
p(rn) < M,, neN, (3.13)

for all p € I'x. In particular,
1, < 1
po(Tn) > EH;%HCO =4 neN

Moreover, the identities

n

Pz = (&, fi) = (@, far1))yh, 7€ X, n€EN,
k=1
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together with (3.11) and (3.12) imply that
p(Ppz) < My sup (2, fi) = (@, far1)| < 2MpKpo(2) (3.14)

forallp e T'x,n € Nand z € X. Accordingly, {P,}52; C £(X) is equicontinuous.
Let a = {a;}32, be any sequence of positive numbers with 372 a; = 1 and
set A, = Z?Zl a; for n € N. As in the statement of Theorem 3 of [10], we define

S,x =1 — Z anPn_12 + Z(Pn,lx, hye,, x€X.
n=2 n=2

Then by (3.13), (3.12) and (3.11) we have, for each z € X, that
P(Sar) < p(x) +2MyKpo(z) + My sup {12, h)l

p(.’b) + ZMPKPO(I') + MprO(Pnflx)
p(z) + 2M,Kpo(z) + Mp K> My, po()
(14 2M,K + M,K?M,,)p(z)
for all p € T'x with p > pg. So, S, € L(X).
The fact that S, is power bounded follows from the Claim on p. 156 of [10],
stating that 5,5, = S, for an appropriate c.

It remains to show that S, is not mean ergodic. For this, we can now proceed
exactly as in the final part of the proof of Theorem 1.6 of [1]. O

IAINA

4. Mean ergodicity of co-echelon spaces

We wish to give an application of the previous results to Kothe co-echelon spaces.
Let I be a countable index set. A Kéthe matrix A = (a,, )52, is an increasing

sequence of strictly positive functions on I. Let V' = (v,)%2; denote the associated

decreasing sequence of functions v, := 1/a,, n € N. Define the inductive limits

kp(V)=Fk,(I,V) =ind £y(vy,), 1 <p < oo, and ko(V) =ko(I,V) =1ind co(v,,),

generated by the (weighted) Banach spaces

1/p
ly(vn) = {z = (@i)ier € C": gpu(w) = (Z(vn(wlm)p) < oo}, if 1 <p < oo,
i€l
and
loo(vn) = {z = (2:)ic1 €CT: Goon(z) = supw,(i)|z;| < oo},
iel
co(vn) = {o = (zi)ier € CT: (v,(i)|x|)ses converges uniformly to 0 in I}.

That is, k,(V) is the increasing union of the Banach spaces ¢,(v,,), respectively
co(vy), for n € N, endowed with the strongest locally convex topology under
which the inclusion of each of these Banach spaces is continuous, i.e., k,(V) is an
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(LB)-space and so a barrelled, ultrabornological (DF)-space. The spaces k, (V)
are called co—echelon spaces of order p.
Given a decreasing sequence V = (v,,)52; of strictly positive functions on I,

V={v=(9(i))ier € RL : ¥n €N sup 6(2)
iel vn(z)

and associate to V' the following projective limit spaces

Ky(V) = K,(I,V) = proj £,(v), if 1 < p < o0; Ko(V) = Ko(I,V) = proj co(v).
TEV eV

set

< oo}

These spaces are equipped with the complete locally convex topology given by the
seminorms (gp 3)5cy, Where

1/p
Gpo(7) = <Z(U(i)xz‘)p> , 1<p <00, and goop(x) = sup v(i)|zi .
iel i€l
Then ky,(V) is continuously embedded in K, (V) for 1 < p < oo or p = 0, with
kp(V) = K,(V) for 1 < p < co. More precisely, k,(V) = K,(V) algebraically and

topologically for 1 < p < co and ko (V) = Koo (V) algebraically. Moreover, ko(V)

is, in general, a proper topological subspace of the barrelled (DF)-space Ko(V)
such that its completion is equal to Ko(V'). The (LB)-space k, (V) is complete for
1 < p < o0, and reflexive for 1 < p < co. In particular, the vectors e; = (8;5)ier
form a Schauder basis for k,(V) if 1 < p < co or p = 0. For all these facts we refer

to [3].

Proposition 4.1. Let V = (v,)2,; be a decreasing sequence of strictly positive
functions on I and 1 < p < oo. Then the reflexive (LB)-space k,(V) (= K,(V)
algebraically and topologically) is uniformly mean ergodic if and only if it is a
Montel space (hence, a (DFM)-space).

Proof. Since the complete barrelled space k, (V) admits a Schauder basis and its
bounded sets are relatively sequentially o(k,(V), (k,(V))")—compact, [6, Theorem
11, Examples 1,2], the result follows from Theorem 3.7. (|

Proposition 4.2. Let V = (v,)52; be a decreasing sequence of strictly positive
functions on I. Then the following assertions are equivalent.
(i) k1(V) is mean ergodic.
(ii) k1(V) is uniformly mean ergodic.
(iii) k1(V) is a Montel space (hence, a (DFM)-space).
(iv) k1(V) does not contain an isomorphic copy of £1.

Proof. The complete barrelled (LB)-space k1(V') admits a Schauder basis and ev-
ery relatively o (k1 (V), (k1(V))")—compact subset of k1 (V) is relatively sequentially
o(k1(V), (k1(V))")—compact, [6, Theorem 11, Examples 1, 2]. So, by Theorem 3.7
we have (ii) < (iii), and by [3, Theorem 4.7] we have (iii) < k1(V) is reflexive.
On the other hand, k; (V) is reflexive < (i); see Theorem 3.5.
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Next, (iii) = (iv) is obvious, because a Montel space cannot contain an iso-
morphic copy of any infinite dimensional Banach space.
(iv) = (iii): Suppose that k1 (V') is not a Montel space. Then there exist an
infinite set Iy C I and n € N such that
inf vm(z)
i€l Up (1)
[3, Theorem 4.7]. Then, in the sectional subspace Ey of k1(V') defined by
Ey:={xeki(V): z;=0forall j €I\ I},

the topology of ¢1(v,,) coincides with that of ¢;(v,) for all m > n. Indeed, for
every x € Fy and m > n we have

(@) S qua(@) = Y va(Dzil < e D o)l = ¢ qm (@)

i€ly i€lp

=cn >0, Vm>n,

Consequently, the topology of k1(V) also coincides with that of ¢;(v,) in Ejp.
Hence, k1 (V') contains an isomorphic copy of ¢, which is a contradiction. O

Proposition 4.3. Let V = (v,)2, be a decreasing sequence of strictly positive
functions on I. Then the following assertions are equivalent.
(i) koo(V) is mean ergodic.
(i1) koo(V) is uniformly mean ergodic.
(iil) koo (V) is a Montel space (hence, a (DFM)-space).
(iv) koo(V) does mot contain an isomorphic copy of .
(v) Ko(V) = Koo (V) = koo (V') algebraically and topologically.
Proof. By the discussion just prior to Proposition 2.3, together with Proposition
2.4, it is clear that (iii) = (ii). That (ii) = (i) is obvious. Since £, is an infinite
dimensional Banach space (i.e., its closed unit ball is not compact), it is clear that
(iii) = (iv). Moreover, (iii) < (v) by [3, Theorem 4.7].
(iv) = (iii): Suppose that ko (V') is not a Montel space. Then there exist an
infinite set Iy C I and n € N such that
inf vm(z)
i€l Up (1)
[3, Theorem 4.7]. Then, in the sectional subspace Ey of ko (V') defined by
Ey={x€ko(V): zj=0forall jeI\I},

the topology of oo (V) coincides with that of £o(vy,) for all m > n. Indeed, for
every x € FEy and m > n we have

=cn >0, Vm>n,

doo,m () < goo,n(®) = sup vy (i)|z;| < 67711 sup vy, (i) |z;| = C;zlqoo,m(x) .
i€lp i€lp
Consequently, the topology of ko (V) also coincides with that of ¢ (v,) in Ep.
Hence, koo (V) contains an isomorphic copy of £,. This is a contradiction.
(i) & (iv): Suppose that ko (V) contains an isomorphic copy of fo. This
implies that ks (V') is not mean ergodic by [1, Remark 2.14(i)] . O
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Proposition 4.4. Let V = (v,)52, be a decreasing sequence of strictly positive
functions on I. Suppose that the (LB)-space ko(V') is complete. Then the following
assertions are equivalent.

(i) ko(V
(ii) &

) is mean ergodic.

o(V) is uniformly mean ergodic.

(iil) ko(V') is a Schwartz space (hence, a (DFS)-space).
(iv) ko(V') does not contain an isomorphic copy of co.
(v) ko(V) = koo (V) algebraically and topologically.

Proof. The complete, barrelled (LB)-space ko(V') admits a Schauder basis and ev-
ery relatively o(ko(V), (ko(V))")—compact subset of ko (V) is relatively sequentially
o(ko(V), (ko(V))")—compact, [6, Theorem 11, Examples 1, 2].
So, by Theorem 3.7 above and [3, Theorem 4.9] we have (ii) < ko(V) is a
Montel space < (iii) < (v).
Next, (ii) = (i) is obvious. Also, (iii) = (iv) is obvious, because a Schwartz
space cannot contain an isomorphic copy of any infinite dimensional Banach space.
(iv) = (iii): Suppose that ko(V) is not a Schwartz space. Since ko(V) is
complete, there exist an infinite set Iy C I and n € N such that
inf Lm,(il)
i€lo Uy (1)
[3, Theorems 3.7, 4.9]. Then, in the sectional subspace Ey of ko(V') defined by
Ey:={xe€ky(V): z;=0forall j €I\ I},

the topology of ¢g(v,,) coincides with that of ¢o(v,) for all m > n. Indeed, for
every x € Fy and m > n we have

=cn >0, VYm>n,

Goo,m () < Goon (@) = sUP v, (1) |2i] < ¢! sUP vy (0)] 4] = €37 oo () -
iclo iclo
Consequently, the topology of ko(V) also coincides with that of ¢o(v,) in Ep.
Hence, ko(V') contains an isomorphic copy of ¢g. This is a contradiction.
(i) = (ii): By Theorem 3.5 we have (i) < ko(V) is reflexive. Since ko(V) is
complete, it is then also Montel by [3, Theorems 3.7, 4.7], thereby implying that
(ii) holds via Theorem 3.7. O

Ezample. Every (LF)-space X (hence, every (LB)-space) satisfies the hypothesis
of Proposition 2.5, because every linear continuous surjective map between two
(LF)-spaces is necessarily open. But, in this setting, condition (iii) of Proposition
2.5 does not imply the condition (ii). Hence, also (iii) does not imply condition (i)
as the following example illustrates.

Let (a,)22; be a sequence of real numbers satisfying 1 < an4+1 < a,, < a for
some a € R and for all n € N. For each n € N set v,, 1= (a})2; and V := (v,,)%,,
where ¢ € I := N. Consider the co—echelon space ki (V') which is a Montel space

(hence, a (DFM)-space) because, for all n,m € N with m > n, we have Zm(()) =

Qn

(m) — 0 as i — 00, [3, Theorem 4.7]. In particular, its (strong) topological
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dual is the Kéthe echelon Fréchet space Ao (A) = \g(A), with A == (v, 1), [3,
Theorem 4.7].
Define T' € L(k1(V)) by

Tz :=((1—a Hz)2,, x€k(V).

It is easy to verify that Ker(I —T) = {0} and that y := (a7%)$2; € k1(V) does not
belong to Im(I —T), i.e., I — T is not surjective. So, condition (ii) of Theorem 2.5
does not hold.

Since Tz = ((1—a~")™x;)$2, for € k1(V) and for all m € N, the sequence
{T™x}20_, is bounded for all z € ki(V). Indeed, given any = € ki(V') there is
n € N such that = € ¢1(v,,), thereby implying that

a1 (T™2) = 310 = @) Jaidon()) < 3 ailon() = g1.0(2)
i€N ieN
for all m € N. So, the barrelledness of k1 (V') implies that the sequence {T™}2°_, C
L(k1(V)) is equicontinuous, i.e., for every p € T'y, (v) the exists ¢ € I'y, (v for which

p(T™z) < q(z)
for all m € N and = € k1 (V). In particular, T is power bounded.
Since k1 (V) is a complete (LB)-space and hence, a regular (LB)-space, given
any bounded set B C ki (V) there exist k,n € N such that B C kB,, (B,, denotes

the unit ball of £ (v,,)). On the other hand, since the inclusion map ¢ (v,,) — k1(V)
is continuous, given any p € I'y (v) there exists ¢ > 0 such that

p(x) <cqin(z), x€li(vy).

Therefore, for every m € N we have

1 1 1 1
sup p (me) <ec— sup ap(T™x) <c— sup qn(x) <ck—
r€B m m xeckB, ™M zckB, m

and hence, sup,cpp(LT™z) — 0 as m — oo. This shows that 7™ — 0 in
Ly (k1 (V).

It remains to establish condition (iii) of Proposition 2.5. For this, we observe

that

T =((1-a €)1, €€ Ax(A),

so that Ker(I —T%) = {0}. Since T is power bounded and both Ker(/ —T') = {0}
and Ker(I —T") = {0}, we can apply [1, Theorem 2.12] to conclude that 7" is mean
ergodic. But, k1 (V) is a Montel space whose relatively o(k1(V), (k1(V))’)—compact
subsets are relatively sequentially o(k1(V), (k1(V))’)—compact (see the discussion
prior to Proposition 2.3). So, by Proposition 2.4, T is also uniformly mean ergodic.
Hence, there is P € L(k1(V)) such that Tj,) — P in Ly(k1(V)).

For each r € N| let ¢, be the element of kq (V) with 1 in the r—th coordinate
and 0’s elsewhere (we point out that {e,}2, is a Schauder basis for k1 (V')). Then,
for all » € N,

T"e,=(1—a")"e, -0 as m — o0,



On Mean Ergodic Operators 19

so that

p(l — )
n(l—p)
with g := (1—a~"). This implies that P = 0 and hence, that Tj,; — 0in Ly (k1(V)),
i.e., condition (iii) is satisfied.

We remark that the operator Tx := ((1 — 27%)z;)2,, for z = (2;)2, € &
(here s’ is the strong dual of the Fréchet space s of all rapidly decreasing sequences,
so that s’ is an (LB)-space), also satisfies condition (iii) of Proposition 2.5, but,
fails condition (ii); the proof is similar to the previous one for 7" in ki (V).

Tiner = e, —0 as m — o0,

References
[1] A.A. Albanese, J. Bonet, W.J. Ricker, Mean ergodic operators in Fréchet spaces.
preprint 2008.

[2] A.A. Albanese, J. Bonet, W.J. Ricker, Grothendieck spaces with the Dunford—Pettis
property. preprint 2008.

[3] K.D. Bierstedt, R.G. Meise, W.H. Summers, Kithe sets and Kithe sequence spaces. In:
“Functional Analysis, Holomorphy and Approximation Theory”, J.A. Barroso (Ed.),
North—Holland, Amsterdam, 1982, pp. 27-91.

[4] J. Bonet, W.J. Ricker, Schauder decompositions and the Grothendieck and Dunford—
Pettis properties in Kéthe echelon spaces of infinite order. Positivity 11 (2007), 77-93.

[5] J.M.F. Castillo, J.C. Diaz, J. Motos, On the Fréchet space L,_. Manuscripta Math.
96 (1998), 219-230.

[6] B. Cascales, J. Orihuela, On compactness in locally convex spaces. Math. Z. 195 (1987),
365-381.

[7] J.C. Diaz, M.A. Miniarro, Distinguished Fréchet spaces and projective tensor product.
Doga-Tr. J. Math. 14 (1990), 191-208.

[8] N. Dunford, J.T. Schwartz, Linear Operators I: General Theory. 2nd Edition, Wiley—
Interscience, New York, 1964.

[9] R.E. Edwards, Functional Analysis. Reinhart and Winston, New York, 1965.

[10] V.P. Fonf, M. Lin, P. Wojtaszczyk, Ergodic characterizations of reflexivity in Banach
spaces. J. Funct. Anal. 187 (2001), 146-162.

[11] N.J. Kalton, Schauder decompositions in locally convezr spaces. Proc. Camb. Phil.
Soc. 68 (1970), 377-392.

[12] G. Kothe, Topological Vector Spaces I. 2nd Rev. Edition, Springer Verlag, Berlin—
Heidelberg-New York, 1983.

[13] G. Kothe, Topological Vector Spaces II. Springer Verlag, Berlin—Heidelberg—New
York, 1979.

[14] U. Krengel, Ergodic Theorems. Walter de Gruyter, Berlin, 1985.
[15] M. Lin, On the uniform ergodic theorem. Proc. Amer. Math. Soc. 43 (1974), 337-340.

[16] H.P. Lotz, Uniform convergence of operators on L* and similar spaces. Math. Z.
190 (1985), 207-220.



20 Albanese, Bonet and Ricker

[17] R.G. Meise, D. Vogt, Introduction to Functional Analysis. Clarendon Press, Oxford,
1997.

[18] G. Metafune, V.B. Moscatelli, On the space £F+ = MNy>p 7 Math. Nachr. 147 (1990),
7-12.

[19] S. Okada, Spectrum of scalar—type spectral operators and Schauder decompositions.
Math. Nachr. 139 (1988), 167-174.

[20] P. Pérez Carreras, J. Bonet, Barrelled Locally Convez Spaces. North Holland Math.
Studies 131, Amsterdam, 1987.

[21] K. Yosida, Functional Analysis. Springer Verlag, Berlin—Heidelberg, 1965.

A.A. Albanese™

Dipartimento di Matematica “E. De Giorgi”
Universita del Salento

Via Provinciale per Arnesano, P.O. Box 193
I 73100 Lecce

Italy

e-mail: angela.albanese@unile.it

J. Bonet™™

Instituto Universitaro de Matematica Pura y Aplicada IUMPA
Edificio ID15 (8E), Cubo F, Cuarta Planta

Universidad Politécnica de Valencia

E 46071 Valencia

Spain

e-mail: jbonet@mat.upv.es

W.J. Ricker

Math.—Geogr. Fakultét

Katholische Universitat Eichstatt—Ingolstadt
D 85072 Eichstéatt

Germany

e-mail: werner.ricker@ku-eichstaett.de



