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Abstract

We consider the topological space of all weighted composition operators on weighted
Bergman spaces of infinite order endowed with the operator norm. We show that the set
of compact composition operators is path connected. Furthermore, we find conditions to
ensure that two composition operators are in the same path connected component if the dif-
ference of them is compact. Moreover, we compare the topologies induced by L(H®) and
L(H;?) on the space of bounded composition operators and give a sufficient condition for a
composition operator to be isolated.
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1. Introduction

Let ¢ and 1 be analytic maps on the open unit disk D of the complex plane C such that

¢(D) C D. These maps define on the space H (D) of analytic functions on I the so-called weighted
composition operator ¥YCy by (¥Cs)(f) = ¥(f o ¢). Operators of this type have been studied
on various spaces of analytic functions. For an introduction we refer the reader to the excellent
monographs [24] and [8].
We are interested in weighted composition operators acting in the following setting. We say that
a function v which is continuous, strictly positive, bounded and radial (i.e. v(z) = v(|z|) for every
z € D) is a weight. We consider operators defined on the weighted Banach spaces of holomorphic
functions

H = {f € HD); [[f]lo = supv(2)|f(2)] < oo}
zE
and on the smaller spaces

Hy = {f € HY; lim v(2)|f(2)| = 0}

both endowed with the norm ||.||,. Such spaces appear in the study of growth conditions of analytic
functions and have been investigated in various articles, see e.g. [14], [1], [18], [17], [3], [5], [6]

The problem of the topological structure of the space of (weighted) composition operators has
been considered on several spaces of analytic functions, starting with the paper by MacCluer,
Ohno and Zhao [19]; see also [13], [11] and [12]. In [13] Hosokawa and Ohno showed that the set of
compact composition operators on the little Bloch space is path connected. Moreover, they also
analyzed the case of compact differences of composition operators. See also [20]. In this paper we
will prove that the set of compact composition operators on the space H:° is path connected and
we investigate the behaviour of pairs of weighted composition operators with a compact difference.
We also study the topologies induced by L(H®) and L(H°) on the space of bounded composition
operators and obtain a sufficient condition for a composition operator to be isolated.



2. Notation and auxiliary results

For notation and more information on composition operators we refer the reader to the excellent
monographs [8] and [24]. A radial weight v is called typical if it is non-increasing with respect
to |z| and satisfies lim,|_,; v(2) = 0. The so called associated weights (see [3]) are an important
tool to handle problems in the setting of weighted spaces of analytic functions. For a weight v the
associated weight v is defined by

3(2) = ! !

sup{[F ()] € Hy, [ fllo <13~ [l6-[uer”

where 0, denotes the point evaluation of z. By [3] we know that associated weights are continuous
? > v > 0 and that for each z € D we can find f, € HS°, ||f:||lv < 1, such that |f.(z)| = U(z) It

zeD,

is well known that H° is isometrically isomorphic to Hj°. We are especially interested in radial
weights which satisfy the following condition which is due to W. Lusky (see [17])

ol =27k
(L1) 1I;f RS

The standard weights v,(z) = (1 — |2]?)P, p > 0, are weights which have (L1). It is known (see [9]
and [16]) that the Lusky condition (L1) is equivalent to the following conditions:

> 0.

(U) there is a > 0 such that = ‘Z)DQ is increasing near the boundary of D.

(A) there are 0 <7 < 1 and 1 < C < co with ngg < C for all p,z € D with p(p,z) <r
For a detailed proof of this equivalence we refer the reader to [15]. If a weight v satisfies condition
(L1), then there is C' > 0 such that v < o < Cv on D. See [9].

We also need some geometric data of the unit disk. The pseudohyperbolic metric is given by

p(z,a) = ‘O—a(z)|, where O’a(z) =

1—-az
is the automorphism of I) which changes 0 and a.

Let ¢, ¢ ¢ be analytic self-maps of the open unit disk D, 91 3 ¢ € H(D) and
Cw(X) be the space of all weighted composition operators on the Banach space X. We write
¢(1)0¢(1> ~Hzo 1/1(2)C¢<2> if and only if the map s — ((1 — s)yp™) + sw(Q))C(l,s)d)(l)Jrsd)(z) 8 con-
tinuous from [0, 1] into Cy,(HS®).

Furthermore, we put ¢,(z) := ¢(sz) and 14(z) := ¥(sz) for every 0 < s < 1 and for every z € D

as well as
Y(2)v(2)

# Z) = .

Let v be a strictly decreasing, radial and typical weight. Since v is decreasing and |sz| < |z
for every 0 < s <1 and every z € D, we have

by # Y(sz)v(z) _ P(sz)v(sz)
(9:9)s7(2) = (90, 92)7 (2) = T < S0
[ (2)|v(2)

for every 0 < s < 1 and every z € D. Recall that |[¢)Cyg|| = sup,¢p N O and the essential
norm ||¢Cylle = im supy(2)(—1 %, when ¢Cy : H® — H° is bounded. If ¢ € H?, then
¥ Cslle = limsupy,|_, % It is clear that ¢,Cy, : Hy® — HZ° is always compact when
s < 1. For these results, see [21], [4].

Finally, let us collect some auxiliary results which will be needed during the paper.
The following lemma is taken from [7] Lemma 1 and [15] Lemma 1, see also [9] Lemma 14.

= (¢,9)" (s2)

Lemma 1 Let v be a radial weight on D satisfying (L1) such that v is continuously differentiable
respect to |z|. Then there exists a constant C < oo such that if f € HS°, then

< CllflumaX{ﬁ(lz),@(lm}p(z,p) and
Cl fllup(z,p) for all z,p € D.
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The next result follows from [9] Lemma 14, [15] Lemma 1 and the proof of Lemma 2 in [15].

Lemma 2 Let v be a radial weight on D satisfying the Lusky condition (L1) and such that v is
continuously differentiable with respect to |z|. Then there are M > 0 and ro > 0 such that, for
each p,z € D with p(p, z) < ro we get

—

(a) 12 < 1,

0(z)
(b) ’1 ~ %)

< Mp(z,p).

Let us now estimate the norm of the difference of two weighted composition operators. We
have that

140 Cyr =P CynllLiuzey = sup sup [ (2) f(61(2)) = &P (2) (61 (2))|o(2)-

[[fllo<1z€D

This can be splitted into two parts by adding and subtracting %]‘(gﬁ@)(z))ﬁ(d)@)(z)) and

then, by Lemma 1, we can deduce

Lemma 3 Let v be a radial weight on D satisfying the Lusky condition (L1) and such that v is
continuously differentiable with respect to |z|. Moreover let M) 2 € H(D) and ¢, ) be
analytic self-maps of D. Then there is a constant C < oo such that

#
|W(1)C¢(1> — ¢(2)C¢<2>||L(H;;o) < Sug (O|(¢(1),¢(1)) (2)] p(p™M (2), 0P (2))
z€E
1D — (62,9 (),
Since v is a radial weight, the following theorem can be derived from [15] Theorem 3.
Theorem 4 Let v be a radial weight such that v is continuously differentiable with respect to |z|,
v = ¥ and satisfies the Lusky condition (L1). Let v 42 ¢ HO. If ¢ 62 : D — D are

analytic maps such that and w(1)0¢(1>,w(2)0¢(2) : H® — H° are bounded, then the operator
¢(1)C¢(1> - 1/)(2)0¢(2> s HS® — HX is compact if and only if

. @ z

(a) Tz () L2l p(6M) (2), 6P (2)) = 0,
. 2 z

(6) Timy. 1 v(2) 22 p(61) (2), 62 (2)) = 0,

. »W (2 (2)(,
(c) lim); ;1 v(2) U(¢(1)((2)) - UZ‘;)@)((Z))) =0.

3. Connectedness of compact composition operators

In this section we show that the set of compact composition operators with weights in H? is
path connected.

Proposition 5 Let v be a typical, decreasing weight on D satisfying (L1) such that v is con-
tinuously differentiable with respect to |z|, ¥ € H? and ¢ an analytic self-map of D. Moreover,
suppose that YCy : H° — HZ° is compact. Then the map [0,1] — (C(D),||.|loc), s — (p,10)s™ is
continuous.

Y(sz)v(z)  P(tz)v(z) 0
9((s2)) (o (t2)) ’
First, we consider the case s < 1. If { — s and s < 1, we can find 0 < sg < 1 such that s,t < sp.

Moreover, there is 0 < R < 1 such that |¢(tz)] < R for every z € D and every ¢t < sg. We have

Proof. We have to show that if ¢ — s, then I :=sup,p

I <supo(z)[y(s2)|

: - ! (7 sz) — 2)| =
2€D ﬁ(¢(sz)) @(¢(t2))‘ »cD @(¢(t2))|¢% ) ¢(t )‘. I + Is.



Using Lemma 1 and the fact that p(¢(tz), #(sz)) < p(tz, sz) we obtain,

o(t2) o2 | _ Il e
0(p(s2))o(p(tz)) | — @Q(R) i‘ég‘“( (tz)) — 0(d(s2))| < P

Moreover, with Lemma 1, we get

————=p(tz, s2).

I <[]y sup
z€D

Clivlly
")

p(tz, sz).
Since s < 1, p(tz, sz) < ‘f:i‘
Next, we treat the case s = 1. Fix € > 0. Since ¢/Cy is compact and ¢ € HY, there is 0 < r < 1
such that

'w

— 0, when t — s, and the claim follows.

(6, 0)*

Fix r <7’ <1. If t > 5 and |2 >r,then [tz| > r and we have

5
<3 for every z € D with |z]| > r.

(6, 0)F (2)] < (¢, 0)*(t2)] < Z for every ¢ > Ti and every 2] > 1.

Put now ¢; :=1— 5. For t > 1 — §; we obtain

sup [(6,0)%(2) = (6,0)F (2)] < sup (6, 8)% (2)| + swp |(6,)F (2)] < =

2> |2 > || > 2

For |z] <7, we can find d2 > 0 such that

sup [(¢,0)% () — (6, 0)F (2)] < =

|21 <r 2

for ¢t > 1 — 65 by the first part of the proof. Finally, ¢ > 1 — § = min{d;, do} implies

sup (¢, 9)% (2) — (¢, 9)F (2)] < e

zeD
O

The set of compact weighted composition operators is starlike. We prove that two compact
weighted composition operators can be linked by an arc of a special form, thus concluding that
the set of compact composition operators is connected.

Theorem 6 Let v be a radial, typical weight satisfying (L1) and ™M) 42 € HO. If the operators
w(1)0¢(1> and w(2)0¢<2) are compact, then

PV Cyay ~pe YD (0)Cyh) (o) ~rz PP (0)Cy2r () ~aze VP Cyar.
In particular the set of compact composition operators is path connected.

Proof. Fix two analytic self-maps ¢V, $(2) of D and 1), 2 e H? such that the corresponding
vxﬁeighted composition operators ¢(1)0¢<1) and ¢(2)C’¢<2) are compact on H;°. We want to show
that

W Cyay ~pree 1/)(1)(0)C¢<1>(o) ~H ¢(2)(0)0¢<2>(o) ~pee VP04,
where (¥ (0)C (o)) f(z) = @ (0)f(¢?(0)) for every f € H>® and every z € D. First, we note
M (0)Cy0y () ~rze P )(0)C¢<2>(0) Put
ps == (1 —5)oM(0) + 562 (0) and ¢ := (1 — 5)yp™P (0) + 52 (0) for every s € [0,1].

Then it is easily seen that {g,Cp,, : s € [0,1]} is a continuous curve from ¢(1)(0)O¢(1>(0) to
1/)(2)(0)0¢(2>(0). Next, we will prove ¢¥()Cyu) ~po @ (0)Cyh)(o) for @ = 1,2. By assumption,



¢ is an analytic self-map of D and ) € HY such that ¥(VCy) is compact on HZ°. Then

nele)

50 is also compact for all s € [0,1]. We will show that

[90C 0 = 17 C ol Lgaze) = 0 when t — .

By Lemma 3, ‘
1939y *[’t(l)caai")

L(Hg)

< Caup 16D, 5 * ()] 969 (2), 6 (2)) + 116D, ) * — (62, 6) -

IMONG i i
Because of Proposition 5, it is enough to show that sup,cp |( IR )) (2)|p( { )(z), g )(z)) —0
when t — s.

i N i i i
Ifs < 1, thensup.ep (94, ") (2)] < [0 Cyoo |l ey < o0 andsup.ep p(6t” (2), 81 (2)) <
[t—s]
1-s
If s =1, we fix € > 0. Since 1/1(1')0(1,(,;) is compact on H>® and ¢ € H?, we can find 0 < r < 1

v

such that L2@IE) £ for every |z| > r. Since p(¢()(tz), ¢ (2)) < p(tz,2) = EA=D © 4

— 0, as t — s, and we are done.

(¢ (2)) ) 1—t[2]2
follows that SUP|z|<r P(‘é(i)(z)v ¢z(sl)(z)) < % — 0, when ¢t — 1. Hence
lim W’(i)c @ — 1/1(i)0 || L=y < C f_.
t—1 P t oy (Hge) = C

4. Connectedness and compact differences

For the proof of our main result, Theorem 8, we need the following crucial estimate.
Lemma 7 Let v be a radial weight satisfying Lusky’s condition (L1) and such that ¥ is continu-
ously differentiable with respect to |z|. Let dW 6@ be analytic self-maps of D, 1) () ¢ H(D)

and s € [0,1]. There are M > 0 and ro €]0, 1] such that, for each z € D with p(¢™M(2), ) (2)) <
ro we get

(1= )6 + 562, (1 = ) + 57 (2) = (6D, M) % ()]
#

< s M |(6W, M) (2) = (6@, @) ()]

M1 = 9)p(6D(), 6P (=) | o o
I op(0 (), 0@ (ay) M (2), ¢ ())-

Proof. Let rg > 0 and M > 0 be as in Lemma 2. First, we notice that

T 1(6, p ) (2)) (

a6 1 56@ (1 — 1o 4 sp@VE() = (1 — s (¢ (2) ® My (s
s f’(d)@)(z)) @) . @n# .
T A= W) +se@() ¢ V) )

Hence
(1= 5)6D + 5@, (1 — s)p) + sp@)* (2) — (6D, M) ¥ (2)]
® M) — (6@ @V (s s0(¢2)(2))
(0 (2)) (0 (2))

(1= 96D () +56@ () o((1— 56D (2) + 56D (2))
=: [1 -+ 12.

+{ (M, M ()] 1= (1 - s)




Assume now that z € D satisfies p(¢(M)(2),$®(2)) < ro. To estimate I;, observe that the
convex combination (1 — s)¢™M (2) +s¢() (2) also satisfies p(¢M)(2), (1 —s)d™M (2) + 5062 (2)) < 70.
Therefore, by Lemma 2,

3(62(2)
WA= 9)o0G) + 56D =
and
Iy < sMI6, yD)A(2) — (62, 6D ().
Now,
s M WY#( _ (¢ (2))
f= oM@y )”"1 N ERrECe
@ D (,
b sl(o s ) | HEEEDZ IO S ),

15 <1> 2) + 500 (2))
By Lemma 2, we get
< Mp(@(2), (1= 9)M(2) + 562 (2))

1 L= 9060 (2), 6 (2))
1= 5p(6M(), 6@ (2))

‘1 T A= 5)00() + 560(2)) ‘

On the other hand, again using Lemma 2,

(¢ (2)) = 0(¢™M (2)) ’ < (6 (2)) ’1 (e (2)) ‘
(1= 8)pM(2) + 5@ (2))| = 0((1 - 5)pM(2) + 562 (2)) (¢ (2))
< M2p(¢(2),6%) (2)).
The conclusion follows from the estimates. O

The set of weighted composition operators is starlike. We prove below that two weighted
composition operators satisfying certain conditions can be linked by an arc of a special form. As
a consequence we obtain in Corollary 9 a result on composition operators on the Bloch space.

Theorem 8 Let v be a radial, typical weight satisfying (L1) such that v =0 and v is continuously
differentiable with respect to |z| and P (2 ¢ HY. Assume that 1/1(1)C¢<1), 1/1(2)047(2) are bounded,
lim |1 p(¢™M)(2), 9P (2)) = 0 and that lim,_; v(2) (;1))((22)) ng;)(é))) = 0. Then the map
s ((1—s)p® + Sw(Q))C(l_s)¢<1)+s¢<z) is continuous from [0,1] into Cy(HS®).

Proof. Let 7, := (1 — 5)¢() 4+ 5¢?) and ¢, := (1 — )" + 5103 for every s € [0,1]. We have to
show that for every € > 0 there is 6 > 0 such that |s —¢| < ¢ implies ||¢sC, — ¢:Cr, ||L(m) < €.
First, by Lemma 3 we obtain

1gsCr, = @:Cr gy < CsugI(rs,qs)#(z)lp(rs(Z)’n(Z))
zE

+ sup (s, 45)*(2) = (re, ¢0) (2)| =: T + T
zeD

Now, fix ¢ > 0. Next, we show that there is C; > 0 such that sup,cp C|(rs, ¢5)# (2)| < Cy.
Fix z € D. If max{|¢(M)(2)], |¢® (2)|} = |¢V)(2)], we obtain the following estimate:

(1 = )M ()] + slp® (2)u(2)

v((1 = 8)pW(2) + 56()(2))
(1 = )M ()| + slp® (2)u(2)
v(¢M(2)) '

|(T87(Is)#(z)| <




Otherwise in case max{|¢p(1)(2)], |¢p? (2)|} = [¢?)(2)], we get similarly

(1= )V + sl (2))o(2)

r s # z —
|(rs:as) ()] < v(¢®)(2))

Hence

1 1
igg (s, 45)" (2)] < (1= 5) igg”(z)w(l)(zﬂ max{v(¢(1)(z)), TCI) }

1 1 } e
v(¢D(2))" v(6®(2))

by the boundedness of the operators 1)) Cya), P Cyey, ¥ Cy2) and 2 Cy). Note that the
assumption lim,|_; p(6M)(2),$?(2)) = 0 and the boundedness of ¢(1)0¢(1> imply that w(1)0¢(2>
is bounded on H°. Thus we can find C; > 0 such that

+ssupv(z)[¢? (2)| max {

zeD

Csup |(r5,5)% (2)] < C4.

zeD

Since we assume

lim p(¢0)(2),62(2)) =0,
we can find a 1 > Ry > 0 such that p(¢M(2), ¢ (2)) < ry whenever |z| > Ry, and 7y is the
constant in Lemma 2. Therefore, we also have that sup,.p p(¢M(2), 6 (2)) < A < 1 and thus
the proof of [13] Lemma 4.1 yields that sup,cp p(rs(2),7¢(2)) — 0 if s — ¢. Finally, this means
that we can find d; > 0 such that if |s — ¢| < d1, then

= Csup |(rs, ¢5)7 (2)[p(rs(2), 7e(2)) <

zeD

N ™

Let us now consider the term Ty. For every z € D with |z| > Ry, so p(¢(M)(2), ¢ (2)) < ro,
we have by Lemma 7 that
(s, as)#(2) = (e, a0)# (2)] < (s, ) (2) = (8, ) #(2)] + (e, a0)# (2) = (6,01 #(2)
< sM|(6W, )" () - (02, W)) (2)
M(1—s)p(¢M(2), o*)(2))
1—sp(¢M)(2), 62 (2))
+M|(60, p )" (2) - (6@, 02)" ()
M(1—t)p(¢™M(2), 6 (2)) 256 (2), 6
rETexETRR A EC)

By our assumptions, we can find Ry > R; > 0 such that if |z| > Rs, then

H (6D, M) ()] ( + sM2p(¢™M (2

(6™, ) () (

sup max{t, s}C|(¢"),p1)# (2) — (6@, @) #(2)| < 1%7
|z]|>R2
1 1) pOF(, (1= 1)p(¢M(2),6?(2)) 2 W (2). 6@ (2 €
s 1606 (M iy e V@600 <
su (1) pWy#(, (1= 5)p(¢V(2),9?(2)) SM20(6W(2) 6 ( =
s 600 e (ST S e ee%e) < g

Moreover, if |z| < Ry, we can find §3 > 0 such that if |s — t| < d2, then

‘ZS‘Q%J(TS,%)#(Z)—(n,qt) (2)] < = 10



Thus

Ty < sup |(re00)*(2) = (@) (2) + sup sMI(@0, D)7 () = (62, 4®)
|z|<R3 |z|>R2

#

(2)]

su (1) (1)#Z M(l—S)P(¢(1)(2)7¢(2)(z>) s M2o(6M (). 6@ (4
+ o K60 @l (MRS o Mo 6.6 )
< tM|(6D, V) (2) = (62,97 (2)]
su M) (., M(1—t)p(¢V(2), ¢ (2)) 2 oMW (5) 6@ (5
#6000 @ (RSSO e 0 )
< <
The claim follows. O

Remark. If the condition lim, |, p(¢(!)(2), $(?)(2)) = 0 holds, then condition (¢) in Theorem
4 is valid if and only if the difference '(/J(l)cd)(l) - ¢(2)C¢(2> : He® — H X is compact.

The Bloch spaces are defined as follows

B:={f e HD); |fll = zlelg(l = [zDIf'(2)] < o0}

and

Byi={f € B lim (1= |:)If(2)] = 0}.

Provided we identify functions that differ by a constant, || - || becomes a norm and B a Banach
space. The map S: B — H72,  given by S(f) = [’ is an onto isometry.

Since O(z)(l) and O¢(2> are always bounded operators on B and C’¢(1> =510 (¢(1))’C¢(1> oS,
we get that (1)) Cya), (¢?)'Cyez) are bounded on H,, and

1Co0 = Cyellnimy = 11(6™M) Cor = (62) CyenllLgare -

Nieminen (see the proof of Theorem 3.2 in [22]) has proved that lim,|_; p(¢V)(2),¢(? (2)) =

¢M)(2) _ _(6®)(2)
1-leM(z)]  1-[6P)(2)])
following result that should be compared with Corollary 4.6 in [13].

0 implies that lim.|_q(1 — |2]) = 0. Using Theorem 8 we obtain the

Corollary 9 Let ¢V, ¢ € By and lim, ;| p(¢M)(2), 6 (2)) = 0. Then the operators Cy)
and Cy2) belong to the same path component of the set of composition operators on B.
5. Comparing topologies

Let v be a typical weight satisfying condition (L1). Then by [6, Theorem 2.3], every composition
operator C,, is continuous. We let C denote the space of all continuous composition operators (on
HS° or on H*). Our purpose is to compare the topologies 7o, 7, and 7, induced by the Banach
spaces L(H®), L(HS®) and L(HS®) respectively on C, where also w is a typical weight satisfying
condition (L1). Our results complement those of Saksman and Sundberg in [23].

Proposition 10 Let v be a radial weight on D satisfying the Lusky condition (L1) and let ¢, ¢
be analytic self-maps of D. Then we have

4]|Cy—C oo
(a) 5105 = Coulluqa=) < sup.cp p(9(2), (=) = piicie < [ICo = CyllLiam).

(5) Cs = Collaqaz) ~ max {sup.c p 575255 p(6(2), $(2)), sub.cp 5y p(6(2), (=) |



Proof. (a) This follows from Proposition 4 in [19] (see also [10], Lemma 8).
(b) This follows from (the proof of) Proposition 2 in [7]. O

Since every composition operator Cy is continuous on Hp°, we have that [|Cy||r(g>) =

v(2)

SUD.ep 550 < OO Let (¢x)r be a sequence of analytic self-maps of D such that Cy, tends

to Cy in L(H*). By Proposition 9 (a) we have that sup,cp p(¢(2), ¥r(2)) — 0 as kK — oo. Fur-

ther, using the first part of Lemma 2, we obtain aU(SfT((ZZ)))) < M for all z € D and k large enough.

Therefore sup v _ <\ ||C L(H) for k large enough. Hence using Proposition 10 (b),
2€D (4, (2)) SHL(HE)

we obtain the following estimate

|Cyy, — CollL(mz) < CSUBP(¢(Z)7¢I¢(2)) —0, as k— oo.
zE

Corollary 11 Let v be a typical weight satisfying condition (L1). Then 7o is finer than 7,.

Corollary 12 Let v be a typical weight on D satisfying condition (L1). If there is an analytic
self-map ¢ of D with ||¢|lec = 1 and such that Cy, is compact on HS®, then T, is strictly coarser
than Ts.

Proof. By assumption there is an analytic self-map ¢ of D with ||¢||oc = 1 such that C, is
compact on H3°. Put @i (2) := (1—1)¢(2) for every z € D. Since ||¢p|loo < 1— 1, Cyp, is compact
on H* for every k € N, but C, € L(H) is not compact on H>, as ||¢|/« = 1.

On the other hand, |¢px(2)| < |p(2)], so 9(pr(2)) > 0(p(z)) for all z € D. Fix € > 0 and let
f € H with ||f]|, < 1. Then there are 0 < ro < 1 and ko € N such that

(1;(2)) pp(2), pr(2)),sup %p(@(z), oi(2)) }

2D V

supv()| f(@(2)) — F(gr(2))] < Cmax {sup _

z€D 2z€D VU

(2) v(2)

v
<C S ﬁ(w(z))p(s@(@, pr(2)) +C S 7E(W(Z))p(w(Z), Pr(2))
£ €
< 5 + 5 =€
for every k > ko since by assumption C,, is compact on Hp® and supy, <., p(#(2), px(2)) — 0 if
k — oo. Thus, C,, — Cy in L(HZ®) but C,, 4 C, in L(H™). ad

Corollary 13 If v is a weight of the form v(z) = (1 — |2|)¥, z € D,a > 0, then T is strictly
finer than 7.

Proof. By Corollary 11, the topology 7o is finer than 7,. Shapiro [24] pp. 49-50 constructs an
analytic self-map ¢ of D with ||¢|l.c = 1 satisfying % — 0 as |z| — 1. We can apply [6,
Corollary 3.4] to conclude that C,, is compact on HJ°. The conclusion follows from Corollary 12.

a

Observe that [6, Corollary 3.4] implies that there are the same compact composition operators
on all the spaces H® with v(z) = (1 — |2|)?, z € D, for all « > 0.

Remark 14 By Corollary 12 it is obvious that if Cy and Cy, are path connected in C C L(H°),
then they are also path connected in C C L(H®), but in general the converse is not true, as the
following example shows.

We choose ¢ and ¢; such that ¢ touches ID in 1 and ¢y touches OD in —1, ||¢]lcc = |P1]lc = 1
and lim |, % = lim),|—; #llz(lz)l =0 (see [24] pp. 49-50). Hence Cy and Cy, are compact
and thus in the same path component of C(H;°). But obviously, sup,cp p(¢(2), #1(2)) = 1, hence
by [19] Theorem 2, Cy and Cy, are not in the same path component of C(H*).



A non negative function g(z) defined on an interval I of the real line is called almost decreasing
if there is C' > 0 such that, if z,y € I satisfy x < y, then g(y) < Cg(z).

Theorem 15 Let v and w be typical weights satisfying condition (L1) such that w/v is almost
decreasing with respect to |z|. Then T, is finer than T, on the set Cy of composition operators C,,
such that ¢(0) = 0.

Proof. Select a sequence () of analytic self-maps of D such that Cy, tends to Cy in L(HZ®)
and 15 (0) = ¢(0) = 0. Hence |¢(2)| < |z] and |[¢r(z)| < |2| for all z € D and all k. Since w/v is
almost decreasing, we can find an M > 0 such that for all z € D and all k,

<M and <M .
w(¢(2)) v(¢(2)) w(Yr(2)) v(h(2))
Since the weights v and w are typical and satisfy condition (L1), we can replace the weights in

the denominators by the corresponding associated weights in the inequalities above, increasing the
constant M. By Proposition 10, we conclude

1Cy,, — Coll(rge) < C1max {SQE wrzuqs((zz)))"@(z)’ vu(2)eup w(ZJ(:()z))p

aMm%%%éaﬂwﬁmwfﬁﬁﬁ%

from where the conclusion follows.

w@xm@»}s

pW@m@@g@aMwm4%mw»

O

We conclude this section with a remark about composition operators Cy € C which are isolated
in L(HZ°). To do this fix a typical weight v satisfying condition (L1) and, for € > 0 set

s o) 1 V)
Bow = {(zn)n C D5 [8(zn)| = 1, =05

Let E¢157U denote the set of limit points of sequences in Ey . ,. Clearly E(M’v is a subset of dD.

>e}.

Theorem 16 Let v be a typical weight satisfying condition (L1) such that v is continuously differ-
entiable with respect to |z|. Moreover let ¢ be an analytic self-map of D. If there is € > 0 such that
the set E@Ew has Lebesgue measure strictly positive, then Cy is isolated in the set of composition
operators C in L(H®).

Proof. It is well-known that if ¢ # ¢1, then the set {z € ID; ¢(z) = ¢1(2)} is a null set
for the Lebesgue measure. By assumption there is ¢ > 0 such that the set Ey ., has positive
measure. Accordingly, there is a sequence (z,,), C D, and a point a € Ezﬁ,sﬂ; such that z,, — a and
d(z,) — b € ID, but ¢1(2,) /4 b. Therefore we can find a subsequence of (z),, which we still
denote in the same way, such that ¢1(z,) — ¢ # b. Hence lim,, o p(é(2n), ¢1(2n)) = 1. Next,
consider hy,(2) 1= g, (2,)(2)fn(z) for every z € D and every n € N, where f,, lies in the unit ball
of H3® and satisfies |f,,(¢(2zn))] = m for every n € N. Thus each h,, belongs to the unit ball
of H2® and we obtain

1Cs = Co,ll = limsup v(zp)[hn($(2n)) = hn(P1(2n))]

. v(zn)
= limsup ————<p(d(2n), 01(2n)) > €.
Thus, the claim follows. O
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