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ABSTRACT. Banach spaces which are Grothendieck spaces with the Dunford—
Pettis property (briefly, GDP) are classical. A systematic treatment of GDP—
Fréchet spaces occurs in [12]. This investigation is continued here for locally
convex Hausdorff spaces. The product and (most) inductive limits of GDP—
space are again GDP-spaces. Also, every complete injective space is a GDP—
space. For p € {0} U [1,00) it is shown that the classical co—echelon spaces

kp(V) and K, (V') are GDP—spaces if and only if they are Montel. On the other

hand, Koo (V) is always a GDP—space and koo (V') is a GDP-space whenever
its (Fréchet) predual, i.e., the Kothe echelon space A1 (A), is distinguished.

1. INTRODUCTION.

Grothendieck spaces with the Dunford—Pettis property (briefly, GDP) play a
prominent role in the theory of Banach spaces and vector measures; see Ch.VI of
[17], especially the Notes and Remarks, and [18]. Known examples include L,
H> (D), injective Banach spaces (e.g.¢>°) and certain C'(K) spaces. D. Dean
showed in [14] that a GDP-space does not admit any Schauder decomposition;
see also [26, Corollary 8]. This has serious consequences for spectral measures in
such spaces, [31].

For non—normable spaces the situation changes dramatically. Every Fréchet
Montel space X is a GDP-space, [12, Remark 2.2|. Other than Montel spaces,
the only known non—normable Fréchet space which is a GDP-space is the Kothe
echelon space As(A), for an arbitrary Koéthe matrix A, |12, Proposition 3.1].
Moreover, such spaces often admit Schauder decompositions, even unconditional
ones in the presence of the density condition, |12, Proposition 4.4].

Our aim here is to continue and expand on the investigation begun in [12]. We
exhibit large classes of locally convex Hausdorff spaces (briefly, IcHs) which are
GDP—-spaces. Many of these admit Schauder decompositions, some even uncondi-
tional ones. The methods also exhibit new classes of Fréchet GDP—spaces which
are neither Montel nor isomorphic to any space of the kind Ay (A). Consequences
for spectral measures are also presented. In the final section we characterize those
co—echelon spaces ky(V), for p € {0}U[1, 00), which are GDP-spaces. For p # oo,
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this is the case precisely when k,(V') is Montel but, for p = oo, the situation is
different.

2. PRELIMINARIES.

If X is a IcHs and I'y is a system of continuous seminorms determining the
topology of X, then the strong operator topology 7s in the space L£(X) of all
continuous linear operators from X into itself (from X into another lcHs Y we
write £(X,Y)) is determined by the family of seminorms

qyc(s) = q(SZL'), Se [:(X)7

for each x € X and ¢ € I'x (in which case we write £5(X)). Denote by B(X) the
collection of all bounded subsets of X. The topology 7 of uniform convergence
on bounded sets is defined in £(X) via the seminorms

qB(S) := sugq(Sa:), SeL(X),
e

for each B € B(X) and ¢ € I'x (in which case we write £,(X)). For X a Banach
space, Ty is the operator norm topology in £(X). If I'x is countable and X is
complete, then X is called a Fréchet space.

By X, we denote X equipped with its weak topology o(X, X’), where X’ is
the topological dual space of X. The strong topology in X (resp. X’) is denoted
by B(X, X') (resp. B(X', X)) and we write X3 (vesp. X}); see [23, §21.2] for the
definition. The strong dual space (Xj)j of X} is denoted simply by X”. By X,
we denote X' equipped with its weak-star topology o(X’, X). Given T € L(X),
its dual operator T': X' — X' is defined by (z,T'2') = (Tx,2’) for all x € X,
a’ € X'. Tt is known that T € £(X}) and T* € L(X}), [24, p.134].

The following two known facts are included for ease of reading.

Lemma 2.1. Let X, Y be lcHs’ with Y quasi-barrelled. Then the linear map
1 Ly(X,Y) — Ly(Ys, Xf) defined by ®(T) :=T*, for T € Ly(X,Y), is continu-
ous.

In particular, if X is quasi-barrelled and a sequence {T,,}7° 1 C L(X) satisfies
Tp-limy, oo Ty, = T in Ly(X), then also Tp-limy, o T =T in Eb(Xé).

Proof. A basis of 0-—neighbourhoods in £,(X,Y") consists of all sets of the form
W(B,U) :={T € L(X,Y) : T(B) C U} as B runs through B(X) and U runs
through the collection Uy(Y) of all 0-—neighbourhoods in Y.

Let C € B(Yj) and V € Uy(X}) be given. Since Y is quasi-barrelled, C
is equicontinuous, [23, p.368|. So, there exist U € Up(Y) with C C U®° (the
polar of U) and, by definition of the topology of X}, a set D € B(X) such that
D° C V. To complete the proof, we check that ®(W(D,U)) C W(C,V). Fix
T € W(D,U) C L(X,Y), in which case T(D) C U. It suffices to show that
THU®) C D° since this implies that T*(C) C V. So, fix y’ € U° and d € D.
Then |(d, T"')| = [(T'd,y')| <1 as Td € U and y' € U°. Accordingly, T'y’ € D°
for all 3 € U°. O

Lemma 2.2. Let A be a subset of a lcHs X such that, for every U € Up(X),
there exists a precompact set B C X (depending on U) with A C B+ U. Then A
18 precompact.
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Proof. Fix U and B as in the statement of the lemma with A C B+ %U. Since B
is precompact, select x1,...,x; from B such that B C U?Zl(:cj + %U) It follows
that A C Ué?:l(:cj + U). Hence, A is precompact. O

A sequence (P,)5; C L(X) is a Schauder decomposition of X if it satisfies:

(Sl) PP, = min{m,n} for all m,n € N,

(S2) P, — I 'in L4(X) as n — oo, and

(S3) P, # P,, whenever n # m.

By setting Q1 := P; and Q,, := P,—PF,,_1 for n > 2 we arrive at a sequence of pair-
wise orthogonal projections (i.e. QnQm = 0 if n # m) satisfying > >, Q, = I,
with the series converging in L4(X). If the series is unconditionally convergent
in L,(X), then {P,}5°; is called an unconditional Schauder decomposition, |28].
Such decompositions are intimately associated with (non—trivial) spectral mea-
sures; see (the proof of) [12, Proposition 4.3] and [28, Lemma 5 and Theorem 6.
If X is barrelled, then (S2) implies that {P,}72 is an equicontinuous subset of
L(X). According to (S1) each P, and @, for n € N, is a projection and @, — 0
in £5(X) as n — oo. Condition (S3) ensures that @, # 0 for each n € N.

Let {P,}22, € L(X) be a Schauder decomposition of X. Then the dual
projections {P!}>°, C £(X/) always form a Schauder decomposition of X/, [22,
p.378|. If, in addition, {P!}>2, C L(X}) is a Schauder decomposition of X,
then the original sequence {P,}7° ; is called shrinking, [22, p.379]. Since (S1)
and (S3) clearly hold for {P!}°° , this means precisely that P! — I in L£(X 5);

nfn=1
see (52).

3. GDP-SPACES.

A 1cHs X is called a Grothendieck space if every sequence in X' which is
convergent in X/ is also convergent for (X', X”). Clearly every reflexive 1cHs
is a Grothendieck space. A IcHs X is said to have the Dunford—Pettis property
(briefly, DP) if every element of £(X,Y’), for Y any quasicomplete lcHs, which
transforms elements of B(X) into relatively o(Y,Y”)—compact subsets of Y, also
transforms o (X, X’)-compact subsets of X into relatively compact subsets of Y,
[21, p.633-634]. Actually, it suffices if Y runs through the class of all Banach
spaces, [12, p.79]. A reflexive lcHs satisfies the DP—property if and only if it is
Montel, [21, p.634]. According to |21, pp.633—-634], a lcHs X has the DP—property
if and only if every absolutely convex, o(X, X')-compact subset of X (denote all
such sets by X)) is precompact for the topology 7s of uniform convergence on the
absolutely convex, equicontinuous, o(X’, X”)-compact subsets of X’ (denote all
such sets by ). Clearly the topology 7sv is finer than o(X, X”).

Examples of GDP-spaces, beyond those given in [12] for certain kinds of non—
normable Fréchet spaces, are given via the next result.

Proposition 3.1. (i) Every complemented subspace of a GDP-space is a GDP-
space.

(i) An arbitrary product of lcHs’ is a GDP-space if and only if each factor is
a GDP-space.

Proof. (i) Concerning the DP—property, see [21, p.635]. The proof of the Grothen-
dieck property for Fréchet spaces, as given in [12, Lemma 2.1(iv)], is valid in a
general IcHs.
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(ii) For the DP-property of a product space X = [[,c4 Xa, with each X,
a GDP-space, we refer to [21, p.635]. Concerning the Grothendieck property,
let {u®}  C X' be a o(X’,X)null sequence. By [23, (2) p.284], X' =
DaecaX], in the canonical way. Moreover, [23, (4) p.286], implies (for the re-
spective Mackey topologies) that (X', u(X’, X)) = ®aca(X), u(X), Xs)). Now,
{u12 " is bounded in (X', u(X’, X)) because the topologies o(X’, X) and
u(X’, X) have the same bounded sets. We can then apply [23, (4) p.213] to
conclude that there exists a finite sum @7_, X/, ., such that {u®}2  is bounded

o(j)
in @?:1()((/1@)7M(X;(j),Xa(j))). In particular, if u*) = (u&k))aeA, then the co-

ordinates u{? = 0 for all a ¢ {a(j)}j—; and k € N. Since each X, ;) is a

Grothendieck space, we have ug?)]) — 0 in (X(;(j), O'(X&(j),X(l):(j))) as k — oo. It

is the routine to conclude that u®) — 0 in (X’,0(X’, X")) as k — oc.
Conversely, since each factor in a product space is a complemented subspace,
it follows from part (i) that each factor is a GDP-space whenever the product is

a GDP-space. O

Let us present an immediate application. Recall that a lcHs X is called injective
if, whenever a IcHs Y contains a closed subspace isomorphic to X, then this
subspace is complemented in Y. For Banach spaces the following fact is known,
[25, p.121]

Corollary 3.2. Fvery injective complete lcHs X is a GDP—-space.

Proof. As a complete IcHs, X is isomorphic to a closed subspace of a product
1., Yo of Banach spaces {Ya}a, [23, p.208]. On the other hand, each Y, is iso-
morphic to a closed subspace of £°°(I,) for some index set I,. So, X is isomorphic
to a closed subspace of [], ¢*°(I,) and hence, being injective, X is isomorphic
to a complemented subspace of [[, ¢*°(1,). But, [], ¢>(1,) is a GDP-space by
Proposition 3.1(ii) and the fact that each Banach space ¢>°(I,) is a GDP-space,
[26]. Hence, X is a GDP-space by Proposition 3.1(i). O

For examples of (non—normable) injective lcHs’ we refer to [19], [20], for exam-
ple, and the references therein.

By taking any infinite sequence {X,}>°; of Banach GDP-spaces (e.g. the
classical ones listed in Section 1) and forming the product [[>”, X,,, one can
exhibit many Fréchet GDP-spaces which are neither Montel nor Kothe echelon
spaces. The dual Xj; of a GDP-space need not be a GDP-space, e.g. (£*°)
contains a complemented copy of ¢!, which is not a GDP-space.

We now turn to an extension of the Brace-Grothendieck characterization of
the DP-property. For Banach spaces we refer to [17, p.177], |21, pp.635-636],
and for Fréchet spaces to |7, p.397].

A subset A of a lcHs X is called relatively sequentially o(X, X")—compact if
every sequence in A contains a subsequence which is convergent in X,. Such sets
belong to B(X), [23, §24;(1)], after recalling that every sequentially compact set
in any lcHs is also countably compact, [23, p.310].

Proposition 3.3. Let X be a quasicomplete lcHs.
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(i) If X is barrelled and has the DP-property, then for every o(X, X')-null
sequence {z}72, € X and every o(X', X")—null sequence {z}.}7°, C X' we have
limk—>oo<xka ZE§€> =0.

(ii) Let both X and X’ﬁ have the property that their relatively weakly compact
subsets are relatively sequentially weakly compact. Suppose that limy_oc(xk, x)) =
0 whenever {z}32, € X is a o(X, X')-null sequence and {z}.}32, C X' is a
o(X', X")-null sequence. Then X has the DP-property.

It is routine to check (but, in practice quite useful) that the condition xp — 0
for (X, X’) and zj, — 0 for o(X’, X”) in part (i) can be replaced with z;, — 0
for o(X, X') and {z},}32, is o(X’, X")—convergent in X’. For Banach spaces this
was noted in |21, (¢’) p.636].

Proof. (i) Fix null sequences {z;}7°,; € X, and {z}}2, € X' for o(X', X").
Since X is barrelled, the lcHs (X, o(X’, X)) is quasicomplete, [23, (3) p. 297],
and the closed absolutely convex hull B of {0} U {x}}?2 is equicontinuous and
o(X', X")-compact by Krein’ Theorem, [23, (4) p. 325]. Since X is quasicom-
plete, the closed absolutely convex hull A of {0} U {z;}2, is o(X, X')-compact,
again by Krein’s theorem. Via the discussion prior to Proposition 3.1, A is pre-
compact for the topology 7sv. By Grothendieck’s Theorem applied to u := I from
X to X, [21, Theorem 9.2.1], the topology o(X, X’) is finer on A than 7v/. In
particular, x; — 0 for vy as k — oo and hence, uniformly on B. This yields that
limp o0 (g, 2},) = 0.

(ii) Under the given hypotheses, to conclude that X has the DP-property
it is enough to show that x;, — 0 for 75y as & — oo whenever {z;}7°, C X
is a o(X, X’)—null sequence. To this effect, we show that the stated condition
implies that every A € ¥ is relatively tsy—countably compact and hence, is 75—
precompact. So, take any sequence {z}32, C A. Since A is o(X, X')-compact,
it is sequentially o (X, X’)—compact (by hypothesis), and so we can select a subse-
quence {z(;) }52; converging to some g € X for o(X, X'). Then (z4(j) —x0) — 0
for o(X, X') as j — oo and hence, by the stated condition, also for 75y as j — oo.
So, xy(j) — o for Tsy as j — oo and hence, A is 7sy—countably compact.

To complete the proof we proceed by contradiction, i.e. assume there is a
o(X, X")null sequence {z4}7°, € X which does not converge to 0 for 7sy. Then
there exist € > 0, a sequence k(1) < k(2) < ... and a sequence {x/}22; contained
in some set B € X' such that |(zy(;), )| > € for each j € N. By hypothesis
(since (Xj)" = X"), B is sequentially o(X', X")-compact and hence, there is a
subsequence {x;(i)};’il of {z;}22, and 2’ € X’ such that x;(i) — z’ for (X', X")
as i — oo. Since Ty(j(;y) — 0 for o(X, X') as i — oo and x;(i) — 1z’ for (X', X")
as i — 00, it follows from the assumed hypotheses (in the form of the comment
prior the proof) that (zy(;()), yv;.(l.)> — 0 as i — oo, which is a contradiction. [J

Remark 3.4. (i) The following requirements on a IcHs X ensure that X is
quasicomplete and that both X and X é satisfy the hypotheses of part (ii) in
Proposition 3.3.

(a) X is a Fréchet space. The space X is then a complete (DF)-space and
the claim follows from [13, Theorem 1.1 and Example 1.2].
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(b) X is a complete (DF)-space, in which case X} is a Fréchet space. Again
the claim follows from [13, Theorem 1.1 and Example 1.2].

(¢) X =ind,, X, is a complete (LF)-space. According to [23, p.368] the space
is barrelled and |13, Example 1.2(A)] implies that the relatively o (X, X’)-
compact sets are relatively sequentially o(X, X’)-compact. Concerning
X é, since every bounded set in X is contained and bounded in one of the
component spaces Xy, [23, (5) p.225], it follows that X3 = proj,(Xn)j
and so X is a subspace of the countable product [ [,,cn(Xn)j;. The desired
conclusion for X/B then follows from Proposition 5, Proposition 6 and
Theorem 11 of [13].

(ii) Suppose that X is a complete (DF)-space; see [29, p.248| for definition.
Such a space is necessarily No—barrelled, [29, Observation 8.2.2. (c); see |29,
p.236] for the definition of Rg—quasibarrelled and Rop—barrelled. We claim that X
has the DP—property if and only if limy_,o (zg, z)) = 0 for every o(X, X')-null
sequence {z;}72; € X and every o(X’, X”)-null sequence {z}}?°, C X'. Indeed,
that the validity of the stated condition on pairs of null sequences implies the
DP-property follows from part (i)-(b) above and Proposition 3.3(ii). Conversely,
suppose that X has the DP—property. We cannot apply Proposition 3.3(i) directly
as X need not be barrelled. Nevertheless, suppose that {z;}3>, € X is o(X, X')~
null and {z}}?°, € X" is o(X’, X”)null. Then the absolutely convex hull of
{0} U {z},}32, is both o(X’, X")-compact by Krein’s Theorem (applied in the
Fréchet space X IB) and equicontinuous because X is Rg—barrelled. The proof that
limy o0 (T, 2,) = 0 can then be completed as in the proof of Proposition 3.3(i).

The following technical result will be useful in the sequel.

Lemma 3.5. Let X be a barrelled lcHs which is a Grothendieck space and {T}}32,
C L(X) be a sequence of pairwise commuting operators satisfying

lim T; =0 in Ly(X) (3.1)
j—00
and
lim (I = Ty)T; =0 in Lp(X), for each k € N. (3.2)

j—00
Then the following assertions are valid.

(i) For each bounded sequence {x;}32, C X we have

lim Tix; =0 in X,.

J—0
(i) For each o(X', X)-bounded sequence {x;}3°, C X" we have

lim Tja; =0 in (X',0(X', X")).

j—oo I

Proof. (i) Let {27}%2; C X’ be a o(X’, X)-bounded sequence. Since X is bar-

relled, the set B := {27}, C X' is equicontinuous. For fixed z € X, it follows

from (3.1) that sup,cp [(Tjz,2')] — 0 as j — oo, that is, [(z,Tfz))| — 0 as
j — oo. This shows that lim; ., Tjz; = 0 in (X',0(X’,X)). Since X is a

Grothendieck space, we can conclude that lim; o Tfz; = 0 in (X', 0(X', X")).
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(i) Set S :=1—Tj}, for j € N, in which case S;- € L(X}). By part (ii) applied
to {S;}32; we have (in (X’,0(X’, X"))) that
lim S’;u' =/, ueX.
j—o0
Define a linear subspace H C X’ by
H:={u e X": v = lim Siu' in Xj}.

J]—00

To show that H is closed in X/’B, fix a net {2],}aca C H such that lim,eca 2, = 2/
in Xj. Fix B € B(X). The barrelledness of X and the fact that {7}}32, is
bounded in L£5(X) (see (3.1)) imply that {S;}32; is equicontinuous in L£(X).
Accordingly, C:= BUUZ, S;(B) € B(X). Since zj, — 2’ in X, it follows that
there exists a(0) € A such that

sup|(x, (¢ —2))| < 7, > a(0). (3.3)

1
2eC 3
For each o > «(0) and z € B we have, for all j € N, that
(2, 2") — (2, Sja’)]|
[z, 2") — (2, @0)| + {2, 26) — (2, Sjap)| + [(z, Sj (@ — 2'))]
[z, (& — 2o )| + {2, (w4 — Sjaa))| + [(S;2, (w5, — 2'))]

2
g + ‘(za (x:x - S;x:x»’a

IN

IN

where (3.3) is applied twice to deduce the final inequality. In particular, for
a = a(0) we have, for all j € N, that

2
2,2') = {2, 81)| < = +1(2 (e — Stalyo))l, 2 € B.

Since ‘r/a((]) € H, there exists j(0) € N such that

1
Lo — Skl <=, j=>3(0).
222“27 (xa(O) ]xa(O))>| =3’ J _j( )

This shows that {2’ —5’;3:’};.";].(0) C B (the polar of B). It follows that Stz" — 2’
in X7 as j — oo, ie, 2’ € H.
Next we show that U°,Sk(X’) C H. So, fix any k € N. By (3.2) we have
]EIEO T]Sk = ]1i>120 SkT] =0 in ,Cb(X)
In particular, for each 2’ € X', we have lim;_. 2’ o (TjSk) = 0 in X or, equiva-
lently, that lim;_, S;;]?(L'/ =01in Xé. It follows, for any 2’ € X', that
lim S§(S;2) = lim Sp(I —T})z' = Sja’ — lim SpTja’ = Spa'
j—oo j—o0 j—oo
with the limits taken in Xj. This shows that Sia' € H, for each 2’ € X', ie.
Si(X') C H.
For each 2’ € X', it follows from (ii) that
' = lim Sta’

J—00 J
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in (X',0(X’, X")), with {Sj2'}22, C H because of U2 S;(X') € H. Accord-
ingly, H is dense in (X’,0(X’, X")). On the other hand, H is closed in X} and
both o(X’, X") and B(X’, X) are topologies for the dual pairing (X', X”), which
implies that H = X'. In particular, in X} we have 2’ = lim; . S;t:z:’, for each
2’ € X', that is, lim;_,o T;l‘/ = 0, for each 2/ € X'.
To complete the proof, let {xj}‘;‘;l be any bounded sequence in X and set

D= {x;}%2, € B(X). Fix 2’ € X'. Since lim;j_o T2’ = 0 in X} we get

lim sup \(z,TJ’?x/H =0

J70 zeD
and hence, in particular, that 0 = lim;,c |[(z;, Tj2')| = lim; oo [(Tj2;, 2")|. This
shows that lim; .o, Tjx; = 0 in X, as required. U

Remark 3.6. Lemma 3.5 is an extension of Proposition 4.1 in [12]. Indeed, let
{P,}>2, € L(X) be any Schauder decomposition. Set T} := (I — Pj), for j € N,
in which case Tj — 0 in L£4(X) as j — oo, i.e., (3.1) holds. Moreover, for k € N
fixed we have

(I =Tu)T; = P.(I = Tj) = P, — PP; =0, j>k,

and so (3.2) also holds.
The proof of Lemma 3.5 is based on methods introduced by H.P. Lotz, [25, §3].

The following notion is due to J.C. Diaz and M.A. Minarro, [15, p.194]. A
Schauder decomposition {P,}72, in a lcHs X is said to have property (M) if
P, — I in L(X) as n — oo. Since every non-zero projection P in a Banach
space satisfies || P|| > 1, it is clear that no Schauder decomposition in any Banach
space can have property (M). For non-normable spaces the situation is quite
different. For instance, if X is a Fréchet Montel space (resp. Fréchet GDP—space,
which is a larger class of spaces; see [12]), then every Schauder decomposition
in X has property (M); see [15] (resp. [12, Proposition 4.2]). The next result
significantly extends these classes of spaces. First a useful observation (see [12,
Remark 2.2] for Fréchet spaces).

Remark 3.7. Every Montel IcHs X is a GDP—space. Indeed, since X is reflexive,
[23, (1) p.369], it is surely a Grothendieck space. That every Montel space has the
DP-property is known, [21, Example 9.4.2]. Actually, it was already noted above,
[21, Example 9.4.2|, that a IcHs X is Montel if and only if it is semireflexive and
has the DP—property.

Proposition 3.8. Let X be any quasicomplete, barrelled lcHs and {P,}22, C
L(X) be a Schauder decomposition of X .

(1) If X is a GDP-space, then {P,}5°, has property (M).

(i) If X is a GDP-space, then { Py} C L(X}) is a Schauder decomposition
of Xé with property (M). In particular, { Py}, is a shrinking Schauder
decomposition of X.

(111) Suppose that { P, }o2 | has property (M) and that each complemented sub-
space Qn(X) of X, where Qy := P, — P,—1 with Py :=0 forn €N, is a
Grothendieck space (resp. has the DP—property, resp. is Montel). Then X
is also a Grothendieck space (resp. has the DP-property, resp. is Montel).
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Proof. (i) We proceed with a contradiction argument as in the proof of Proposition
4.2 in [12]|. Setting T, := I — P, for n € N, it follows from that proof that there
exist p € 'y and B € B(X), an € > 0, and an increasing sequence n(k) /" oo in
N together with sequences {z}.}7°, € X’ and {z}}?2, C B such that |(z,z})| <
p(z), for all z € X, and

(Tayzk, Ty eh)| > &, k€N, (3.4)

We check the hypotheses of Lemma 3.5. Clearly, the sequence {Tn(k‘)}zozl is
pairwise commuting. Since P, — I in L£4(X) as n — oo, it is clear that (3.1)
is satisfied. The condition (3.2) follows from Remark 3.6. So, Lemma 3.5 does
indeed apply and hence, limy .o Tyiyzr = 0 in X, (since {z,4)}32, € B is
a bounded sequence). Moreover, the equicontinuity of {z}.}32, € X’ implies
that {x}}7°, is o(X’, X)-bounded and hence, part (ii) of Lemma 3.5 implies
that limy .o T, 42, = 0 in (X', 0(X’, X")). According to Proposition 3.3(i), the
DP—property of X implies that limg_, (Tn(k)a:k, Tqi(k)a;@ = 0 which contradicts
(3.4). So, P, — I in Lp(X) as n — oo.

(ii) According to |24, p.134] we have {P!}>° | C L(X}j). Part (i) ensures that
P, — I in £,(X) and hence, by Lemma 2.1, P! — [ in Ly(Xj)- So, {P}ee, is
a Schauder decomposition of X7 with property (M). In particular, Piz" — 2’ in
X é for each 2’ € X', i.e., {P,}5°, is a shrinking Schauder decomposition of X.

(iii) Suppose first that each @, (X), for n € N, is a Grothendieck space. Fix
2" € X”. We claim that

lim (I — P)a" =0 in (Xp)j. (3.5)

n—oo

To see this, fix B € B(X}). Then
W:={S e L(X}): (S, z")] <1, V' e B}

is a O-neighbourhood in £Ly(Xj). Since (I — Pp) — 0 in £y(X}) as n — oo (see
Lemma 2.1), there is m € N such that (I — Pt) € W for all n > m. That is, for
all v € B and n > m we have
(', (I = P)a")| = (I = Pp)v’, a") < 1.

This shows that (I — P)z” € B° for n > m, i.e., lim,_oo(I — P*)2” = 0 in
(X5)5, as claimed.

Let {z}}?2, € X’ be any sequence such that zj, — 0 in (X’,0(X’, X)) as
k — oc. Since X is barrelled, the sequence {z}}32, is bounded in Xj. So, (3.5)
implies that for every € > 0 there is m € N with

(x), (I — P2y <e, keN, n>m.
It follows, for each k& € N, that
[k, 2" < ok, (T = Pr)a”)| + [, Pra”)| < e + [(2}, Pra”)].
Setting Ey, := Pn(X), we have that the restriction Py, : (Ep)5 — Xj is con-
tinuous and hence, 2" o Py, : (Ep)j; — C is continuous, ie., Phz" € ((En)j)j-
But, E,, is a Grothendieck space (c.f. proof of (i) of Proposition 3.1) and the

restrictions z}|g,, — 0 in (E;,,0(E},, Ep)) as k — oco. Accordingly, «}|g,, — 0
in (E},,0(E;,,E})) as k — oo. This implies that limsupy, |(z},2"”)| < e. Since
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e > 0 is arbitrary, we have (z},z”) — 0 as k — oco. Hence, X is a Grothendieck
space.

Next assume that @Q,(X) has the DP-property for each n € N. Fix any
operator T € L(X,Y), with Y a Banach space, which maps bounded sets in
X into o(Y,Y')—compact sets in Y. Let B C X be any o(X, X’)-compact set.
Given € > 0 there exists a 0-neighbourhood U C X with T'(U) C By, where
By is the closed unit ball of Y. Since limy,_oo(f — P,) = 0 in £4(X), there is
n(0) € N such that (I — P,())(B) € U. Then

T(B) € T(Pu)(B)) + T((I = Pa0))(B)) € T(Py0)(B)) + By (3.6)

Clearly P,)(B) is weakly compact in Ej ) := P 0)(X). Moreover, E,q) has
the DP—property since it is the direct sum (hence, also product) of finitely many
spaces Qn(X), for 1 < n < n(0), each one with the DP-property, [21, p.635].
Hence, T'(P,(0)(B)) is relatively compact in Y and it follows from (3.6) and
Lemma 2.2 that T'(B) is precompact (hence, relatively compact) in Y. It fol-
lows that X has the DP—property.

Finally, assume that each Q,(X), for n € N, is Montel. Fix B € B(X).
Since X is quasicomplete, it suffices to show that B is precompact. Let U be
a O-neighbourhood in X. Since P, — I in L£;(X), there is m € N such that
(I — Py)(B) C U. On the other hand, Pn(B) C 377", Q;(B). Since Q;(B) is
bounded in the Montel space Q;(X), it follows that Q;(B) is relatively compact
in Q;(X), for each 1 < j < m and hence, also in X. It follows that P, (B) is
relatively compact. Since B C P,,(B) + U, it follows from Lemma 2.2 that B is
precompact. ]

Remark 3.9. (i) For X a Fréchet space, that part of (iii) in Proposition 3.8
which states if each @, (X), n € N, is Montel, then X is Montel, is known, [15,
Proposition 4].

(ii) Suppose that X is quasicomplete, barrelled GDP-space which admits a
Schauder decomposition {P,}5° ; (necessarily with property (M) by Proposition
3.8(i)) such that each space Qn(X), with @, := P, — P,—; for n > 1, is finite
dimensional. Then X is a Montel space; see Proposition 3.8(iii). In particular,
every quasicomplete barrelled GDP—space with a Schauder basis is Montel.

Let X =ind,, X,, be a countable inductive limit of lcHs” with canonical inclu-
sions j,: X, — X, for each n € N. Recall that X is quasi—regular if for every
B € B(X) there exist m € N and C € B(X,,) such that B C C, where the
closure C of C is taken in X, [16]. If every bounded subset of X is contained
and bounded in a step X,,, for some m € N, then X is called regular, [29]. Ev-
ery (LB)-space X = ind, X,, is quasi-regular; this follows from [29, Corollary
8.3.19]. If X is quasi-regular, then X ’ﬂ = proj n(Xn)’B, where the projective limit

15 see, for example, [23,
§22.6 and 22.7], [16]. In particular, if X is a quasi-regular (LF)-space, then every
relatively weakly compact subset of Xé is relatively sequentially weakly compact,

is formed with respect to the linking maps j!: X' — X/ ;

[13, Propositions 5 and 6, Theorem 11]. The following result is a reformulation
of [8, Proposition 22].

Lemma 3.10. Let X be a Ng—barrelled IcHs such that every relatively weakly
compact subset of Xé 1s relatively sequentially weakly compact. Then X is a



GROTHENDIECK SPACES WITH THE DUNFORD-PETTIS PROPERTY 11

Grothendieck space if and only if every operator T € L(X,cy) maps bounded
subsets of X to relatively weakly compact subsets of cq.

We can now establish a useful fact concerning inductive limits.

Proposition 3.11. Let X = ind, X,, be a quasi-regular (LF)-space such that
each Fréchet space X,, for n € N, is a Grothendieck space. Then X is also a
Grothendieck space.

Proof. Let T € L(X,co) and B € B(X). Since X is quasi-regular, there exist
m € N and C € B(X,,) such that B C C, with the closure of C' formed in X.
The restriction S := T'|x,, belongs to L£(X,,,cp). Since X,, is a Grothendieck
space, the set T'(C') = S(C) is relatively weakly compact in ¢y. Moreover, T'(B) C
T(C) € T(C) and so T(B) is also relatively weakly compact in cg. Observing
that Lemma 3.10 can be applied to the (barrelled) quasi-regular (LF)-space X,
since X’ﬁ = proj n(Xn)’ﬁ satisfies the required hypothesis, we can conclude that

X is a Grothendieck space. O
For the DP—property of inductive limits we have the following result.

Proposition 3.12. Let X =ind, X,, be an (LF)-space which satisfies:

(8.7) Every weakly compact subset of X is contained and weakly compact in
some step Xy, .

If each Fréchet space X,,, for n € N, has the DP—property, then also X has the
DP—-property.

Proof. Let Y be any Banach space and T' € £(X,Y) transform bounded subsets of
X into relatively weakly compact subsets of Y. Fix a weakly compact set A C X.
By (3.7) there exists m € N such that A C X,,, and A is weakly compact in X,,.
Since the restriction T'|x,, of T to X,, maps bounded sets of X,, to relatively
weakly compact subsets of Y and X,,, has the DP—property, it follows that T(A)
is relatively weakly compact in Y. Accordingly, X has the DP—property. O

Remark 3.13. (i) Every (LF)-space X = ind,, X,, satisfying (3.7) is necessarily
regular. To see this, let {z;}72, € X be a o(X, X’)null sequence. Then it
suffices to show that {z;}7°, is contained and o(X,,,X;,) null in some step
Xpm; the conclusion will then follow from [30, Theorem 1|. But, since A :=
{0} U{xp}2, is weakly compact in X, (3.7) ensures that there is m € N such that
A C X, and A is o(X,,, X] )—compact. As the topology o(X,,, X],) restricted
to A is finer that o(X, X’) restricted to A and the latter topology is Hausdorff,
the two topologies coincide on A. Hence, limy_.o zx = 0 for o(X,,, X/ ).

(ii) An (LF)-space X = ind, X,, is said to satisfy (Retakh’s) condition (My)
if there exists an increasing sequence {U,, }° ; of absolutely convex 0-neighbour-
hoods U, in X, such that for each n € N there exists m(n) > n with the
property that the topologies o(X, X’) and O’(Xm(n),X;ﬂ(n)) coincide on U,. A
relevant reference for condition (My) is [34]. An (LF)-space satisfying condition
(Mp) need not be quasi-regular, [16]. On the other hand, if a regular (LF)-space
satisfies condition (Mp), then it necessarily possesses the property (3.7). To see
this, let A C X be o(X, X’)—compact. By regularity of X there exists n € N
such that A C X,, and A € B(X,). According to condition (M) there exists
m(n) > n and a O-neighbourhood W,, in X,, such that the topologies (X, X')
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and U(Xm(n)’X;n(n)) agree on W,,. Select A\ > 0 such that AA C W,, and note

that AA is o(X, X')-compact as A is. Accordingly, AA (and, hence also A) is
c:r(Xm(n),X;n(n))—compauct7 ie., (3.7) is valid.

There is a condition which is more restrictive than (Mj) but, has the advantage
in practice that it is easier to verify. Namely, an (LF)-space X = ind, X,
satisfies (Retakh’s) condition (M) if there exists an increasing sequence {U,, }°
of absolutely convex 0—neighbourhoods U, in X, such that for each n € N there
exists m(n) > n with the property that X and Xom(n) induce the same topology
on Up. It is known that an (LF)-space X = ind,, X,, satisfies condition (M) if
and only if it is sequentially retractive, i.e., every convergent sequence in X is
convergent in some step X,,, [36].

(iii) A regular co—echelon space koo (V') = ind ,, £°°(vy,) of order infinity satisfies
condition (Mp) if and only if it satisfies condition (M), [5], which in turn is
equivalent to the defining sequence V' = (v,) being regularly decreasing. Co—
echelon spaces of the form ko (V) will be treated in more detail later. O

Since every (LF)-space satisfying (3.7) is regular (c.f. Remark 3.13(i)), the
following fact is a consequence of Propositions 3.11 and 3.12.

Proposition 3.14. Let X = ind,, X,, be an (LF)-space satisfying property (3.6).
If all the Fréchet spaces X, for n € N, are GDP-spaces, then X is also a GDP-
space.

An immediate consequence is the following result.

Corollary 3.15. Let {X,}22, be a sequence of Fréchet spaces. Then the lc-
direct sum X = ®.2 1 X, is a GDP-space if and only if each X,,, forn € N, is a
GDP-space.

Proof. Each space X, is complemented in X, for n € N. Moreover, X =
ind, ®7_; X; is a strict (LF)-space and hence, has property (3.6). Indeed, if
A C X is weakly compact, then A € B(X) and hence, A C &}, X for some
m € N. Since X induces the given topology on @72, Xj, it follows that A is
weakly compact in @72, X;. O

Let us discuss another application of Proposition 3.14. Let € denote either
D:={2z€C: |z >1}or Candlet a =1 or a = oo, respectively. A radial weight
is a continuous, non-increasing function v: Q@ — (0, 00) such that v(z) = v(]z])
for each z € Q and lim,_,, r"™v(r) = 0 for all m > 0 (for 2 = D this condition is
lim,_; v(r) = 0). Given such a weight, the space of holomorphic functions

Ho(Q) = {f € H(Q) : [[fllo = iggv(Z)If(Z)! < oo}

is a Banach space when endowed with the norm || - [|,. W. Lusky showed that
H,(22) is isomorphic to either £*° or to the Hardy space H*°(D), [27]. In partic-
ular, H,(Q) is always a GDP-space.

Let V' := {v,}5%, be any decreasing sequence of strictly positive radial weights
on 2 and consider the weighted inductive limit V'H(2) := ind ,, H,,, (©2). It follows
from results in 2] that VH(Q) is a complete (LB)-space. The sequence V' is called
reqularly decreasing if for each n € N there is m(n) > n such that for all € > 0
and k > m(n) there is a 6 > 0 such that vy > v, pointwise on 2 whenever
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Um(n) = €VUp pointwise on (2. In this case VH(Q2) is a sequentially retractive
(LB)-space, |2, Theorem 2.3|, and hence, it satisfies (3.7); see Remark 3.13(ii).
As a consequence of Proposition 3.14 we have the following result.

Corollary 3.16. Let Q2 denote either D or C and V = {v,}72, be a decreasing
sequence of radial weights on Q which is reqularly decreasing. Then the weighted

(LB)-space VH(2) = ind , Hy, () of holomorphic functions is a GDP-space.

Recall that a spectral measure in a lcHs X is a multiplicative map P: ¥ —
L(X), defined on a o—algebra ¥ of subsets of a non-empty set €, which satisfies
P(Q) = I and is o—additive in L4(X). If, in addition, P is o—additive in £;(X),
then P is called boundedly o—additive. It is known that every spectral measure
in a Fréchet GDP—space (hence, in every Fréchet Montel space) is necessarily
boundedly o—additive; see Proposition 4.3 of [12|. An examination of the proof
given in [12] shows that it can be adapted (by using Propositions 3.1(i) and 3.8(i)
above at the appropriate stage) to yield the following extension.

Proposition 3.17. Let X be any quasicomplete, barrelled lcHs which is a GDP-
space. Then every spectral measure in X is necessarily boundedly o—additive.

For examples of spectral measures in classical spaces, some of which are bound-
edly o—additive and others which are not, we refer to 9], [10], [11], [12], [32], [33],
for example.

The following result is an extension of Proposition 4.2 in [1], where it is for-
mulated for Fréchet spaces. However, an examination of the proof shows that
the metrizability of X is not necessary, in that the topology of X need mot be
given by a sequence of continuous seminorms and the use of [35, Proposition 2.3]
applies in general spaces.

Proposition 3.18. Let X be a quasicomplete, barrelled lcHs. Suppose that there
exists a spectral measure in X which fails to be boundedly o—additive. Then X
admits an unconditional Schauder decomposition without property (M).

For explicit examples of spaces which admit spectral measures which fail to be
boundedly o-additive we refer to Remark 4.3 in [1].

Unconditional Schauder decompositions are of particular interest in non—nor-
mable GDP-spaces (in GDP-Banach spaces they do not exist). It was shown in
[12, Proposition 3.1] that every Fréchet Kothe echelon space Ao (A) of infinite
order is a GDP-space and, under certain conditions on the Koéthe matrix A,
that Ao (A) admits unconditional Schauder decompositons, [12, Proposition 4.4].
Further examples can now be exhibited. For example, let X = [[>2 | X,, be any
countable product of Fréchet GDP-spaces X,,, for n € N, in which case X is also
a Fréchet GDP-space. Define a continuous projection Q; € L(X) by Q;x :=
0,...,0,2;,0,...) for x = (z,) € X, where z; is in position j, for each j € N,
and set P, := >77_ ; Q; for n € N. Then {P,};2, is a Schauder decomposition
of X. Moreover, for a fixed € X, it is routine to verify that > >, @, is
unconditionally convergent to « in X, and hence, by the Orlicz—Pettis theorem,
also in X. Accordingly, {P,}72 is an unconditional Schauder decomposition
of X. Since X always contains a complemented copy of the Fréchet sequence
space w = [ 72, C, other unconditional Schauder decompositions also exist in X.
Or, consider the lc-direct sum X = @92, X,, of Fréchet GDP-spaces. Again the
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coordinate projections generate an unconditional Schauder decomposition of the
(non—metrizable) GDP-space X.

4. CO-ECHELON SPACES.

In the final section we make a detailed investigation of co—echelon spaces from
the viewpoint of GDP—spaces. For Kothe echelon spaces such an analysis was
undertaken in [12].

In this section, I will always denote a fixed countable index set and A = (ay, )nen
an increasing sequence of functions a,: I — (0, 00), which is called a Kéthe matrix
on I. Corresponding to each p € {0} U [1, oo] we associate the spaces

1/p
M(A) :={ z = (2(i))ic; € C' 2 ¢P(2) = <Z(an(i)|x(i)|)p> < o0,Vn e N

icl

Aoo(A) := {x = (2(i))ier € CT = ¢\ (z) = sup an(i)|z(i)| < co,V¥n € N}

Mo(A) == {z = (z(i))ier € Cl: apz € co(I),Vn € N},

with the last space being endowed with the topology induced by A (A4). The
spaces \p(A) are called (Kéthe) echelon spaces of order p; they are Fréchet spaces

relative to the sequence of seminorms {qu) o0, for p € {0} U [1, o).
For a Kéthe matrix A = (a,)02 4, let V = (v,)22, with v, := 1/a, for n € N,
and set

kp(V) =:ind P (vy), p € [1,00], and ko(V') :=ind co(vp),

where (P(v,) C C! and cy(v,) € C! are the usual (weighted) Banach spaces, for
n € N. So, k,(V) is the increasing union U2 ;0P (vy,) (resp. US;co(vy)) endowed
with the strongest lc—topology under which the natural injection of each of the
Banach spaces P (vy,) (resp. co(vy)), for n € N, is continuous. The spaces k,(V)
are called co-echelon spaces of order p. The natural map ko(V) — koo(V) is
clearly continuous but, it is even a topological isomorphism into ko (V). For a
systematic treatment of echelon and co—echelon spaces see [3].

Given any decreasing sequence V = (v,); of strictly positive functions on
I (or for the corresponding Kothe matrix A = (a,)0%, with a, = 1/v,) we
introduce

V= {v = (0(i))ier € [0,00)" : sup U(Z_) = sup a,(i)v(i) < oo, VYn € N}.
ier vall)  er

Since I is countable, the system V always contains strictly positive functions.

Next, associated with V' is the family of spaces

K,(V) :=proj £#(v), p € [1,00], and Ko(V) := proj co(D).
veV veV
These spaces are equipped with the complete lc—topology given by the collection
of seminorms

1/p
&) = (anxw) t<p<oe and ¢@) = supT()()

el i€l
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for each ¥ € V. For 1 < p < oo it is known that k,(V) equals to K,(V) as

vector spaces and also topologically. In particular, the inductive limit topology is

given by the system of seminorms {qu ). Te V} and k,(V) is always complete.

Moreover, Ky(V) is the completion of ko(V) and the inductive limit topology
)

of ko(V) is given by the system of seminorms {qéOO : © € V}. However, it can
happen that ko (V) is a proper subspace of Ko(V). Finally, koo (V) and K (V) are
equal as vector spaces and the two spaces have the same bounded sets. Moreover,
koo(V') is the bornological space associated with Koo(V) but, in general, the
inductive limit topology is genuinely stronger than the topology of K (V).
Concerning duality we have (A,(A4))j; = K,(V) and (kp(V))5 = Aq(A), where
p € {0} UL, 00) with%—i—% =1l(and g =00 if p=1;¢=11if p =0). Also,
for 1 < p < oo and %—l—% =1lorp=0andg=1, we have (A\y(4))j = ke(V).
In case 1 < p < oo, the spaces A\,(A) and ky(V) are reflexive. The space \o(A)
is dijtinguished and satisfies ((Ao(A4))j)j :7(k:1(V))’ﬁ = Ax(A). Furthemore,
Ky(V) is a barrelled (DF)-space with (KE(V))IB = (kO(K))/ﬂ = A1 (4). Hence,
there is the biduality ((ko(V))3)5 = ((Ko(V))}5)5 = Koo(V). The inductive dual
(M(A)); = koo(V) and this space is complete. We point out that keo(V) =

(M(A))j if and only if Koo(V) = koo(V) if and only if A1 (A) is distinguished. For
all the above facts on echelon and co—echelon spaces we refer to [3], [6].

Proposition 4.1. Let V = (v,,)52; be any decreasing sequence of strictly posi-
tiwe functions defined on a countable index set I and p € [1,00). The following
assertions are equivalent.
(1) kp(V) =ind , P (vy) is a GDP-space.
(i1) kp(V') is a Montel space.
(iii) For every infinite set Iy C I and every n € N there exists m(n) > n such
that

inf vm(n)@)
i€l vp (i)

Proof. (ii)<(iii) is well known, [3, Theorem 4.7].

(ii)=(i); see Remark 3.7.

(i)=(iii). Suppose that (iii) fails. Then there is an infinite set Iy C I and
n € N such that for each m > n there exists €, > 0 satisfying vy, (i) > epvn,(7)
for all ¢ € Iy. Consider the (complemented) sectional subspace

Xo ={z = (2(i))icr € kp(V) : (i) =0Vi & Ip}.
If © € Xo, then x € P(vy,) for some m > n. It follows from the previous

inequalities that |z, < &,}|z|lm, where || - ||, is the norm of ¢?(v,) for each
r € N. Hence, Xy C P(v,) and so we can endow X with the norm || - || induced
by P(vy), ie., ||z|| = (Ziefo(vn(i)\az(i)Dp)Up. The injection jo: Xo — ky(V) is
continuous because the injection jo: Xy — P (vy,) is continuous. Moreover, the
projection P: k,(V) — X defined by Px := xxy,, for € k,(V), is continuous.
To see this we need to show that the restriction P: fP(v,,) — Xo is continuous
for each m > n. But, this is precisely the inequality ||Pz|| = [[2x1, |ln < entllz]lm
indicated above. Accordingly, (Xo, || - ||) is a Banach space which is isomorphic
to a complemented subspace of k,(V) and also isomorphic to #’. Since (P, for

=0.
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1 < p < o0, is not a GDP-space neither is k,(V'); see Proposition 3.1(i). So, (i)
fails. O

For the notion of V' = (v,,)5%; being regularly decreasing we refer to Section 3.

Proposition 4.2. Let V = (v,)52, be any decreasing sequence of strictly positive
functions defined on a countable index set I which is reqularly decreasing. The
following assertions are equivalent.

(i) ko(V') =ind, co(vy) is a GDP-space.
(i) ko(V') is a Montel space.
(iii) For every infinite set Iy C I and every n € N there exists m(n) > n such
that

i Um0 @ _ o
i€ly vy (7)

Proof. Since ko(V') is complete and ko(V) ~ Ko(V), [3, Lemma 3.6], the equiva-
lences (ii)<(iii) are known; see (1)< (3) in [3, Theorem 4.7].

(ii)=(i); see Remark 3.7.

Finally, if (iii) fails to hold, then we can repeat the argument in the proof of
(i)=-(iii) in Propositon 4.1 above to conclude that ko (V') contains a complemented
copy of ¢g. Since the Banach space ¢ is not a GDP-space neither is ko(V); see

Proposition 3.1(i). O

Proposition 4.3. Let V = (v,)52, be any decreasing sequence of strictly positive
functions defined on a countable index set I which is reqularly decreasing. Then

koo(V') = ind , £>°(vy,) is a GDP-space.

Proof. Each Banach space ¢*°(v,,) is isomorphic to ¢>° and hence, is a GDP-
space. Since V is regularly decreasing, ko (V) = ind, ¢*°(v,) is sequentially
retractive, [2, Theorem 2.3|. In particular, ko (V') satisfies (3.6); see parts (ii)
and (iii) of Remark 3.13. So, Proposition 3.12 ensures that ko, (V) has the DP—
property. Since koo(V') is an (LB)-space, the discussion prior to Lemma 3.10
implies that koo (V') is quasi-regular. Then Proposition 3.11 implies that koo (V)
is a Grothendieck space. ]

Observe that the proof of k (V') being a Grothendieck space does not require
V to be regularly decreasing and hence, holds for arbitrary V.

Concerning the GDP-property of K., (V) it is possible to remove the require-
ment of regularly decreasing. To achieve this we require a technical result.

Lemma 4.4. Let V = (v,)5%,; be any decreasing sequence of strictly positive

functions defined on a countable index set I. For each © € V there exists an
increasing sequence {11732, of subsets of I such that

(i) for every k € N and every n > k there exists oy, 1, > 0 satisfying
Uk(l) < amkvn(i), 1 E Ik,
(ii) for every m € N and every e > 0 there exists k = k(m,€) satisfying

(i) < evp(i), €1\ I.
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Proof. Fix 7 € V. By definition of V' we can select, for each n € N, a constant
M, > 1 with © < M,uv,, pointwise on I. Set 83} := 28M;, > 2%, for each k € N,
and define (possibly some empty) subsets of I by

Jii=n2o{iel: vy—1(i) < Bpop(i)}
and
Ji = (Nssr{i € T vs1(3) < Bsvs() ) N{i € 11 vp—1(i) > Bror(i)},

for k > 2. Then the sets {Ji}32, are pairwise disjoint and, from their definition
it follows, for each k € N, that

vp(8) < (Be+1---Bu(i), i€ Jg, VI> k. (4.1)

Set I := U’;:lJS, for ke N. If i € I, and n > k and 1 < s < k, then it follows
from (4.1) that

Uk(z) < Us(i) < (/Bs—i-l . ﬁn)vn(z) < O‘n,kvl(i),

where v, := (Bk+1...0n). Then (i) is clear.
Now, fix i ¢ U2, Jy. Since i € Jy there is n(1) € N with

Vn(1)—1(7) > Bp1)vn()(4). (4.2)
As i & Ju) and (4.2) holds, there is n(2) > n(1) with
Un(2)=1(2) > B2)Vn(2)(i)-

Proceeding by induction, we can select n(1) < n(2) < ... <n(k) < ... such that,
for each k € N, we have

Vn(k)—1(%) > Br(k)Vn(r) (9)-
In particular, as V is decreasing, it follows that
v1(2) > By Un) (i), k€N
So, for each k£ € N, we have
2"M05(3) < 2K M V) (1) = By Vi (1) < v1().

That is, 5(i) < 27"y, (i) for each k € N which implies that T(7) = 0. Accord-
ingly, we have established that

v(i) =0, €U J.

We can now complete the proof of (ii). Fix m € N and € > 0 and select k € N
satisfying k& > m and 2¥ > ¢!, Then, for i & I}, either i ¢ U22, Jr, in which case
7(i) = 0 from above, or ¢ € J; for some [ > k. In this latter case we have

E(Z) < Mlvl(i) < Ml,ﬁflvl_l(i) (as S Jl)
= 27y 1(1) <27 (1) (asm < k<)
< 27F, () < evm(i)  (as k< 1).

This establishes (ii) and the proof is thereby complete. O
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It should be pointed out that Lemma 4.4 implies Lemma 2.4 of [12]; see also
the discussion prior to this result in [12].

For an absolutely convex bounded subset B of a IcHs X, there is always an asso-
ciated normed space Xp, [23, Section 20.11]. We recall that a sequence {B,}5° ,
of sets B, € B(X) is called fundamental if, for every B € B(X) there exists
n € N such that B C B,,. Associated with such a sequence is the bornological
space X* :=ind, Xp,. As vector spaces X = X* and the topology of X* is
finer than that of X. Nevertheless, X and X* have the same bounded sets. For
the definition of X* and many of its properties we refer to [29, Section 6.2].

Lemma 4.5. Let X be a complete (DF)-space with a fundamental sequence of
bounded sets {Bp}>2 . If the associated bornological space X* := ind, Xp,,
which is an (LB)-space, is a Grothendieck space, then X is also a Grothendieck
space.

Proof. Let T € L(X,¢p). Since X* has a finer topology than X, we also have
T e L(X*,c0). As X* is an (LB)-space, it is barrelled and a (DF)-space and so
Lemma 3.10 can be applied in X *. So, X* being a Grothendieck space, it follows
from Lemma 3.10 that 7' € L£(X ™, cy) maps bounded sets of X* into relatively
weakly compact subsets of ¢y. But, B(X) = B(X*) and so T € L(X,cp) maps
bounded sets of X into relatively weakly compact subsets of ¢g. By Lemma 3.10
applied in X, we conclude that X is a Grothendieck space. O

Proposition 4.6. Let V = (v,)22; be any decreasing sequence of strictly positive

functions on a countable index set I. Then Koo (V) is a GDP-space.

Proof. Tt is known that Ko (V)* = koo(V), [6, Theorem 15(c)], with koo (V) =
ind ,, £*°(vy,) an (LB)-space. By Proposition 3.11, ks (V') is a Grothendieck space
and so, by Lemma 4.5, K (V) is also a Grothendieck space.

Concerning the DP—property, it was noted at the beginning of this section that

Ko(V) = (M(A))j, that is, Ko(V) is a complete (DF)-space. So, it suffices to
show that if 27 — 0 weakly in K (V) and uw/ — 0 for o((Koo(V)), (Kao(V))"),
then lim; (27, u’) = 0; see Remark 3.4(i)(b) and Remark 3.4(ii). To establish
this, first observe that {xj};?‘;l € B(K(V)). Since B(Koo(V)) = B(koo(V)) with
koo(V) = ind ,, £°°(vy,) an (LB)-space, there exist m € N and C' > 0 such that
sup sup vy, (1)|27 (i)| < C. (4.3)
jEN el
Since {u/}32, is bounded for o ((Kw(V))', (KOO(V))”) and K (V) is a complete
(DF)-space (hence, No-barrelled), it follows that {u’}52, is equicontinuous. Ac-
cordingly, choose © € V such that {u’ 1521 C W°, where

W= {z € Kx(V): supv(i)|z(i)| < 1}.

el

For this particular 7 we select the subsets {I;}?°, of I according to Lemma 4.4.
By (i) of that lemma, for each k£ € N, the sectional subspace

Xy o= {2 € Koo(V): 2(i) = 0Vi ¢ I}

is a Banach space isomorphic to £°°.
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Fix ¢ > 0. For that m € N and C' > 0 as given in (4.3), we select k(0) =
k(m,e/2C) € N via (ii) of Lemma 4.4 to get
. 3 . .
(i) < %Um(z)u i & Ix(0)-
For each i ¢ Ij ) and j € N, we then have

u(i)]a? ()] < %vm(i)\xj(i)l <5

That is, {:r:jxl\]k(o) 1524 € 5W. Since {uj}}";l C W°, this implies that

e

sup <9UjXI\Ik<0) )| < (4.4)

jeN 2’
Now, {xjxjk(o) 132, is a J(Xk(o),X,’g(O))fnuH sequence in Xj ) and the restric-
tions {uj\xk(m 132, form a of I/c(o)’ X]Z(O))fnull sequence in X,’C(O). Since Xp (o) is
isomorphic to £°°, it has the DP—property and so there is j(0) € N such that

. . e
sup [(27 X1, W) < 7 (4.5)

|
7>3(0)
For each j > j(0) we can conclude from (4.4) and (4.5) that
|<xja uj>| < |<l‘jXIk(0) ’ uj>| + |<$jXI\Ik(0> ) uj>| <e.
This shows that lim;_,(z7,4’) = 0 and completes the proof. O

For the definition of a sequence V' = (v,)52; (as above) satisfying condition (D)
we refer to [4], [6]. It can be shown directly that if V' is regularly decreasing, then
it satisfies condition (D) but, not conversely. So, our final result is an extension
of Proposition 4.3.

Corollary 4.7. Let V = (v,)52, be any decreasing sequence of strictly positive
functions on a countable index set I such that V' satisfies condition (D). Then
koo(V) =ind , £>°(vy,) is a GDP-space.

Proof. Condition (D) implies that ks (V) and K (V') coincide as vector spaces
and also topologically, [6, Corollary 8 and Theorem 8|. Then apply Proposition
4.6. O
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