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Convolution operators on quasianalytic classes of Roumieu type

José Bonet and Reinhold Meise

ABSTRACT. Extending previous work of Braun, Meise, and Vogt, and of Meyer, we characterize those
convolution operators that are surjective on the space £y} (R) of all quasianalytic {w}-ultradifferentiable
functions of Roumieu type. We also investigate {w}-ultradifferential operators on £, a, b] for compact
intervals.

1. Introduction

For a weight function w let £, (R) denote the space of all {w}-ultradifferentiable functions of
Roumieu type on R. Then each u € Eiw}(R) induces a convolution operator T}, : £,y (R) — Egy (R). If
w is non-quasianalytic, i.e., if £, (R) contains non-trivial functions with compact support, then Braun,
Meise, and Vogt [7] characterized those convolution operators T, that are surjective on £,1(R). Though
the arguments that were used in [7] rely heavily on the existence of fundamental solutions for surjec-
tive convolution operators, Meyer [21] proved a similar result for convolution operators 7T}, for which
W e 5{ w}(R) is supported by the origin, even for quasianalytic weight functions w. In both articles, the
proofs are based on properties of the projective limit functor due to Palamodov [24] and the sequence
space representation for the kernels of slowly decreasing convolution operators T}, given by Meise [15].

In the present paper we show in Theorem 3.10 that the characterization, given in [7] also holds
for quasiananalytic weight functions w. More precisely, we prove that for each weight function w and
We Eiw} (R) the convolution operator T}, is surjective on £} (R) if and only if the Fourier-Laplace trans-
form fi of u is {w}-slowly decreasing and the zero set V(i) of ji can be decomposed as V(i) = Vo U V;
such that

I I

lim m =0 and lim inf m > 0.
|a|— oo w(a) |a|— oo w(a)

acVy acVy

The proof uses the better understanding of the slowly decreasing conditions that was achieved by
Momm [22], Bonet, Galbis, and Meise [2], and Bonet, Galbis, and Momm [3] together with results
about the derived functor of the projective limit functor and about (LF')-spaces, due to Vogt [29] and
to Wengenroth [31]. Applying the Fourier-Laplace transform and methods from Meise [14] and [15]
again together with a recent result of Vogt [30] and Bonet and Domanski [1], we also show that a
convolution operator T), acting surjectively on &, (R) admits a continuous linear right inverse only if
lim|4|—o0,acv (p) | Imal/w(a) = 0.

We also investigate {w}-ultradifferentiable operators T, on &£¢,}(R) and on &g,yla,b] for compact
intervals [a,b] with a < b and we show that such an operator is slowly decreasing if and only if
Tpap) ¢ Equwila,b] — Equyla,b] is surjective for all a,b € R with a < b. Whenever this condition is
satisfied then ker T}, [, is isomorphic to the strong dual of a nuclear power series space of finite type.
If in addition lim|¢|_e0cev(n) [ Im{|/w(¢) = O then the restriction map o : kerT;, — kerT), (4 is an
isomorphism for each a < b.
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2. Preliminaries
In this section we introduce the notation that will be used throughout the entire paper.

2.1. WEIGHT FUNCTIONS. A function w : R — [0, 00[ is called a weight function if it is continuous,
even, increasing on [0, co[, and if it satisfies w(0) = 0 and also the following conditions:
(a) There exists K > 1 such that w(2t) < Kw(t) + K.
(B) w(t) =o(t) as t tends to infinity.
(7) log(t) = o(w(t)) as t tends to infinity.
(0) ¢t w(eh) is convex on [0, o0l
If a weight function w satisfies
= w(t)
(Q) /1 tTdt =0
then it is called a quasianalytic weight. Otherwise it is called non-quasianalytic.
A weight function w satisfies the condition (aq) if

sup limsu w(M)
AZIi t_>oop )\w(t)

< 0

This condition was introduced by Petzsche and Vogt [25] and is equivalent to the existence of C; > 0
such that for each W > 1 there exists Cy > 0 such that

w(Wt + W) < WClw(t) +Cy, t > 0.
The radial extension @ of a weight function w is defined as
w:C" = [0,00[, @(2):=w(|z]).
It will also be denoted by w in the sequel, by abuse of notation. The Young conjugate of the function
© = p,,, which appears in (¢), is defined as
¢*(z) = sup{zy — ¢(y) 1y > 0}, = >0.
2.2. EXAMPLE. The following functions are easily seen to be weight functions:
(1) w(t) == |t|(log(e + |t])) ">, a > 0.
(2) w(t) :=t|*0<a<1.
(3) w(t) = max(0, (logt)®), s > 1.
2.3. ULTRADIFFERENTIABLE FUNCTIONS DEFINED BY WEIGHT FUNCTIONS. Let w be a given weight

function. For a compact subset K of RY and m € N denote by C*°(K) the space of all C*°-Whitney jets
on K, define

1 *
EfLy (K) = {f € C%(K) = | fllxm := sup sup [f (@) exp ( ——p"(ma]) | < oo},
€K aeNY m
and let
S{w}(K) = inde (‘:EZ}}<K)

which is a (DFN)-space.

For an open set G in RY, define the space &1} (GQ) of all w-ultradifferentiable functions of Roumieu type
on G as

&1y (G) == {f € C*(G) : For each K C G compact there is m € N so that || f| x,m < oo}.
It is endowed with the topology given by the representation
£y (G) = proj_ Equy (K),
where K runs over all compact subsets of G.

Note that &g,,) (G) is a countable projective limit of (DFN)-spaces, which is ultrabornological, reflexive
and complete. This follows from Rosner [26], Satz 3.25 and Vogt [30], Theorem 3.4.
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The space &, (G) of all w-ultradifferentiable functions of Beurling type on G is defined as
Ew)(G) :={f € C>(G) : for each K C G compact and m € N
e
()= sup sup 1)) exp (- (2)) < oo}
zeK aeNéV m

It is easy to check that £, (G) is a Fréchet space if we endow it with the locally convex topology given
by the semi-norms pg .

If a statement holds in the Beurling and the Roumieu case then we will use the notation &,(G). It
means that in all cases * can be replaced either by (w) or by {w}.

2.4. DEFINITION. Let w be a weight function and G an open convex set in RY.
(a) We define the space A, by

Ay = {f€H(C): IneN: [|f[,:= sgg|f(z)|exp(—nw(z)) < o0}

and endow it with its natural (LB)-topology. Then A, is an (DFN)-space. We also define the
Fréchet space

Aqy ={f e HC): VneN:|f|,:= sgg|f(z)|exp(—%w(z)) < 00}

(b) For each compact set K in G, the support functional of K is defined as
hg :RY = R, hy(x) :=sup{(z,y):y € K}.
(¢) For K asin (b) and A > 0 let
A(K ) = {f € HCY) :[Ifllrex = sup |f(z)] exp(—huc(m z) = dw(|2])) < oo}

zeC
and define
A(w) (CN, G) = indK,n_> A(K, TL)
1

A{w}((CN, G) :=indk_, A(K), where A(K) := proj_,, A(K, E)

It is easy to check that A(K,)) is a Banach space, that A, (C",G) is an (LB)-space, that
A(K) is a Fréchet space, and that A,y(CY,G) is an (LF)-space.

2.5. THE FOURIER-LAPLACE TRANSFORM. Let w be a weight function and let G be an open convex
set in RY. For each u € £,(G)’ it is easy to check that

0:CN = C, U(z) == ug(e @)
is an entire function which belongs to A.(CY,G) and that
F:EG) — A(CN,@G), F(u) := 1,
is linear and continuous.

The following result was proved for N = 1 by Meyer [20] and for general N in the Roumieu case by
Rosner [26]. For a unified proof we refer to Heinrich and Meise [10], Theorems 3.6 and 3.7.

2.6. THEOREM. For each weight function w satisfying w(t) = o(t) as t tends to infinity and each
convez open set G C RN the Fourier-Laplace transform

F:E(GQ) — A (CN,G)
is a linear topological isomorphism.
2.7. CONVOLUTION OPERATORS. For u € E.(R), u# 0, and ¢ € E,(R) we define
i(9) = (), ¢l) = o(—a), z € R.
The convolution operator T, : £, (R ) — E.(R) is defined by

Tu(f) = fy (s f)() == p(f(z =), = € R.
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It is a well-defined, linear, continuous operator; see Meyer [20] and [21]. For g € A,(C,R) we define the
multiplication operator M, : A.(C,R) — A,(C,R) by M,(f) = gf. It is well-known that for p € £.(R)
we have on E.(R)": FoT) = MoF.

2.8. DEFINITION. Let X = ind,,_, X,, be an (LF)-space.
(a) X is called sequentially retractive if for each convergent sequence () en in X there exists n € N
such that (x;);en lies in X,, and converges there.
(b) X is called boundedly stable if on each set which is bounded in some X, all but finitely many
of the step topologies coincide.

From Wengenroth [31], Theorem 6.4 and Corollary 6.7, we recall the following equivalences which
we will use in section 3.

2.9. THEOREM. Let X = ind,—. X, be an (LF)-space and let (||.||n.kx)ken be a fundamental sequence
of semi-norms for X,,. Then the following assertions are equivalent:
(1) X is sequentially retractive.
(2) There exist absolutely convex zero neighborhoods Uy, in X,, for n € N such that U,, C Up41 and
such that for each n € N there exists m > n such that X and X, induces the same topology on
Un.
(3) X is boundedly stable and satisfies the condition (Py), i.e.,

VneNdm>nVk>ndNeNVMeNIKeN, §>0VereX,:
[2llm.ar < Sl + 12]ln,)-
If X, is a Fréchet-Montel space for each n € N then (1)-(3) are also equivalent to
(4) X s regular, i.e., for each bounded set B in X there exists n € N such that B C X,, and is

bounded there.
(5) X is complete.

2.10. COROLLARY. For each weight function w and for each convex open set Q C RN the (LF)-space
Ay (CN,Q) = ind,— A(y(K,) satisfies the equivalent conditions of Theorem 2.9.

PROOF. Since Ay} (K5,) is a Fréchet-Montel space for each n € N, it follows that ind,,—, A, (K, ) is
boundedly stable. In the proof of RGsner [26], Satz 3.25, it is shown that the system (||-||n.k)n, ken, defined
by || fllnk : sup,ec | f(2)] exp(—n|Im z| — fw(2)) satisfies the condition (P;). Hence condition 2.9 (3) is
satisfied and the corollary follows from Theorem 2.9. See also Bonet and Domanski [1]. O

2.11. DEFINITION. Let o = (j)jen be an increasing, unbounded sequence in [0, co[. For R € {0, oo}
the power series spaces Agr(«) are defined as
Ag(a) = {x = (z;)jen € CV: |zlly := ) |aj|exp(ray) < ooV r < R}.
j=1
Ao () is called a power series space of infinite type, while Ag(«) is said to be of finite type. Note that
Ar(a) is a Fréchet-Schwartz space for each o and each R.

3. Surjectivity

In this section we characterize the surjectivity of the convolution operators T}, : £} (R) — £} (R).
We show that some of the equivalences in Braun, Meise, and Vogt [7], Theorem 3.8, in combination with
Corollary 2.8, that were proved in the non-quasianalytic case also hold in the quasianalytic case. We also
extend the characterization which Meyer [21] gave for convolution operators T, for which u € é'jiw}(R)
is supported by the origin, to arbitrary convolution operators. We begin by recalling several slowly
decreasing conditions.

3.1. DEFINITION. Let w be a weight function.
(a) F € Ay (CN,RY) is called {w}-slowly decreasing, if for each m € N there exists R > 0 such
that for each z € RY with |z| > R there exists £ € CV satisfying |z — ¢| < w(z)/m such that

|F(&)| > exp(—w(&)/m).
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(b) F € Aw,)(CN,RY) is called (w)-slowly decreasing, if there exists C' > 0 such that for each z € R,
|z] > C, there exists £ € CV such that
|z —¢| < Cw(z) and |[F(§)] > exp(=C|Im £] — Cw()).
The significance of the {w}-slowly decreasing condition is explained by the following result.
3.2. PROPOSITION. Letw be a weight function and let F € Ay, (CN,RY) be given. Then the following
{w}
assertions are equivalent:
(a) F is {w}-slowly decreasing.
(b) There exists a weight function o satisfying o = o(w) such that F € A(,)(CN,RN) and such that
F is (0)-slowly decreasing.
¢) The multiplication operator My : Ar 1 (CN RN) — A 1 (CN,RN), Mr(g) := Fg, has closed
{w} {w}
range.
d) Mzt : FAr o (CN,RN) — A r (CV RN is sequentially continuous.
F {w} {w}

PROOF. (a) = (b): This holds by Bonet, Galbis, and Meise [2], Lemma 3.2, since in their proof
the non-quasianalyticity of the weight function w is not needed (see, e.g., Heinrich and Meise [10],
Corollary 3.8).

(b) = (c): Since every principal ideal in H(CY) is closed, it suffices to show that the following
assertion holds:

(3.1) If g € Agoy (CV,RY) and g/F € H(CY) then g/F € Ag,;(CN,RY).

To prove (3.1), fix g € A{w}((CN,RN) and choose a weight function o according to (b). Then there exist
A, B > 0 such that

(3.2) |F(2)] < Aexp(B|Im z| + Bo(z)), z € CN
and there exists k € N such that for each p € N there exists C}, > 0 such that

1
(3.3) 9(2)] < Cyexp(s| Im 2| + (), = € T

Next note that with n =1 we get from Bonet, Galbis, and Momm [3], Proposition 2 (c), that

(3.4) there exist k,m € N and R > 0 such that for each z € CV, |2| > R, there exists
¢ € CN with |¢ — 2| < |Im 2| + ko (2) such that [F(¢)| > exp(—m|Im (| — ma(C)).

Now we apply Hormander [11], Lemma 3.2, with r := |Im z| 4+ ko (z) to get for |z| > R:
‘ g(2) SUP|y—s|<ar |9(W)] SUP|y_ s <ar [F(w)]
F(z)| ~ (SUp|y—z <, | F'(w)])?

Using the upper estimate (3.2) for F' and the lower estimate for |F'({)| it follows that

9(2)

<( sup |g(w)))Aexp((6B|Imz|+ 2m|Im (| + 4ko(z) + Bo(5|z| + 4ko(z)) + 2mo(()).

|lw—2z|<4r

Obviously, |¢ — z| < |Imz| + ko(z) implies
|Im (| < 2|Im z| 4+ ko(z) and 0(¢) < o (2|z| + ko (z)).

Since o is a weight function, it is easy to check that this implies the existence of A1 > A and B; > B
such that by (3.3) we get for each p € N

‘ 9(2)
F(z)

S(‘ sup |9(w)|)Ar exp(Bi|Im z| + Bio(2))
w—z|<4r

1
< A1Cpexp(Bi|Imz| + (k +4)|Im 2| + Bio(z) + ];w(5\z| +4ko(z2))).

Since w is a weight function and since o = o(w), it follows from this, that g/F is in Ay, (CY,RY). Hence
we proved that (3.1) and consequently that (¢) holds.

(¢) = (d): By Corollary 2.10, the (LF)-space Ag,}(CY,RY) = ind,_. A, is sequentially retractive.
The continuous linear map Mp : A{w}((CN,RN) — A{w}((CN,RN) has closed range by the present
hypothesis. Hence im(Mp) N A, = M (A,) is closed in A, for each n € N. This means that im(Mp)
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is stepwise closed in the sense of Floret [9], Theorem 6.4. By this theorem My"' : FA((CN,RY) —
Ay (CN, RN is sequentially continuous. Hence (d) holds.

(d) = (a): Note first that for each A > 0 the spaces A1 (CN,RY) and Afy,} (CV,RY) are equal.
Therefore, we may assume that there exists g > 0 such that w(t) < ¢/2 for t > t;. Next choose k € N
so that F' € Ay, where Ay := A(B(0,k)) in the notation of 2.4. To argue by contraposition, we assume
that F' is not {w}-slowly decreasing. Then there exist x € N and an unbounded sequence (z;);en in RY
for which (|z;|);en is increasing and for which the following holds for each j € N

1 1
(3.5) |[F(Q)] < exp(—;w(@“)) for all ¢ € CV with |¢ — x| < Ew(xj).
We claim that this implies the following assertion:

(3.6) There exists a sequence (g;) en in A; which is unbounded in A,, for each n € N,
while (Mp(gj));en is a null-sequence in Ag1.

Obviously, (3.6) implies that Mgl : FA{w}((CN,]RN) — A{w}((CN,RN) is not sequentially continuous.
Hence (d) implies (a).

To prove (3.6) we argue similarly as in Momm [22] (see also [2], Proposition 3.4) and define for j € N
and R > 0 the function h; g : CV — R by h; g(2) := |Im z| for z € CV \ B(z;, R) and for z € B(z;, R)
by

hj r(z) == sup{v(z) : v is plurisubharmonic on B(xz;, R) and for
each £ € 90B(z;, R) : limsupv(¢) < |[Im¢|}.
¢—¢

Then h;  is continuous and plurisubharmonic on CV. Next let K > 1 be the constant from 2.1 (),
choose p € N, p > 2, so large that 2K/p < 1/k, let R; := w(x;)/p, and define ¢; := h;g,. Since
|zj| — oo, we may assume that for all j € N the following holds:

w(z;) |75

+1< —.

2p " ow(z;) ~

, |z;| > to and hence

Using Hérmander’s solution of the -problem (see Hérmander [12], Theorem 4.4.4) it follows as in Momm
[23], 1.8, that there exists a constant Cy > 0 such that for each j € N there exists f; € H(C") satisfying
the following estimates

(3.8) [fi(z;)] = exp( inf _ ¢;(w) = Clog(l + l251%))

and

(3.9) fi(2)| < Cn eXP(| sup pj(w) + Cn log(L + |2]*)), z € CF.
w—z|<1

Next note that for z € CN \ B(z;, Rj + 1) we have

(3.10) sup ¢j(w)= sup |Imw|<|[Imz|+ 1.

lw—z|<1 lw—z|<1

From this estimate and (3.9) we get for each j € N and each m € N
1
sup | f;(z)] exp(—|Im z| — —w(2)) < occ.
zeC m

Hence f; € Ay for each j € N. Therefore, also the sequence (g;);en defined by
w(z;)
8p
is in Ay. To show that it is not bounded in A,, for any n € N, note that the function

gj = exp(— )fis 7 €N,

1
vi(z) = Q—R_(|Imz|2 — |Rez|? —|—R§)
j
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is harmonic and satisfies v;(2) < |Im z| for z € dB(z;, R;), since z; € RY. By the definition of ¢;, this
implies ¢; > v; on B(x;, R;) and consequently by (3.7)

_ _ - wizj)
2R; 2p w(z;) — 4p

inf @j(w)> inf vj(w) L(71+Rj24):

< R 1 w(x) 2p
Jlw—z;]<1 J T w—z;|<1 - QRJ 2

Since log(14t2) = o(w(t)) for t tending to infinity, there exists § > 0 such that exp(—Cy log(1+ |z;|?)) >
dexp(—w(z;)/32) for each j € N. Therefore, it follows from (3.8) that for each n € N and each m € N
with m > 16p we have for each j € N:

1
sup |g;(2z)]exp(—n|Imz| — —w(z))
2eCN m

1 1 1 1
> exp((—% -t @)W(%) —log(1 + (;)*)) > 5€XP(@¢U(%‘))-
This shows that (g;);en is unbounded in A,, for any n € N.
To prove that (Mr(g;));en is a null-sequence in Aj1, note first that for z € CV \ B(z;, R; + 1) we
get from (3.10) and (3.9) that for each m € N we have

1
|F(2)f5 () < W Fll5w5,1/m exP(k Im 2| + —w(2)) exp(| Im z[ 4 1)
(3.11) m

1
< HFHW’I/m exp((k+ 1)|Im 2| + Ew(z))

To estimate F'f; in B(x;, R; + 1), fix 2 € B(zj, R; +1). Then we have by the maximum principle and
(3.7)
w(z;) 3w(z;)

sup  @j(w) < sup pj(w) < sup [Imw| < R; +2 =
Jlw—z|<1 lw—z;|<R;+2 lw—z;|<R;+2 p 2p

and also
wlz;) ozl
— 2 .

Since w satisfies 2.1 (@), the last estimate implies w(z;) < w(2Rez) < Kw(z) + K and consequently

. (w) < 3Kw(z) n 3K
up  ,(w) < —
lw—2z|<1 ! 2p 2p

|Rez| > [z;| — Rj — 1= |z;] -

From this, (3.5), and (3.9) we get the existence of C’ such that for each j € N:

FEHE < Cx explopae) + 22 4 58 Covtog(1-+1512)
(3.12)
< Cexp(( — Lul) <€

From (3.11) and (3.12) it follows that (F'f;)jen is bounded in Ag4q. Since (exp(—w(z;)/8p))jen is a
null-sequence, we proved that (Mpg(g;)),en is a null-sequence in Ay11. Hence the proof of (3.6) and also
the one of the proposition is complete. O

3.3. COROLLARY. Let w be a weight function and let F' € Ag,1(C,R) be given. Then the conditions
(a) - (d) in Proposition 3.2 are equivalent to the following one:

(e) There exists a weight function o satisfying o = o(w)such that F' € A;(C,R), and there exist
€,C, D > 0 such that for each component S of the set

S(F,e,C):= {z€C: |F(z)] <eexp(—C|Imz| — Co(z))}
the following estimates hold:

sup(|Imz| + Co(z)) < D(1 + inf (| Im z| + 0(2))), supw(z) < D(1 + inf w(z)).
z€S z€S 2€8 z€S
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PROOF. To show that condition 3.2(b) implies the present condition (e), note that by Momm [22],
Proposition 1, (e) follows from (b), except for the last estimate. This, however, follows from the diameter
estimates given in the proof of Meise, Taylor, and Vogt [17]. Lemma 2.3.

To show that (e) implies condition 3.2(c) let V(F) := {a € C : F(a) = 0} and denote for each
a € V(F) by ord(F,a) the order of vanishing of F' at a. Then consider the map

0: Ay (CR) — H Cord(Fa) o(g) := (g9(a),d'(a),... ,g(ord(F’“)_l)(a))aev(F).
acV (F)
It is easy to check that ¢ is linear and continuous. Hence Iio.(F) := ker g is closed in A,y (C,R). Thus,
(d) follows if we show that F'A(,}(C,R) = im(Mp) = Loc(F). To do so, note first that obviously we
have im(Mp) C Loc(F'). For the converse inclusion fix g € Ijoc(F). Then there exists k£ € N such that for
each m € N there is C),, > 0 such that

lg(2)] < Cpexp(k| Im 2| + %w(z)), z e C.

By (e), we can choose 0,¢,C, and D according to (e). Then note that g € Ii,c(F) implies g/F € H(C).
Since 0 = o(w), we get for each m € N the existence of C, such that for each z € C\ S,(F,¢e,C) the
following estimate holds

9(2)
F(z)

1 1
< Cpexp(k|Im z| + —w(z))g exp(C|Im z| 4+ Co(2))
m

(3.13) )
< C exp((k+ C)|Imz| + Ew(z))

Now note that from (3.13) and the estimates in (e) it follows by the maximum principle that for each
m € N there exists C!/ such that for each component s of S, (F,e,C) and each z € S we get the estimate

9(2) ’ 2
< C,, exp((k+ C)sup(|Im(|) + — supw
Fe p((k+ C)sup( ImnC) + = sup ()
(3.14) < Clexp((k+C)D(1+ |Imz| +0(2)) + @(1 + w(z)))
m
< Oy exp((k+ C)D|Im 2| + %w(z))
Obviously, (3.13) and (3.14) imply that g/F € A;,}(C,R). Hence g = F(g/F) € FA{(C,R). O

In order to apply Proposition 3.2 we recall the following sequence spaces from Meise [15], 1.4.

3.4. DEFINITION. Let o = () en and 8 = (08;)jen be sequences of nonnegative real numbers and
let E = (F;);jen be a sequence of Banach spaces. For R > 0 and m € N let

K(E,R,m) = {z=(;);en € [[ B : 2 rm = Sup ;| exp(—Rey; — Bj/m) < oo}

=1 /
and define the Fréchet space K(E, R, «, §) and the (LF)-space K(E, «, 8) by
K(E,R,a,3) := proj_,, K(E,R,m) and K(E, «, 3) := indg_, proj_,, K(E, k,m).
If E; = C for each j € N, then we write K («, 3) instead of K (E, a, 3).

3.5. REMARK. Iflim;_,o, B; = oo then for each k € N the space proj_,,, K (k, m) is a Fréchet-Schwartz
space. Note that by Meise [15], Example 1.9 (2), the (LF)-space K(«, () is in fact an (LB)-space,
whenever liminf; . «;/3; > 0.

Because of Corollary 3.3, we get from Meise [15], Theorem 2.6, the following holds (for more details
we refer to the proof of Proposition 4.7 below):

3.6. THEOREM. Let w be a weight function and let F' € Ag,,;(C,R) be {w}-slowly decreasing. Then
Aty (C,R)/F A,y (C,R) is either finite dimensional or isomorphic to K (o, 3), for the sequences a and
0 defined as

a:= (|Imaj|)jen, B := (w(aj))jen,
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where (aj)jen s an enumeration of the points in V(F) with each point repeated as many times as the
multiplicity of the zero of F' at this point.

From Braun, Meise, and Vogt [7], Proposition 3.7, and Vogt [28], Theorem 4.3, we recall the following
result.

3.7. PROPOSITION. Let a and 3 be sequences of nonnegative real numbers such that lim;_, 8; = oo.
Then K (o, 8) is complete if and only if there exists § > 0 such that each limit point of the set {a;/f3; :
j €N, pB; #0} is contained in {0} U [§, ool.

3.8. LEMMA. Let F =ind,,—, E, be an (LF)-space which is sequentially retractive and for which each

E,, is a Fréchet-Schwartz space. Let S : E — E be a continuous linear operator for which S(E) N E, is
closed in E,, for each n € N. Then the following assertions are equivalent:

(1) S is an injective topological homomorphism.

(2) St: E' — E' is surjective.

(3) The (LF)-space E/S(FE) :=ind,,—, E,/(S(E) N E,) is sequentially retractive.

(4) E/S(E) is complete.

(5) E/S(E) is regular.

PRrROOF. (1) < (2): This holds by Floret [9], Theorem 6.2.
(1) = (3): By the present hypothesis, we have the following short algebraically exact sequence of
(LF)-spaces with continuous linear maps

(3.15) 0—-E2ELE/S(E)— 0,

where S(F) carries the topology defined in (3) and where ¢ is the quotient map. Next note that by
Wengenroth [31], Theorem 6.4, E is sequentially retractive if and only if F is acyclic, a concept explained
in [31] and Vogt [29], Section 1. Hence it follows from (3.15) and [29], Theorem 1.5, that E/S(E) is
acyclic and consequently sequentially retractive. Thus (3) holds.

(3) = (1): This implication follows from (3.15) by Vogt [29], Theorem 1.4, if we show the following:

(3.16) For each n € N there is m € N such that S™!(E,,) C E,,.

To show this, we define on S(F) the (LF)-topology 7 by (S(E),7) := ind,—(S(E) N E,). Then the
map S : E — (S(E), ) is injective and has closed graph. Consequently, it is an injective topological
homomorphism. By the continuity of S~! : (S(E),7) — E and Grothendieck’s factorization theorem we
get for each n € N the existence of m € N such that

S~YE,) =S"S(E)NE,) C E,,.

Thus, (3.16) holds and consequently (3) holds.
(3) & (4) < (5): This follows from Theorem 2.9. O

3.9. THEOREM. Let w be a weight function and let F' € Ay, (C,R) be {w}-slowly decreasing. Then
the following conditions are equivalent:
(1) Mp: Ay (C,R) — A1 (C,R) is an injective topological homomorphism.
(2) There exists § > 0 such that each limit point of the set {|Ima|/w(a) : a € V(F), w(a) # 0} is
contained in {0} U [d, oo].

ProoF. Note that Ag.3(C,R) = ind, . A,, where each A, is a Fréchet-Schwartz space. By Corol-
lary 2.10, A3 (C, R) is sequentially retractive. Since F' is {w}-slowly decreasing, it follows from Proposi-
tion 3.2 that Mg hat closed range. Thus, the hypotheses of Lemma 3.8 are fulfilled for S = Mg and F =
Aty (C,R). Moreover, the open mapping theorem for (LF)-spaces implies that Ay, (C,R)/F A, (C,R)
and ind, . A,/(An, N FA,;(C,R)) are topologically equal. Hence Lemma 3.8 implies that condition (1)
is equivalent to the completeness of Ay} (C,R)/FA,1(C,R). By Theorem 3.6 the latter space is isomor-
phic to K(v,9). From the definition of the sequences v and ¢ in Theorem 3.6 and Proposition 3.7 it now
follows that Ay, (C,R)/F A} (C,R) is complete if and only if condition (2) holds. Hence we proved the
equivalence of (1) and (2). O

3.10. THEOREM. Let w be a weight function and let p € Eq,y (R), p # 0, be given. Then the following
assertions are equivalent:
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(1) Ty : Ery (R) — Efy (R) is surjective.
(2) The following two conditions are satisfied:
(a) fis {w}-slowly decreasing.
(b) There exists 6 > 0 such that each limit point of the set {|Imal/w(a):a € V(ji), w(a) # 0}
is contained in {0} U [§, oo].

PROOF. (1) = (2): Since the space £} (R) is ultrabornological and webbed, the surjectivity of 7}, im-
plies that 7}, is open or equivalently a surjective topological homomorphism. By a result of Grothendieck
(see Kéthe [13], 32, 4.(3)), T} (Eqy(R)) is weakly closed in Eg,}(R)" and hence closed. Because of
Fo T;i = M, o F, this implies that M} has closed range. Therefore, /i is {w}-slowly decreasing by
Proposition 3.2. Hence condition (a) holds.

Moreover, also the hypotheses of Lemma 3.8 are fulfilled for £ = A(,;(C,R) and S = Mj, since
Aty (C,R) is sequentially retractive by Corollary 2.10. From 2.7 we know that

(3.17) ftoMlz = (Tli)to]:t:THo]:t.

This shows that M,i is surjective. Hence M is an injective topological homomorphism, by Lemma 3.8.
Consequently, Theorem 3.9 implies that (b) holds.

(2) = (1): By Theorem 3.9 the conditions (a) and (b) imply that M : Ar.3(C,R) — A1 (C,R) is an
injective topological homomorphism. Hence the Theorem of Hahn-Banach implies that M;i is surjective.
Since the space £} (R) is reflexive, we get from (3.17) that T}, is surjective. O

Of course, one wants to know which surjective convolution operators £} (R) admit a continuous lin-
ear right inverse. We were only able to prove the following necessary condition, which is a characterization
in the non-quasianalytic case by Braun, Meise, and Vogt [7], Theorem 4.2.

3.11. PROPOSITION. Let w be a quasianalytic weight function which satisfies the condition (aq), let
e E}LW}(R), p # 0 be given, and assume that T), : Er,}(R) — £y (R) ds surjective. If T, admits a
continuous linear right inverse, then

1

lim | Im.af =0.
a€V(f) w(a)
la]—o0

PRrROOF. If we assume that the present condition does not hold then we can find a sequence ((a;);en
in V(1) and § > 0 with |Ima;| > dw(a;) for each j € N. Proceeding by recurrence, we extract a
subsequence of (a;);en, which we denote in the same way, such that
(i) laj+1] > 4|aj], and for n(t) := card{j : |a;| < t},
(ii) n(t)logt = o(w(t)) as t — oco.
Applying [6], 1.7 and 1.8 (a), we find a weight function og(t) such that n(t)logt = o(oo(t)) and oo(t) =
o(w(t)) as t — oo. As in [7], 3.11, we define

F(z) = ﬁ(1—:j>,ze<c.

j=1

By Rudin [27], Theorem 15.6, F' is an entire function such that its set of zeros consists of the sequence
(a;);, and satisfies the following conditions:

(1) There exists C' > 0: |F(z)| < Cexp(op(z)), z € C.
(2) There exists g9 > 0 such that |[F(¢)| > o exp(—00(¢)) for all ¢ € C\ U;Z, B(ay, 1).
(3) There exist ¢g > 0, K¢ > 0 such that for all ¢ € C with 1 < | — a;| < 2 for some j:

|F'(2)| = 0 exp(—Kooo(2)),z € C.

This can be achieved by the arguments given in [4], proof of Lemma 3.5, arguments based on Braun,
Meise, and Vogt [7], 3.11. In particular, F' is (op)-slowly decreasing by (ii).

Since each a; is a zero of [i(z), it follows that g(z) := fi(z)/F(z) is an entire function. Since F'
is (0¢)-slowly decreasing, we conclude g € A,)(C,R). On the other hand oo(t) = o(w(t)), hence
Ae)(C,R) C Af3(C,R), and the latter space is an algebra. This yields that M, : A;(C,R) —
Ay (C,R), My(h) := gh, is a continuous linear operator.
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By hypothesis, M; : A (C,R) — A,1(C,R) admits a continuous linear left inverse L;. The
operator Lp := Ly o My : Ay (C,R) — Ag3(C,R) is continuous and it is a left inverse of Mp, since
LpMp(h) = h for each h € Ar3(C,R).

We define, for an entire function f € H(C), o(f) := (f(a;)); € CN. Proceeding as we did in the proof
of [4], Lemma 3.8 (a proof based on the method of the proof of Meise [14], Theorem 3.7), we conclude
from properties (1), (2), and (3) of F' that

MFA{W} (C,R) =kerpnN A{w}(C, R),
hence this principal ideal is closed, and the quotient Ay,(C,R)/MpAy,;(C,R) coincides with the se-
quence (LF)-space G := K(a,3) for o := (|Ima,|)jen and § := (w(a;))jen. Since Mg : Ay} (C,R) —
A¢y(C,R) has a continuous linear left inverse, we conclude that G is isomorphic to a complemented
subspace of Af,}(C,R).

We now show that the (LF)-space G coincides algebraically and topologically with the (LB)-sequence
space

E:= {yeCV:3m:|jyl|m:= sgg ly;| exp(—m|Ima;|) < oo}
J

Indeed, it is clear that £ C G. On the other hand, if z € G, there is n € N such that for £k = 1 we can
find C7 > 0 with

|z;| < Ciexp(n|Imaj| + w(a;)) for each j € N.
Since |Ima;| > dw(a;) for each j, we select m € N, m >n+ 51, we get
|z;] < Cqexp(m|Ima,l|) for each j, and z € E.

By the closed graph theorem E = G also topologically.

This implies that G is isomorphic to the dual of the power series space Ao ((|Imaj|);jen) of infinite
type and is complemented in Ag,1(C,R) = &,y (R)". This yields that A ((|Imay|)jen) is isomorphic
to a complemented subspace of £, (R). Since w satisfies (), this implies by Vogt [30] or Bonet and

Domanski [1], Corollary 2.5, that As((|Ima,|);en) has property (€2). This, however, is a contradiction.
O

4. Ultradifferential operators on compact intervals

In this section we show that the surjectivity of {w}-ultradifferential operators on £, [a, b] is charac-
terized by fi being {w}-slowly decreasing.

4.1. DEFINITION. Let w be a weight function and assume that for pu € Eiw}(R) its Fourier-Laplace

transform i is in Ag,y. Then the operator T, will be called an {w}-ultradifferential operator since for
each f € £,1(R) we have

o 5@ .
T =3 20,

4.2. DEFINITION. For a weight function w and for R > 0 define the Fréchet space Ay, gy of entire
functions by
i 1
A{w,R} = Proj_m, A([iRv R]v E)
We also define the space
A(w,R) = ind,— A([7R7 R]a n),
which is a (DFN)-space.

4.3. REMARK. By Rosner [26], 2.19, for each weight function w and each R > 0, the Fourier-Laplace
transform F : €€w}[—R, R] — Ay, gy is a linear topological isomorphism.

4.4. PROPOSITION. Let w be a weight function. For F' € Ay,y, F # 0, the following conditions are
equivalent:

(1) F is {w}-slowly decreasing.
(2) For each R > 0 and each g € Ay, gy which satisfies g/ F € H(C), the function g/F is in Ag, ry-
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(3) For each R > 0 the multiplication operator
Mrp : Ay, ry — Aqw.ry, Mr(g) = Fy,

has closed range.
(4) For each R > 0 the map Mg defined in (3) is an injective topological homomorphism.

PROOF. (1) = (2): Note first that a standard application of Braun, Meise, and Taylor [6], Lemma 1.7,
implies the existence of a weight function o, satisfying 0y = o(w) such that F' € A, for each weight
function o which satisfies 01 = o(0). Since g € Ay, gy, we can find a weight function o5 and Co > 0 such
that o9 = o(w) and such that

19(2)| < G2 exp(R[Im 2| + 02(2)), 2 € C.

Next note that because of the hypothesis (1) it follows from Proposition 3.2 that there exists a weight
function o3 with o3 = o(w) such that F' € A(,,) and F is (03)-slowly decreasing. Now choose a weight
function o which satisfies ¢ = o(w) and max(o1,02,03) < 0. Then we have g € A, gy, F € A(,) and
that F' is (o)-slowly decreasing. Since g/F € H(C) by hypothesis, it follows from [5], Lemma 4.6, that
g/F € Ay ry C Ay, ry. Hence we showed that (2) holds.

(2) = (3): Obviously, the inclusion map J : Ay, gy — H(C) is linear and continuous and the principal
ideal FH(C) is closed in H(C). Hence J~*(FH(C)) is closed in Ay, ry. Because of J~'(FH(C)) =
FAy, gy = Mp(Ag, Rry), this implies that (3) holds.

(3) = (4): Since Mp is injective and since Ay, g} is a Fréchet space, this follows from the closed
range theorem (see Meise and Vogt [19], 26.3).

(4) = (1): If we show that My" : FA}(C,R) — A, (C,R) is sequentially continuous then it
follows from Proposition 3.2 (d) that (1) holds. To do so, let (Fh;)jen be a sequence in F A, (C,R)
that satisfies lim; .o F'h; = 0. By Corollary 2.10, the inductive limit Ay,;(C,R) = ind,,, Ay, ny is
sequentially retractive. Hence there exists n € N such that (Fh;);en is in fact a sequence in Ay, 3 and

converges to 0 in this space. Now (2) implies that (h;);en converges to zero in Ay, ,} and consequently
in A{w}(C, R). d

4.5. COROLLARY. Let w be a weight function and let T, # 0 be an {w}-ultradifferentiable operator.
Then the Fourier-Laplace transform fi of p is slowly decreasing if and only if for each a,b € R with a < b
the convolution operator

Tu,[a,b] : g{w}[aa b] - g{w}[av b]
18 surjective.

PROOF. Since T}, commutes with translations, it is enough to prove the corollary for [a,b] = [~ R, R]
and each R > 0. Since &y,}[—R, R] is a (DFN)-space the strong dual of which is isomorphic to Ay, gy
via Fourier-Laplace transform (by Remark 4.3) and since F o T;i[— r.r] = Mp o F, the corollary follows
from the closed range theorem (see, e.g., Meise and Vogt [18], 26.3). O

4.6. LEMMA. Let w be a weight function and assume that F' € Ay is {w}-slowly decreasing. Then
there exists a weight function o satisfying o = o(w) such that F' € A(,y. Moreover, there exist e, Co, and
D > 0 such that each connected component S of the set

So(F,e9,Co) := {2z € C: |F(2)| <egexp(—Coo(z))}

satisfies
diam S < D inf o(2) + D and supw(z) < D inf w(z) + D.
z€S z€S z€S

PROOF. By Proposition 3.2 there exists a weight function o; satisfying o1 = o(w) such that F €
A6)(C,R) and F is (o1)-slowly decreasing. From Braun, Meise, and Taylor [6], Lemma 1.7, we get
the existence of a weight function o, satisfying oo = o(w) and F' € A(,,). Hence we can choose a
weight function ¢ which satisfies max(o1,02) < 0 and 0 = o(w). Then F' € A, and F is (0)-slowly
decreasing. Thus F' satisfies the hypotheses of [5], Lemma 4.2. Therefore, [5], Lemma 4.3, implies the
existence of positive numbers £, Cy, and D such that for each component S of S, (F,eq,Cp) we have
diam S < Dinf,cg0(z) + D. To show that we also have

(4.1) supw(z) < D inf w(z) + D
2€S z€S8
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for each component S of S, (F, eg, Cp), provided that D > 0 is large enough, we remark that the following
was shown in the proof of [5], Lemma 4.3: There exist m € N and Ry > 1 such that for each zy €
So(F,e0, Co) satisfying |z0| > Ry the connected component S of S, (F, &g, Cp) which contains zy satifies

diam S < 4mo(z).
It is no restriction to assume that Ry is so large that from 2.1 (a) and (8) and ¢ = o(w) we get the
existence of L and Ky > 1 such that
o(t) <w(t) < Lt and w(2t) < Kow(t), t > Ry.
Next we fix a component S of S, (F, &g, Cy) such that SN (C\ B(0, Ry)) # 0 and we choose zy € S with

|z0] > Ro as well as 21,2 € S such that

erelgw(z) = w(z) and Zlelrs)w(z) = w(z).
In the proof of [5], Lemma 4.3, it was shown that then |zo| < 2|z1|. By our choices, this implies
|z2] < lz2 — 21| + |21| < diam S + |z1| < 4mo(zo) + | 21|
< Admw(2|z1|) + |z1] < dmKow(z1) + |z1] < (d4mLKy + 1)|z1].
Since w satisfies 2.1 (), this estimate implies the existence of Ky > 1 such that
ilelgw(z) = w(z) <w((dmLKy+ 1)|z1]|) < Kjw(z1) = K, erelgw(z)

Since there are only finitely many components S of S, (F,eg,Cp) which are contained in B(0, Ry), we
proved (4.1), provided that we choose D > 0 large enough. O

4.7. PROPOSITION. Let w be a weight function and let F' € Ay, be {w}-slowly decreasing. For
R >0 denote by qr : Aqw.ry — Agw,ry/FA1w.ry and by q: A} (C,R) — Ay (C,R)/F Ay (C,R) the
corresponding quotient maps. Let Jr : Ag, gy — Afuy(C,R) be the inclusion map. Then for each R >0
the map Jg induces a continuous linear injection jr : Ay ry/FA{w,ry — A} (C,R)/F A (C,R) which
satisfies jroqr = Jr 0 q.

PrOOF. Fix R > 0 and note that F'Ay, gy is a closed linear subspace of Ay, gy by Proposition 4.4,
while FA(,(C,R) is closed in Ay, (C,R) by Proposition 2.4. Next note that the result holds trivially
if F has only finitely many zeros. Therefore, we assume from now on that V(F) := {a € C: F(a) = 0}
is an infinite set. Then we choose a weight function ¢ and positive numbers eg, Cy, and D according to
Lemma 4.6 and we label the connected components S of S, (F, €g, Cy) which satisfy SNV (F) # 0 in such
a way that the sequence (3, defined by

Bj := sup w(z), j € N.
z€ES;

is increasing. Also, we define the sequence a by

aj = sup |Imz|, j €N,

z€ES;
Then we define the sequence E = (E;), en by
Ej= [[ c® jeN,
beS; NV (F)

and we let
0j 1 H*(S5) — Ej, 0(f) = ((%f(k)(b))
We endow E; with the quotient norm
loj (@Il == nf{[|hllm=(s,) = 0;(h) = 0j(9)}, g € H™(S;).

Then p; is linear, continuous, and surjective. If f € Ay, gy, then for each m € N there exists Cy,, > 0
such that

0§k<ord(F,b)> beS;NV (F)

£G)] < Crexp(RITmz] + —w(2)), z € C.



14 J. BONET AND R. MEISE

Obviously, this implies that for each m € N and each j € N we have

1
1£1s; 171 (s5) < Cm exp(Ray; + — ;).

Hence the map

QR : A{w,R} - K(E7R7 aaﬁ)a QR(f) = (Q](f'SJ))]EN
is well-defined, linear, and continuous. By the definition of the spaces A;,}(C,R) = ind, . Ay, »} and
K(E,«,8) =ind,—. K(E,n,«, ) also the map

0: Ay (CR) — K(E, o, B8), o(f) = (0j(fls;))jen
is well-defined, linear, and continuous.

Next we claim that ker o® = FAy, gy and ker o = FA(,1(C,R). Obviously, F Ay, gy is contained in
ker o®. To prove the converse inclusion, fix g € ker ¢®. Then g/F is in H(C). By Proposition 4.4 this
implies that g € F A, gry. Since Ag}(C,R) = ind,, . Ay, ,}, this implies ker o = F'A,3(C,R).

To show that of is surjective, fix y = (y;)jen in K(E, R, , 3). By the definition of the norm in Ej,
we can choose \; € H*(S;) satisfying

0;(Nj) = y; and [ly;l g (s;) < 2[ly;ll;, J € N.
Then we define

A: So(F,e0,Cp) = C, A(z) = \j(z)ifz€ Sjand AM(2) =0if 2 € C\ U S;
j=1
and we claim that for each m € N there exist p € N and C,,, > 0 such that

1
(4.2) sup [A(2)] exp(—R|Im z| — —w(z)) < Cn|yl rp-
zeC m

To prove this, fix m € N and choose p > 2Dm. Since o = o(w), there exists C,, > 0 such that
2exp(RDo(t) + (R+1)D) < Cp, exp(%w(t)) for t > 0.
Then we get for each 7 € N and each z € §; the following estimate
M) < 2l < 2l exp(R; + 5a5)

1
<2||yllgpexp(R|Im z| + Rdiam S; + B(Dw(z) + D))
D
<2||yllrpexp(R|Imz| + RDo(z) + (R+1)D + ;w(z))
1
< Cnllyllr.p exp(BlIm 2| + —w(2)),
which implies (4.2).
Next note that by Lemma 4.6 there exists B > 0 such that
|F'(#)] < Bexp(Bo(z)), z € C.

Hence it follows from the proof of [5], Lemma 4.7, that there exist e1,C; > 0,y € C*°(C) and Ag, By > 0
such that
(4.3)

0<x<1, x=1onS,(F,e1,C1), Supp x C S,(F,e9,Cp), and (Z—;(z) < Agexp(Byo(z)), z € C.
Now define 18 19
- _-9 __ =%
v F@E(X/\) Faz)‘

and note that v is in C°°(C) and vanishes on S, (F,e1,C1). Moreover, we get from (4.2) and (4.3) that
for each m € N there exist p € N and C,,, > 0 such that for each z € C we have

1 1
()l < - ACmllyllrp exp(R[Im 2] + w(z) + (Bo + C1)o()).
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Using Lemma 1.7 of Braun, Meise, and Taylor [6], we get the existence of a weight function 7 > ¢ and
of A7 > 0 such that

[v(z)] < Ay exp(R|Im z| 4+ 7(2)), z € C.

Since 7 satisfies condition 2.1 (), this estimate implies
/(\v(z)| exp(—R| Tm 2| — 27(2)))2dz < oo,
C
By Hormander [12], Theorem 4.4.2, there exists g € L2 _(C) which satisfies % =v and
(4.4) /(|g(z)| exp(—R|Tm z| — 27(2) — log(1 + |2/?)))?dz < oc.

Since v is a C*°-function on C' and since % is elliptic, g belongs to C°°(C). By the choice of v, we now
get that f := x\+ gF € C*°(C) and % =0, i.e., f € H(C). Now the estimates for A in (4.2), for g in
(4.4), and for F imply a weighted L-estimate for f which can be converted by standard arguments to a
sup-estimate which shows that f is in fact in Ay, gy. By the definition of f and A, we get
o(f) = (0j(fls;))jen = (2j(Aj))jen = y.

Hence we proved that o : Ago.ry — K(E, R, o, ) is surjective. Since K(E, o, 3) = ind,,_, K(E,n,a, )
and Ay, (C,R) = ind,, Ay, gy we also get that o : A}(C,R) — K(E,a,p) is surjective. Since
ker of* = F Ay, gy and ker o = FAg(C,R), classical open mapping theorems show that we can identify
Aw,ry/F Ao ry with K(E, R, o, 8) and Ay} (C,R)/A,1(C,R) with K(E, , 8). If we do this ¢ and o
are the corresponding quotient maps. Now note that by the definition of the maps o and g, the following
diagram, where jgr : K(E, R, o, ) — K(E, a, ) denote the inclusion, is commutative

Apory 2 K(E, R, a, )
L Jr LJir
Ay (CR) 2 K(E, o, pB).
Thus the proof is complete. O

4.8. REMARK. Under the hypotheses of Proposition 4.7 we proved that for each R > 0 the space
Ao, ry/F A, Ry is topologically isomorphic to the Fréchet space K(E, R, o, 3), as the proof of 4.7 shows.

4.9. COROLLARY. Let w be a weight function, let F be {w}-slowly decreasing, and assume that
lim|g|—oo, aev(r) |Imal/w(a) = 0. Then for each R > 0 the map jr, defined in Proposition 4.7,
JR Ao, ry /A, Ry — A (CR)/F Ay (C,R) is surjective and hence a linear topological isomorphism.

PROOF. From the proof of Proposition 4.7 and the open mapping theorem it follows that we only
have to show that K(E,a,3) C K(E, R, «, 3). In fact we will show that K(E, «, 8) C K(E,0,«,3). To
do so we fix y € K(E, o, 3). Then there exists n € N such that for each m € N there exists C,,, > 0 such
that for each j € N

1
A< o, 3.
||yJ||J > eXp(’I?,O(] + Qmﬁj)

Next choose a weight function o = o(w) so that the assertions of Lemma 4.6 hold and for each j € N
choose a; € §;. (If V(F) is finite, there is nothing to prove). Then we get from Lemma 4.6

a; = sup |Imz| < |Ima;| + diam S; < |Ima;| + Do(a;) + D.
z€ES;

Since lim|q| o0, aev(F) | Imal/w(a) = 0, for each m € N there exists D,, > 0 such that
1
I < — Dy, acV(F
Tnal < ——w(a) + D, a € V(F)
and we can choose K,,, > 0 such that

1
Do(t)+D < ——w(t) + Kpm, t > 0.
o(t) + D < —w(t) +
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Then we get
1 1 1 1
noj + %ﬁj < Rw(aj) + %w(aj) +nD,, + K, < %ﬂj +nDy, + K,
and hence 1
”yjHj <Cn eXP(”Dm + Km) eXP(Eﬁj)a jeN.
This shows that y is in fact in K(E,0, «, 5). O

4.10. PROPOSITION. Let w be a weight function and let T,, # 0 be an {w}-ultradifferentiable operator.
If the Fourier-Laplace transform [i of i is slowly decreasing, then for each a,b € R with a < b the following
assertions hold:
(1) kerT), () is isomorphic to Ao(7),, where v = (w(ay;))jen and where (a;)jen counts the zeros of
[ with multiplicities in such a way that (w(a;)) en is increasing.
(2) Iflim);| oo zev(p) | Im(2)]/w(2) = 0 then the map gjqy) : ker Ty, — ker T}, [4.4]5 0fa,5)(f) := fl[a,0);
s an isomorphism.

PROOF. Since T}, commutes with translations, it suffices to consider intervals of the form [—R, R] for
R > 0. By Proposition 4.7 the short sequence

M ~
0— Apry — Apry = Ao ry /iAo Ry — 0

of Fréchet-Schwartz spaces and continuous linear maps is exact. Hence its dual sequence is exact, too,
by Meise and Vogt [18], Proposition 26.24. Since the spaces Ef.}[—R, R] are reflexive, it follows from
Remark 4.3 and 1Ay, gy = imMj = (ker M ﬁ)J- that up to Fourier-Laplace transform the dual sequence
can be identified with

0 — ker T,u,[fR,R] — g{w}[—R, R] TM'LR’R] g{w}[—R7 R} — 0.

Hence we get from Remark 4.8 that ker T), |_g gy is isomorphic to (A, ry/fA¢w r)) = (K(E, R, ()"
Now note that K(E, R, a, 8) is a nuclear Fréchet space which is isomorphic to K(E,0,«, 3) = Ao(E, 3)
by an obvious diagonal transform. Now (1) follows from Meise [14], Proposition 1.4, by the definition of
the sequence E and the diameter estimates for the sets S; in the proof of Proposition 4.7.

To prove (2), note that by the arguments in Meise [15], 3.4, we have (ker7),)" = &7, (R)/(ker T,)*+ =
Ay (C,R) /1A (C,R) via Fourier-Laplace transform. Hence for each R > 0 we have the following
commutative diagram with exact rows:

0 — ker Tu - 5{w}(R) ﬂ E{W}(R) - 0
| 0[-R,R] L o[-Rr,R | 0[-R,R]
T, (- R.R)
0 — ker Tu,[fR,R] — g{w}[—R, R] — E{w}[—R, R] — 0.

If we dualize it and apply the Fourier-Laplace transform, the dual map of ¢|_g g) : ker T}, — kerT), |_p g
corresponds to the map jr : Ay ry/fAw,ry — A} (C,R)/1A (3 (C,R), defined in Proposition 4.7. As
we showed in the proof of 4.7, jr becomes the inclusion of K(E, R, «, ) in K(E, «v, ), if we identify the
corresponding quotient spaces with these vector-valued sequence spaces. Since lim|;|_ o zev () [ Im 2|/w(2)
0 holds by hypothesis, it follows easily that

K(]E,R,Oé,ﬁ) :K(E,0,0é,ﬁ) :K(E,CY,ﬁ)

as sets but also as locally convex spaces. Therefore, ji is a linear topological isomorphism. Next note
that ker T}, _g,g) is reflexive as closed subspace of a (DFS)-space. To see that also kerT), is reflexive,
we argue as follows: By Theorem 3.10, the present hypotheses imply that T}, : 3 (R) — &) (R) is
surjective. Since Proj* Erwy(R) = 0 by Meyer [21], Theorem 3.7, (or Résner [26], Satz 3.25) it follows
from the long exact sequence theorem (see Wengenroth [31], Corollary 3.1.5) that Proj' ker T, = 0.
Hence ker T}, is ultrabornological by Wengenroth [31], Theorem 3.3.4. Therefore, the semi-reflexive space
ker T}, is reflexive. Hence g|_g g : kerT), — kerT), |_g g) is an isomorphism, too. U

4.11. REMARK. If w is non-quasianalytic and 7}, is a convolution operator on E£r,3(R) which is
surjective, then Theorem 4.2 in Braun, Meise, and Vogt [7] shows that T, admits a continuous linear
right inverse if and only if lim|q|— aev(z) | Imal/w(a) = 0. In the quasianalytic case, so far we only have
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the necessity of this condition by Proposition 3.11. For {w}-ultradifferential operators, the sufficiency of
this condition will follow from Proposition 4.10 as soon as one knows that for some R > 0 the operator
T, [-r,r) admits a continuous linear right inverse. Because then one can apply the formal arguments
that were used in [5], Corollary 4.11, in the Beurling case and which were first applied by Domanski and
Vogt [8], Theorem 4.7, in the real-analytic case. However, it is still open, whether T}, |_p r] admits a
continuous linear right inverse. The main difficulty is that the linear topological structure of £, [~ R, R]
or equivalently of Ay, gy is not known.

Problem: Is Ay, gy isomorphic to a power series space of finite type?

REMARK. It follows easily from Meise and Taylor [16], Lemma 1.10, that Ay, ry has the property
(DN). If w is non-quasianalytic then [16], Corollary 6.4, in connection with [18], Proposition 29.18, shows
that Ay, gy is isomorphic to a power series space of finite type.
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